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Abstract In this work, we consider holomorphic foliations of degree two on the
complex projective plane P? having an invariant line. In a suitable choice of affine
coordinates, these foliations are induced by a quadratic vector field over the affine part
in such a way that the invariant line corresponds to the line at infinity. We say that two
such foliations are topologically equivalent provided there exists a homeomorphism
of P2 which brings the leaves of one foliation onto the leaves of the other and preserves
orientation both on the ambient space and on the leaves. The main result of this paper
is that in the generic case, two such foliations may be topologically equivalent if and
only if they are analytically equivalent. In fact, it is shown that the analytic conjugacy
class of the holonomy group of the invariant line is the modulus of both topological and
analytic classification. We obtain as a corollary that two generic orbitally topologically
equivalent quadratic vector fields on C? must be orbitally affine equivalent. This result
improves, in the case of quadratic foliations, a well-known result by Ilyashenko that
claims that two generic and topologically equivalent foliations with an invariant line at
infinity are affine equivalent, provided they are close enough in the space of foliations
and the linking homeomorphism is close enough to the identity map of P
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1 Introduction

Any polynomial vector field on C? with isolated singularities defines a singular holo-
morphic foliation by curves which can be analytically extended to the projective plane
IP2. Conversely, any holomorphic foliation on P? with isolated singularities is given by
a polynomial vector field on any affine chart. We are interested in foliations on P? with
an invariant line. It is convenient to choose affine coordinates, such that the invariant
line becomes the line at infinity. Since any line can be mapped to any other line by a
linear automorphism of P2, there is no loss of generality in choosing a distinguished
line .Z and considering only foliations which leave . invariant. Define 7, to be the
class of those singular foliations on P> which in the fixed affine chart C*> ~ P?\.Z are
induced by a polynomial vector field of degree n and have an invariant line at infinity.
Note that the line at infinity with the singularities removed is a leaf of the foliation.
We call this leaf the leaf at infinity or the infinite leaf indistinctly.

Remark 1.1 Foliations from the class 7, have, by definition, affine degree n, since
they are induced by a polynomial vector field on C? of degree n. The fact that they have
an invariant line at infinity implies that such foliations also have projective degree n.
By projective degree n, we mean that such foliations have exactly n tangencies with
any line not invariant by the foliation (cf. [1,2]).

Two foliations from the class <7, are topologically equivalent if there exists an
orientation-preserving homeomorphism of P? that brings the leaves of the first foliation
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onto the leaves of the second one and preserves the natural orientation on these leaves.
In case such a map is an affine map on C?, we say that the foliations are affine
equivalent.

Let . € 7, and denote by £ its leaf at infinity. Given a base point b € £z,
the germ of a cross section (I, b) transversal to the leaves of .# and a parametriza-
tion (C,0) — (I', b) we obtain the holonomy representation A: 7{(Zz,b) —
Diff (C, 0) of the fundamental group of the infinite leaf on the space Diff(C, 0) of
germs of invertible holomorphic maps at (C, 0). Its image is called the holonomy
group at infinity of F

Definition 1.1 We say that two foliations .% and Z from the class 7, have ana-
lytically conjugate holonomy groups at infinity whenever there exist the germ of a
conformal map & € Diff (C, 0) and a geometric isomorphism! H,: m(f 7z,b) —
71 (L, b), such that for any loop y € m1(ZL#,b) wehave ho A, = AH*V oh.

1.1 Rigidity of polynomial foliations

Generic foliations from the class <7, exhibit a phenomenon known as topological
rigidity. Topological rigidity of polynomial foliations was, until now, more a heuris-
tic idea than a formal statement. The idea of topological rigidity is that topological
equivalence of foliations implies their analytic equivalence. There are several theo-
rems in the literature asserting that topological equivalence of generic foliations plus
some additional hypotheses implies their affine equivalence. The first such rigidity
property for generic polynomial foliations was discovered by Ilyashenko in [3] and
called absolute rigidity.

Definition 1.2 We say that a foliation .% € 7, is absolutely rigid if there exist a
neighborhood U of .# in <7, and a neighborhood V of the identity map in the space
of self-homeomorphisms of P2, such that any foliation from U which is conjugate to
% by a homeomorphism in V is necessarily affine equivalent to .%.

It is proved in [3] that a generic polynomial foliation is absolutely rigid. However,
their genericity assumptions excluded a dense subset of .7,. These assumptions have
been substantially weakened by Shcherbakov Nakai and others (cf. [5,7,12]). In the
latest works, the key assumption on a foliation is the non-solvability of its holonomy
group at infinity.

Later on, Ilyashenko and Moldavskis proved that generic quadratic foliations exhibit
a stronger rigidity property, known as total rigidity [4].

Definition 1.3 A polynomial foliation .# € 7, is totally rigid if there exist only a
finite number of foliations (up to affine equivalence) from the class .7, which are
topologically equivalent to .% .

In [4], the number of affine classes of foliations which are topologically equivalent
to a given generic foliation from <% is estimated to be at most 240. This result is

I we say that the isomorphism Hy: 71 (ZLg, b) — nl(,iﬂjr, b) is geometric if it is induced by some
orientation-preserving homeomorphism H: £z — & '
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proved using the topological invariance of the Baum—Bott indices under transversely
holomorphic topological equivalences.

In this work, we prove for the first time that the paradigm of topological rigidity
of polynomial foliations may be formalized, at least in the case of quadratic foliations
with an invariant line: two generic foliations from 2% are topologically equivalent if
and only if they are affine equivalent—no additional assumption is made. Moreover,
this is proved by comparing the holonomy groups at infinity exclusively and we thus
conclude that it is the holonomy group that serves as a modulus of analytic (hence,
also topological) classification.

1.2 Statement of the theorem

The following theorem is the main result of this work.

Theorem 1.1 Let . € 2/ be a generic foliation and suppose its holonomy group at
infinity is analytically conjugate to the holonomy group of .# € . There exists an
affine map on C? that conjugates F to F.

It is well known that generic topologically equivalent foliations have analytically
conjugate holonomy groups [3]. The next results follows immediately from Theorem
1.1.

Corollary 1.1 Two generic foliations from <7, are topologically equivalent if and only
if they are affine equivalent.

We say that two vector fields are orbitally topologically equivalent whenever there
exists an orientation-preserving homeomorphism of C? that maps the integral curves
of the first vector field onto those of the second one. If two quadratic vector fields on
C? are orbitally topologically equivalent, it need not be true that the induced foliations
on IP? are topologically equivalent, since the linking homeomorphism need not extend
to the line at infinity. However, if the singularities at infinity are hyperbolic, it can be
proved that such linking homeomorphism takes the separatrix set of the former foliation
onto the separatrix set of the latter one (cf. [13]). Once this has been established, we
may carry out with no problem an argument by Marin which guarantees that, even
though the homeomorphism need not extend to the infinite line, the holonomy groups
at infinity are still conjugated (see Theorem A in [6]). We obtain the following result.

Corollary 1.2 Two generic quadratic vector fields on C? are orbitally topologically
equivalent if and only if they are orbitally affine equivalent.

The above results may be summarized as follows.
Corollary 1.3 Let 7, Z e ab be generic foliations. The following are equivalent.

1. There exists a homeomorphism of C* conjugating F to f{t .

2. There exists a homeomorphism of P2 conjugating F to F.

3. Foliations . and ¥ have analytically equivalent holonomy groups at infinity.
4. There exists an affine map on C* conjugating .F to F.
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1.3 Genericity assumptions

To prove Theorem 1.1, we shall consider exclusively foliations from the class <75 that
satisfy the generic properties listed below.

(i) The holonomy group at infinity is non-solvable.
(ii) The characteristic numbers A1, A2, A3 of the singular points at infinity are pairwise
different and do not belong to the set %Z u }‘Z U %Z.

(iii) The commutator of the two holonomy maps corresponding to the standard
geometric generators® of the fundamental group of the infinite leaf belongs
to the class of parabolic germs with non-zero quadratic term (see Remark 2.1 in
Sect. 2.1).

Moreover, there is an additional technical requirement needed to prove Theorem 1.1.
In Sect. 3.3, we shall construct a dense Zariski open set %/ C % and assume

(iv) foliation .# belongs to the set % ;

to prove Corollaries 1.2 and 1.3, we must further assume that the characteristic numbers
M1, A2, Az are non-real (i.e., the singularities on the line at infinity are hyperbolic).
However, this last condition is not needed to prove Theorem 1.1.

The genericity of conditions (ii) and (iv) is obvious. Condition (iii) also defines a
complex Zariski open set in 2% (cf. [12]). The genericity of (i) is proved in [12] for
polynomial foliations of arbitrary degree. For quadratic vector fields, we know an even
stronger result:

Theorem 1.2 [9] Let A = (A1, A2, A3) be such that Ay + Ay + A3 = 1. Denote by B
the set of foliations in o/ with characteristic numbers at infinity Ay, Ay, A3. Assume
that Re .1 > Re X, > Re As. Then, if A1, Ao ¢ %Z U JTZ, there exist at least one and
at most ten orbits of the group Aff (2, C) in B whose points correspond to equations
with non-commutative solvable holonomy group at infinity.

Moreover, forany A, foliations in 4 with commutative holonomy group at infinity
fall into seven families which are explicitly described in [9]. In particular, it follows
from such description (see also Theorem 1 in [8]) that for A = (A1, A2, A3) satisfying
assumption (ii) above, there exist exactly two orbits of the group Aff(2, C) in &y
corresponding to equations with a commutative holonomy group.

Throughout this text, we will also assume that we have once and for all numbered
the singular points at infinity of any given foliation in such a way thatRe A1 > Re A >
Re A3.

2 The standard geometric generators p; are described in Definition 2.1.
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2 Structure of the work
2.1 Ideas behind the proof of Theorem 1.1

Any foliation .# € 4 is induced in a neighborhood of the line at infinity {z = 0}, by
a rational differential equation

dz _ z P(z, w)’ @1
dw 0(z, w)
such that Q|,—¢ is not identically zero. In fact, the roots of r (w) = Q(0, w) determine
the position of the singular points at infinity which from now on will be assumed,
without loss of generality, to be given by w; = —1, wy = 1 and w3 = oo. Under this
assumption, the polynomial r(w) := Q(0, w) may be chosen to be r(w) = w? — 1.

In Sect. 4, we will normalize the above equation using the action of the group
Aff(2, C). This normalization was originally introduced in [8]. Any normalized folia-
tion is uniquely defined by five complex parameters: the characteristic numbers A1, Ao
and three more parameters g, a1, 22 € C. We will write % = .Z (A, «) when-
ever we wish to emphasize that .# is defined by the parameters A = (i1, A2) and
o = (o, a1, a2).

Let us also consider the solution ®(z, w) of Eq. (2.1) with initial condition
®(z,0) = z and expand it as a power series in z using the variations ¢4 of the
solution z = 0 in the following way:

bz, w) = Z(pd(w)zd.
d=1

The variations ¢4 (w) are defined in a neighborhood of the origin and can be analytically
continued along any path on .Z'z. Moreover, the holonomy map A, (z) with respect
to a given loop y € w1 (L, 0) is given by the power series

Ay (2) = @1,y (0) 2+ @2y (0) 22 + -+, (2.2)

where ¢4(,,} denotes the analytic continuation of ¢, along the curve y.
Note that the fundamental group of the leaf 5 = C\{—1, 1} is a free group on
two generators.

Definition 2.1 Let x; and w be loops in £z based at the origin which go around
the singular points w = —1 and w = 1, respectively, once in the positive direction.
We call these loops the standard geometric generators of m (L%, 0).

Now, consider the commutators

yi = popipy 'y and ye = popipg 23)
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and let f1, f> be the holonomy maps corresponding to the above loops, that is, f; =
Ay, j = 1,2. We call this germs distinguished parabolic germs; they play a key role
in this paper.

Remark 2.1 Genericity assumption (iii) in Sect. 1.3 can be translated to requiring that
the distinguished parabolic germ

S =12y, Apsl

has a non-zero quadratic term.

Suppose F € ab is topologically equivalent to .7 (1, ). The genericity assump-
tions imposed on these foliations imply thatboth .7 and .% have the same characteristic
numbers at infinity and so we may write .# = .% (A, ), where f is some triple of
complex numbers 8 = (Bo, B1, B3). Define f] to be the holonomy map of .% along
v;. The topological conjugacy gives rise to a conformal germ & € Diff (C, 0) and a
geometric automorphism H, of 71 (£, 0) which conjugate the holonomy groups as
in Definition 1.1.

Remark 2.2 1t follows from [10] that the geometric automorphism H, may always
be assumed to be the identity map. We therefore conclude the existence of a germ
h € Diff(C, 0) such that

hofj—fioh=0, j=1.2. (2.4)

Because of the above, from now on we will always assume that any given analytic
conjugacy between holonomy groups is given by some germ £ € Diff (C, 0) and the
identity automorphism of the fundamental group of -Z . In [10] such a conjugacy is
called strong analytic equivalence. However, since we will always assume H, = id,
we shall not use this term.

The essence of the proof of Theorem 1.1 may be summarized as follows: If
the holonomy groups of % and .%# are analytically conjugate, then there exits
h € Diff(C, 0) such that (2.4) holds. We can compute the first terms in the power
series expansions of the distinguished parabolic germs in terms of the parameters A,
a and B as explicit iterated integrals using the variation equations of the differential
equation (2.1) with respect to the solution z = 0. We also expand & as a power series
with unknown coefficients and substitute all these series into Eq. (2.4) to obtain an
expression of the form

00
hofj—fjthZKd,jzd,
d=1

for j = 1 and j = 2. Equating each k4 ; to zero should impose some conditions on
the parameter 8. However, since we do not know the coefficients in the power series
expansion of &, we must consider, for each d, the system of equations

Kd,1 = 0, Kd2 = 0. (2.5)
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A careful analysis of such a system will allow us to compute the coefficient of degree
d — 1 in the power series of / and at the same time obtain a concrete condition imposed
on the parameter 8 by (2.5). We do this for d = 3, 4,5, 6. We will first obtain the
conditions imposed on B expressed in terms of the vanishing of certain integrals. Even
though these conditions are polynomial in g, the coefficient of such polynomials are
transcendental functions on A and «. A crucial step in the proof of Theorem 1.1 is
that we are actually able to translate these conditions into algebraic ones. This is done
using a Lemma 2.2, which is proved in [8]. We lastly prove that for generic A and «,
the polynomial system of equations we obtain has a unique solution given by 8 = «.
This proves that these normalized foliations having conjugate holonomy groups are
in fact one and the same. This shows in particular that two foliations, not necessarily
normalized, with conjugate holonomy groups must be affine equivalent. Moreover, to
obtain such affine map, taking one foliation into the other we consider first the affine
maps taking each foliation to its normal form and compose one of these maps with
the inverse of the other.

The proof outlined above is carried out in a series of lemmas whose formal state-
ments are given below.

2.2 Three fundamental lemmas

The most elaborate part of the proof of Theorem 1.1 is to obtain explicit conditions
imposed on B by the conjugacy of the holonomy groups of .% (A, «) and .% (1, B). We
do this following closely the constructions presented in [9].

Key Lemma Ford = 3,4, 5, 6 there exists a polynomial P;(w), whose coefficients
are polynomials in B, such that the existence of a germ h € Diff (C, 0) that conjugates
the holonomy groups of % (A, a) and F (A, B) up to jets of order d implies

P
/ r:’;’;}; o1 (W) dw = 0. (2.6)
Y1

In the lemma above, ¢ (w) is the first variation of the solution z = 0 of Eq. (2.1)
and r(w) = w? — 1. Before proving this lemma, it is necessary to obtain explicit
expressions for the coefficients in the power series expansions of the distinguished
parabolic germs. These computations are carried out in Sect. 5.

Remark 2.3 Note that the vanishing of the integral in the key lemma imposes one
linear condition on the coefficients of the polynomial P;(w). The polynomials Py (w)
do depend on the foliation .7 (1, ). In fact, the coefficients of these polynomials
depend polynomially on « and rationally on A. The main content of the next lemma is
that, in virtue of Lemma 2.2, the linear condition imposed on the coefficients of P; by
the vanishing of the integral is not trivial. This implies right away that such condition
is a polynomial condition on the parameters §. This is discussed in detail in Sect. 3.2.

Main Lemma Ford = 3,4, 5, 6 there exists a non-zero polynomial Fy € C[B], such
that the existence of a germ h € Diff (C, 0) that conjugates the holonomy groups of
F (A, a) and F (X, B) up to jets of order d implies Fz(B) = 0.
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Suppose now that .% (A, @) and .% (A, B) have conjugate holonomy groups. The
above lemma implies that 8 € C? satisfies the polynomial system of equations

F3(B) =0, ..., Fs(B) = 0. 2.7)

This is a system of four equations on three variables. Generically, such a system will
have no solutions at all. However, because of the defining property of F;, we see
that B = o will always be a solution. The proof of Theorem 1.1 is completed by the
following lemma.

Elimination Lemma There exists a non-empty Zariski open set U C C° such that if
(A, @) € U, then the polynomial system (2.7) has a unique solution given by B = «.

2.3 Two lemmas about integrals

The following lemmas were proved and used by Pyartli in [8] and [9]. They play a
major role in our proof and will be used frequently.

Recall that y; and y;, have been defined to be the commutators y = o1ty 1 ,uf]
and y» = MzM%M{ l,ufz, where w1, (o are standard geometric generators of the
fundamental group of the punctured line C\{1, —1}.

Lemma 2.1 Let P(w) be a polynomial and let ¢ (w) = (1 + w)* (1 — w)*2 where
u1, ur are complex numbers and ¢ (0) = 1. Then,

/ P(w)t(w)dw = (1 +exp 2mi ul))/ P(w)¢(w) dw.
72 v

The proof of this lemma is straightforward: we decompose the loops y1, y» into
pieces and write down each integral as a sum of integrals along these pieces to verify
that the equality holds.

The next lemma is the fundamental step for deducing the main lemma from the key
lemma.

Lemma 2.2 Let {(w) = (1 + w)' (1 —w)*2, ¢(0) = 1L, uy, ur ¢ Z, r(w) = w? — 1
and P(w) a polynomial of degree at most m. The equality fVl P(w)t(w)ydw = 0
holds if and only if there exists a constant C € C and a polynomial R(w) of degree at
most max (m — 1, —2 — Re(u1 + uy)), such that

/ P)¢(t)dt = R(w)r(w)¢(w) + C.
0

In this paper, we will only use the above lemma in situations where the inequality
m — 1 > —2 — Re(u; + u3) holds, so that, if it exists, R;(w) will have degree at
most m — 1. Note that both the vanishing of the integral and the existence of R(w)
impose one non-trivial linear condition on the coefficients of the polynomial P (w).
Clearly, the existence of such an R implies the vanishing of the integral, since we are
integrating along the commutator loop y and so £{;,j(0) = ¢(0) = 1. This implies
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that both linear conditions are equivalent. A detailed proof can be found in [8] and the
essence of the proof is discussed in Sect. 3.2.

Recall that we have numbered the singular points at infinity of .# in such a way
that Re A1 > Re A, > Re A3. It follows from the fact that A; + A + A3 = 1 and

Rei; +ReXy > 2/3. (2.8)

This remark will be frequently used as a complement to Lemma 2.2. In Sect. 6, we
will apply Lemma 2.2 to integrals of the form (2.6) taking u; = (d — 1)A; — d, for
d = 3,4,5,6. To use Lemma 2.2, we require u; ¢ Z. This is one of the instances
where it is important that the genericity assumption A; ¢ %Z U %Z U %Z holds.

3 Sketch of the proofs
3.1 Key lemma: the strategy

Suppose there exists a germ & € Diff (C, 0) that conjugates the holonomy groups of
F = F(\, a)and F = F (A, B). We expand the distinguished parabolic germs in
power series

fi@ =z4ayt+as;2 +--, fi(@=z+a vay+, j=12,
3.1

as well as the germ £,

h(z) = hiz + haz* 4+ h3z®> 4+ - .

Note that the first variations satisfy ¢; = ¢, since these functions are completely
determined by A. Throughout this work, we will omit the tilde on ¢;.

The coefficients ag; are computed in Sect. 5 in terms of the parameters A and . In
particular, it will be shown that

1
wri=dy = | —@i)dr, j=1,2. (3.2)
=@ /y 0 ]

The key lemma for degree d = 3 will be easily deduced from the fact that Eq. (3.2)
holds, which in turn is a direct consequence of the particular normal form (4.1) that
we shall be using. Furthermore, it will be shown that the equality a>; = ay; forces
the germ £ to be parabolic; that is, 41 = 1. The key lemma for all higher degrees is
proved following a strategy which we now present.

Suppose we have computed all the coefficients k5, ..., hg—> in terms of A, o, B.
Since the germs f;, fj and & are parabolic, the coefficient of degree d in the power
series expansion of 1 o f; — f; o h is of the form

1 ~
0o fj = fi oM P O) = (ha + aa) = @aj +ha) + -+ = aaj = daj + -,
(3.3)
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where the multiple dots denote those terms that depend only on ay;, ax; and hy with
k <d.Sinceho f;— f/ oh = 0, the above equation yields an expression for aq; — aq;
in terms of ay;, ax; and hy withk =2, ..., d — 1. On the other hand, we have explicit
formulas for the coefficients ay;, and thus for a4; — aq;, from Sect. 5 (cf. Propositions
5.1 to 5.5). We equate this formula for d4; — ag; to the formula we deduced from
(3.3). This method yields an equation involving the index j and thus by making j = 1
and j = 2, we obtain a system of two equations. A priori, it is not at all clear what
conditions this system of equations imposes on the parameter 8. The fundamental fact
about this system, proved in Sect. 6, is that it can be simplified to take the form

aj6a+ I =0, j=1,2,

where ay; is as in (3.2), ¢y is an expression involving the coefficients Ay, ..., hg—1
that does not depend on the index j, y; = v f—j gof*l dw, and Py is a polynomial
which will be computed explicitly. The key lemma for degree d is completed by the
following proposition.

Proposition 3.1 Letd > 3.IfA1 ¢ ﬁZ and the polynomial Py(w) satisfies a system
of equations of the form

a1 6a+ Fa1 =0

a»n 6y + 42 =0, 3.4
where 6 is a complex number,
Pg(w) _
Saj = / 7 o1 dw, (3.5)
y; T(w)
J
and ay; is as in (3.2), then
Ca = I4j =0.

Proof We can regard (3.4) as a linear system on three unknowns: 6y, -#;1 and .%;.
Note that the integrand that appears in (3.5) can be rewritten as Py (w)¢z(w), where

Sa(w) = Pr(w)" " = (14 w) @D (] )@ DRd

r(w)d

since @1 (w) = (1 + w)* (1 — w)*? (cf. expression (4.4) and the variation equation
(4.3)). Applying Lemma 2.1, we can express ., as a scalar multiple of .74y,

I = (1+ vf_l) a1, v1 =exp 2mwi Ap).
Since ay; is given in terms of the integral in (3.2), Lemma 2.1 also implies that

ax = (1+vy)asy.
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In this way, system (3.4) becomes

ar1 a4+ 41 =0,
(I+v)an G+ A +vi" 7 =0, (3.6)

whose unknowns are 6 and .%;;. The determinant of this linear system is

as 1 -2 _

(I+vyay 1T+ = a7 = D),
which is not zero. Indeed, vf_z # 1 since vi = exp (2mwi A1) and A1 ¢ ﬁZ, and by
our genericity assumptions ap; #% 0. This implies that .#;; = 0 and % = 0. O

Note that the fact .#;; = 0 proves the key lemma for degree d, since the expression
for .#; given in (3.5) coincides with the left hand side of (2.6) in the key lemma. On
the other hand, % is given in terms of &5, ... hgy—1 and so the fact that ¢; = 0 allows
us to find an expression for the coefficient /24_1. In this way, we are able to repeat the
process now for degree d + 1. That is, at every step d we will prove the key lemma
for degree d and compute hy_1.

3.2 Deducing main lemma from key lemma

As pointed out in Remark 2.3, the equation
P,
/ L= qy (3.7)
71

imposes one linear condition on the coefficients of the polynomial P;(w). Since these
coefficients are polynomials on 8, we need only prove that this linear condition is
non-trivial to conclude the main lemma. We prove this fact using Lemma 2.2. Indeed,
Lemma 2.2 claims that Eq. (3.7) is equivalent to the existence of a polynomial R;(w)

such that
Pd d—1 d( ) d—1
dr = C.
/0 rdgol ()dl o1(w) +

This means that

(M <ﬂ1(w)d_1) _ Fatw) 1wy,

rw)] rw)?

on the other hand a short computation shows that

( Ra(w) 1(w)d‘1)/ _ Rywyr(w) + d = D(sw) — r'(w)) Ry (w) o1 (w)d1,

r(w)d=T r(w)?
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where s(w) = Aj(w — 1) + A2 (w + 1) and we have taken into account the fact that
¢ satisfies the variation equation (4.3). This implies that

P; = R&r +(d—1D(s —r)Ry. (3.8)

We will see in Sect. 7.1 that the polynomials P; have degree 2(d — 1) and that
deg R; < deg P;—1.This fact, together with Eq. (3.8), implies that the linear condition
imposed on the coefficients of P;(w) by Eq. (3.7) is non-trivial. The main lemma now
follows immediately.

Remark 3.1 In Sect. 7.2, we will explain how to obtain explicit expressions for the
polynomials R;(w) and F4(B) in terms of the coefficients of the polynomials Py(w).
These will be later needed to prove the elimination lemma.

3.3 The elimination lemma

The last step in the proof of Theorem 1.1 is to prove that the system,

F3(B) =0, ..., F(B) =0,

has no solutions other than 8 = «. This is done taking resultants of the polynomials
F,; with respect to successive variables B2, B1, fo. Consider for the time being the
parameters A, « to be fixed; thus the coefficients of the polynomials F are also fixed
complex numbers.

Recall thatif f(x) = agx” +---+a, and g(x) = box™ + - - - + b, are polynomials
in x with coefficients in some field I, the resultant of f and g is defined to be

Res; (f (x). g(x)) = ag'bf [ Jwi — v)).
i,j

where u; and v; are the roots of f(x) and g(x), respectively, in F. The resultant can
be defined for polynomials over any commutative ring. Over an integral domain, it
has the fundamental property that Res, (f(x), g(x)) = O if and only if f(x) and g(x)
have a common factor of positive degree.

We will first take several resultants of the polynomials F; with respect to 8. Second,
we take resultants of these previously obtained resultants with respect to B1. The final
step has a twist; if we take now a last resultant with respect to fy, we are guaranteed
to get 0, since B = « is a solution to system (2.7). We avoid this by dividing one of
these resultants by the linear polynomial 8y — 9. More precisely, let us define

Res}-(ﬁo, B1) = Resg, (F3(Bo. B1. B2). Fi(Bo. B1. B2)) . J=4,5,6,
Res’ (Bo) = Resg, (Res!(Bo. B1). Res} (Bo. B1)) . j=55

Res; = Resg, (Resg(ﬂo) /(Bo — ao), Resg(ﬁo)) .
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Note that as long as we fix o and A, we have that

Res; € C[Bo. fil. Res; € C[Bol. Resg € C.

Proposition 3.2 If Resg = 0, then any solution (uq, u1, uz) of the polynomial system
(2.7) satisfies ug = .

Proof Suppose on the contrary that Resg # 0, but (ug, uy, uy) is a solution of (2.7)
such that ug # og. Note that F3(ug, u1, B2) and F;(ug, u1, B2) have a common root
B2 = up forany j =4,5,6 and so

0 = Resg, (F3(uo, u1, B2), Fj(uo, uy, p2)) = RCS}(MO, up), j=4,5,6.

In particular, Res}‘ (1o, B1) has a common root, 81 = u, with both Resé (1o, B1) and
Resé(uo, B1). We deduce that Resg(uo) =0and Resé(uo) = 0. Now, since ug # o,
it is still true that Resg(,Bo) /(Bo — ap) and Resé(ﬁo) have By = up as a common root;
in particular, Resg = 0, a contradiction. O

We would like to be able to guarantee that Resg is never zero, no matter the choice
of A and «. This need not be true. However, we can guarantee that for almost every
choice of A and «, the resultant Resg is not zero. Indeed, as mentioned in Remark 2.3,
the coefficients of the polynomials F; depend polynomially on « and rationally on
A. In this way, if we allow « and A to vary, the coefficients of F; belong to the ring
C(A)[«], in particular Resg € C(M)[a]. Let us thus introduce the notation Resg(k, o).
If Resg(k, «) is not identically zero, then the union of its divisors of zeroes and
poles defines a proper algebraic subset of affine space C>. The complement U of this
algebraic set is a Zariski-open subset of C> with the property that for any (A, @) € U,
we have Resg (A, a) # 0. Finally, we will prove that Resg (A, a) # 0 by exhibiting an
explicit point (A, o) € C, given in (7.3), for which Resg does not vanish.

The above argument shows thatif % = .% (A, «) and F=F (A, B) have conjugate
monodromy groups, then we must have og = fo. The polynomial F3(g) is linear and
F1(p) is linear on B, B>, yet quadratic on By. However, if we replace By by o, we
obtain a linear system on 1, B (this is verified by direct inspection of the polynomials
F3 and F4 whose explicit expression can be found in the appendix of [11]). The proof
of the elimination lemma is completed by the following proposition.

Proposition 3.3 The pair of equations

F3(ao, B1, B2) =0, Falao, B1, f2) =0, (3.9)
forms a linear inhomogeneous system on B1 and ;. Its determinant is a non-zero

element of C(\)[a] and therefore for almost every (r,a) € C> the system has a
unique solution which is necessarily given by

Br=ai, pr=as.
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The proof of this proposition is discussed in Sect. 7.3. Propositions 3.2 and 3.3
together imply the elimination lemma.

Remark 3.2 In the proof of the Main lemma and key lemma, all computations are
carried out in terms of the rational functions K;(w) defined by the formula

dz zPEw) < d
o= 0w —;Kd(w)z :

whose explicit dependence on (A, «) is not provided until Sect. 7. This has been done
to avoid excessively large expressions and make the proof more transparent. However,
to prove the elimination lemma (more precisely, that the final resultant Resg and the
determinant of (3.9) do not vanish identically), we do need to compute expressions
for the polynomials Fy in terms of the parameters A, o, B explicitly. Obtaining these
expressions and evaluating the resultant Resg and the determinant of (3.9) at a particular
point have been done with computer assistance. This procedure is discussed in Sect. 7
and the program script can be found in the appendix of [11].

4 Definitions and normalizations

A foliation . € .2 has three singular points at infinity. These can be brought to
any other three different points on the infinite line by the action of the affine group
of C2. We wish to normalize a foliation in such a way that the singular points are
given by w; = —1, wp = 1 and w3z = oo in coordinates (z, w) = (1/x, y/x). If
the characteristic numbers are pairwise different, we can do this unambiguously by
numbering the singular points in such a way that ReA; > ReAy > ReA3 and if
ReA; =Rei;thenImA; > ImA; providedi < j.

Since the characteristic numbers are not integer numbers, it follows from [8] that
we can find an affine change of coordinates such that in the chart (z, w) the foliation
is induced by

dz _ s +ao3) +kz+ nz*
dw " r(w)(1 +aoz) + pw)z?’

where r(w) = w?>—1,s(w) = A (w—1)+r(w+1), p(w) = ay(w—1)+az(w+1),
o=A1+ A and n = o) + 3.

It follows from [9] that if A1, Ay ¢ Z, then the parameter ¥ above is non-zero,
provided that the germ f; constructed in Definition 2.1 as the commutator of the
holonomy maps along the standard geometric generators has non-zero quadratic part.
Moreover, if k # 0, we can further normalize the above equation in such a way
that k = 1. By one of our genericity hypotheses, f1 has a non-trivial quadratic part
and moreover this property also holds for any foliation whose holonomy group is
analytically conjugate to that of .%. Therefore, all foliations considered in this work
may be normalized in such a way that k = 1. We arrive to the following normal form:
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Ei_zsmM1+%@+Z+m2
dw r(w)(1 + agoz) + p(w)z?

“4.1)

In this way, any generic foliation .% € . is uniquely defined by five complex para-
meters: A1, A2, ao, @1, 2. We write .# = .7 (A, a) to emphasize this fact. In what
follows, .# will denote a foliation from <% whose holonomy group at infinity is
analytically equivalent to that of .%. We deduce from such conjugacy and from the
non-solvability of the holonomy groups that .7 has the same characteristic numbers
at infinity. Therefore, we may write % = .% (A, B) where B € C3.

Let us denote the right hand side of (4.1) by W(z, w). The rational function ¥ has
a power series expansion with respect to z of the form

W(z,w) =Y Ka(w) ", 4.2)
d=1

where K is a rational function in w. Since W (0, w) has denominator r(w), we can
expect that the rational functions K;(w) to have r(w) to some power as denominator.
We will see in Proposition 4.2 that this is in fact the case and that moreover such power
can always be taken to be equal to d.

In particular, the first coefficient K (w) is the rational function

Cs(w) A n A2
Tr(w) wH+1l o ow-=1

Ki(w)

The first variation of the solution z = 0 to Eq. (4.1) satisfies the linear equation

do;
— =Ki(w) g1, ¢1(0) =1, (4.3)
dw

and so
Ppr(w) = (1 +w)*' (1 —w)*2, ¢1(0) = 1. (4.4)

The higher variations ¢4, d > 2, satisfy an inhomogeneous linear equation whose
associate homogeneous equation is (4.3):

doqg
T Ki(w) ¢q + ba(w), ¢4(0) =0.

Let us write By (1) = ¢ (t)’1 b4 (1) so that the solution to the above equation is given
by

a(w) = fﬂl(w)/o B, (1) dt.
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Let us define ¢z (w) = fow B, (1) dt and call these functions the reduced variations. In
this way, 4 = ¢1¢4. The non-linear terms b, (w) are well known for an equation of the
form (2.1). The following proposition gives an explicit expression for By = ¢, Uby.

Proposition 4.1 The functions By defined above are given by the following formulas:

By = Ko,
By = 2Kx¢291 + K397,
By = K>(2¢3¢1 + $391) + 3K3doo + Ko},
Bs = 2K»(¢ag1 + $3¢201) + 3K3(d39] + $397) + 4Kadr + Koy,
Bs = K2(2¢s5¢1 + 204201 + $301) + K3Bawri + 630267 + $307)
+ K4(4307 + 60307) + 5SKsdag) + Koy
To compute the reduced variations ¢4 (w) = fow B, dt, it will be convenient to split
each of the rational functions K, (w) into two pieces, one of these a scalar multiple of

K1 (w). Computations are simplified since, in virtue of (4.3), we can compute explicitly
an integral of the form [’ K1¢}" dt.

dz .
Definition 4.1 Given a rational differential equation d_Z = W(z, w) normalized as
w
in (4.1), we define the rational function

_ s)(1+ag2)
C@w) = +aor)

where s(w), r(w), o are as in (4.1). We also define S(z, w) by the formula
Y(z,w) = C(z,w)+ S(z, w). 4.5)

Remark 4.1 1t is proved in [8] that a foliation given by

dz c( )
— = , W),
dw ¢

with C(z, w) as above has a commutative holonomy group. This holonomy group is
in fact linearizable, but it is not linear unless g = 0.

Note that
C(z, w) = K1 (w)d(2),

where 9 (z) is the rational function 9 (z) = z(1 + apz)(1 + agoz) .
Proposition 4.2 The splitting of V(z, w) given in Eq. (4.5) implies that for each
d=>1,

Sa(w)
r(w)d’

Kq(w) = cqg Ki(w) + (4.6)
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where the polynomials S;(w) are given by the formula
(0.¢]

Sz, w) = Z M zd,

= rw)

and the constants cq are given by ¥ (z) = 22021 caz?.

Explicit expressions for ¢; and Sy in terms of the parameters A and « are given at
the beginning of Sect. 7.

Remark 4.2 'We have expanded the distinguished parabolic germs in power series
fi@ =z+az* +az;z> + - .

According to (2.2), we have aq; = (pd{yj}(O), and we also know that gol{y_/.}(O) =1
since the loops y, y» are commutators. The equality ¢; = ¢1¢4 implies that in fact

adj = ¢aty;)(0).
This fact will be used in the next section when computing the coefficients ay;.
5 Analysis of the power series expansion of the distinguished parabolic
germs f

In this section, we compute the coefficients ay; in the power series expansion of the
distinguished parabolic germ f;. These computations follow very closely computa-
tions carried out in [9]. However, in [9] it is assumed that the holonomy group at
infinity of the foliation in question is solvable, and thus several simplifications take
place. The computations provided here are completely general.

5.1 Analysis of the terms of low degree

Proposition 5.1 The reduced second variation is given by

P2 (w) = c2(1(w) — 1) + Ya(w),

where

LY
o (w) = /0 20) @y,

r(t)?
and c3, Sy are as in Proposition 4.2. In particular, we have

Sz (w)

arj = Yo with m-:/ 2W)  wydw, j=1.2.
J J J vi I"(U))2
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Proof The reduced variation is given by ¢»(w) = fow By dt. It follows from Proposi-
tion 4.1 and Eq. (4.6) that

w w S
¢2(w)=/ Kz(f)§01(l)dl=/ (CzKl(t)+ 2(2)€01(t)dt-
0 0 r(t)
Note that
w w d
/ Kl(rwl(r)dt:/ i = i) - 1,
0 0 t
and so
ws
b =a@w -+ [ 2Ga0a
o r()
as claimed. O

Proposition 5.2 The reduced third variation is given by

p1(w)? — 1

$3(w) = da(w) g1 (w) + 3 >

+ Y3 (w),

where

ws
s(w) = /O 30 2 ar,

(0}

and c3, S3 are as in Proposition 4.2. In particular,

. S3(w) :
asj =ay; + Y3; with w3j=/ pr(w)?dw, j=1,2.
14

; r(w)?

Proof By Proposition 4.1, we have that ¢3 is given by

w w w
/ B3dt = 2/ Kooy dt +/ K37 dt.
0 0 0

The first integral on the right hand side can be easily computed:

w w ¥ 4y 1
/ Kaogr di = / Baprdi = [ P = L2,
0 0 0 dr 2

For the second integral, we split K3 according to (4.6):

Y2 Y 2 RRER vi — 1
/ K307 dtng;/ Ko7 dt+/ =1 dt =c3 + 3.
0 0 o r 2

Adding up both integrals gives the desired result. O
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5.2 Analysis of the terms of higher degree

For degrees higher than the third, we shall not need an explicit expression for the
reduced variation ¢4 (w), so we focus only on the coefficient agj = Payy,)(0).
We stress that for any given exponent n, we have

/ Kipidw=0, j=1,2,
vi

. d
since ot = K11 and ¢1(,,,)(0) = ¢1(0) = 1.
Proposition 5.3 The coefficient of degree 4 in the power series expansion of f; is

given by

3., 93
asj =2a3jazj — ay; + —azj — aY3j+ Aij + v

where

S3(w) q4(w)
Ay = /y ,. riw)3 Y (w)or(w)>dw, Y = /V j r‘(‘w)4 o1(w)? dw,

and the polynomial q4(w) is defined to be
c
4a(w) = S4(w) + c2S3(w)r(w) — 3 Sa(wyr(w)’,

with the terms cg4, Sq as in Proposition 4.2.

Proof By Proposition 4.1, we know that ay4; is given by

a4j=/ B4dw=2H1j+H2j ~|—3H3j—|—H4j, 5.1
Vi
where
Hy; =/ K¢z dw, Hy; =/ Kxp3or dw,
Vi Vi
Hj; =/ K3¢2(p%dw, Hy;j =/ K4g0fdw.
Vi Vi

We now proceed to compute these integrals. It is straightforward that Hp; =

f]/j ngb% dw, hence
1 5 ! 1 3
Hyj = /yj (3(]52) dw = 3%j-
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Note that Hyj = || v B¢z dw, so integration by parts yields
992 dw = Bi¢nd
?fl’s w=asjayj — 3¢ dw.
vi Vi
Using the expression for B3 provided in Proposition 4.1, we see that

2
K293 dw —/ K3l dw = azjazj — gag — Hs;.

Hij =a3jar; — 2/
Vi

Vi
Equation (5.1) becomes
asj = 2a3jar; — a3; + Hzj + Hj. (5.2)

We split K3 using Eq. (4.6), thus

S3
Hs; =/ C3K1¢2(p%dw+/ r—3¢>2(p%dw. 5.3)
Vi Vi

J
By Proposition 5.1, we have ¢ = ca(¢1 — 1) + 2; therefore the first of the integrals
above is given by
[ ki@ -+ udtan= [ araetde,
Y ¥

since

/ Ki(p1 — Dg?dw = 0.
’

J

Note that integration by parts yields

2 15 ' 3 07352 3
63/ Kiyoeidw = C3/ 391 Yodw = 5 @j —/ “5—¢idw
Vi ¥ vi T

On the other hand, the last integral in (5.3) is given by

S3 €253 S3 S3
[ S@w-vrmetan= [ Dgaw-c [ Detaws [ Dt
Vi Vi Vi Vi

J

€283
=/ 3 @?dw—02¢3+A1j-
vi

Therefore,

oIS

c3 \Y) 83
H3j=3f12j_/ 2 (pfdw—i—/ r—3(p%dw—6‘21ﬂ3+A1j.
Y. V.

J J
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Lastly, splitting K4 according to Eq. (4.6), we get

Sy Sy
H4j:/ (C4K1+—4)(pfdw:/ 4<p1 dw.
vi r vi

J J

Substituting the above expressions for H3; and Hy; in (5.2) and taking into account
that we have defined g4 = S4 + ¢ S3r — %Szrz, we obtain the desired expression for
ag;j. O

Proposition 5.4 The coefficient of degree 5 in the power series expansion of fj is
given by

3 3 c3 2¢4 — 302
asj = 2a4jazj + 2a3/ 4a3]a2/ + 2a21 + 3 %J + 3

+ c3¥3j — 22 — 2021 + Agj + 2T + ¥s;,

azj

S
Aoy = / Z()i Yrwpr @) dw, Ty = /y ,. f‘(‘;”)’i Yo (w)pr () dw,

ws,:/ 500) o (w) dw,

y T(w)3

and the polynomial qs(w) is defined to be

2
g5 = S5+ 2c2S4r + 3 S3r% — 5(04 + ¢302) S

with the terms cg4, Sq as in Proposition 4.2.

Proof According to Proposition 4.1, we know that as; is given by

®5(y,1(0) :/ Bsdw =211; + 2 + 313 + 314; +415; + I, 5.4)
Vi

where
Iij =/ Kypaprdw, I =/ Krp3pogr dw, / K339 dw,
Yj Yj Vi
. 2 2 _ 3 4
Iy —/ Kipyp7dw, Is; —/ Kapopi dw, Isj = / Ksey dw.
Vi Vi Vi
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The first integrals are computed as follows:

I2j =/
Vi

J

1 2 1 3 1
= ;a3ja;y; — E 2K2¢é§01 dw — = K3¢2(p]
Y.

1 ! 1 1 2
—qﬁ%) ¢3dw = —a§~a3j — —/ B3¢y dw
(2 24 2./,

7

2 J 2 Vi
1, 1, 1
= §a3ja2j - Zazj - 5141'.

1
L =/ (K397)¢3 dw =/ (B3 — 2Kao91)¢p3 dw = 2“3, 2D
Vi Vi
1, > 1y
= §a3j —ajay; + Eazj + Iyj.

dgn
11j=/ mde—Mjaz] /B4¢>2dw
Y Y

J

= ayjar; — / (2K2d30201 + Kador + 3Ka30} + Koo} ) du
Vi

1
=a4jarj — 2D — Zagj — 314 — Is;

1
=a4jay;j —a3jazj + 4a2] 214 —
Therefore, Eq. (5.4) becomes

3
—a§j+14j+215j+16j. (5.5

3
asj =2a4jazj + Ea‘%j —4a3ja%j + >

Next, we break K3 according to (4.6), so I; = fy,- (f—% +c3 Kl) q)%(p% dw. Now,
using Proposition 5.1, we get

/,-

J

S3
2 g3} dw = / S =1 + )27 dw
Vi
S3
= / r—3(c%(<pi‘ =207 + ¢]) + 2e2(97 — V2 + V397) dw.
Y

J
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Let us group under a same integral those terms having the same exponent on ¢y,

—2¢383 +2¢283n
/ P97 d / —901 / s ¢} dw
v yi r-

J

€283 — 2¢2 83y + S3¢2
+/ 553 283y 31//2(p%du)
Y

= (5.6)

J

On the other hand,

1 ! c3
/ C3K1¢%g012 dw = C3/ —<p12 ¢§ dw = —a%j — C3/ qu§2¢12 dw.
Vi Vi 2 2 Vi

The last integral above is given by fyj K2¢2(pf dw = fyj (f—% + czKl) qbzgpf dw.

/=
y 12

J

N
P97 dw = / —j(cz«m — 1)+ y2)e] dw
Y

J

SR —28 + Sy
:/ —<p‘1‘d +/ —zwfdw,
% r? % r

J J

and

/ 2K 129} dw = / 2K (calgr — 1) + Y2} dw = e / K1y’ dw.
Y Y

J J Vi

The last equality follows from the fact that | v K, (goi1 — (pf) dw = 0. The integral on
the right hand side above can be integrated by parts to obtain

15 1 L[ S,
/y_ (5‘!’1) Wzdwzgazj—g/y r—2901 dw
J J

We conclude that

3 302 30282 — 3529
/ C3K1¢%(p% dw = a%; — @2 +/ —z(p? dw
v 2 3 y r

J
2
—2c3008
+/ 3r—2<p;‘ dw. (5.7)
Y.

i

J

We proceed in a similar way to compute 2/5; = 2 fyj (f—j{ + C4K1) ¢2<pi” dw. By
Proposition 5.1, ¢ = c2(p1 — 1) + V2, s0

s s —e284+ S
2/ —j¢>z<p%dw=2/ ﬂ(p;tde/ TSRSV s, (s
vi " Vi r4 v; r

J
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On the other hand,
1 ! 2cy4 2cy4
2/ C4K1¢>2(pf dw = 204/ (—(pf) ¢rdw = —azj — —/ B2<p? dw
Vi Vi 3 3 3 Vi
2c4 —2648,
= @ +/ — gl dw, (5.9)
3 T

since By = (f—% + czKl) @1 and fy,- Ky} dw = 0.
Lastly, note that writing K5 = f—g + ¢5 K1 immediately yields

Ss
I, =/ r—5<pf dw. (5.10)
g

The formula claimed for as; is obtained by combining Egs. (5.5) to (5.10). Indeed,
substituting in (5.5) the expressions found in (5.6)—(5.10) yields

3 2 2 3 4 3 -

asj = 2a4jaz; + §a3j — 4a3ja2j + Eazj + Eazj

2¢4 — c302

3 @ + Ea2j + E3j + Euj,

where we have grouped all integrals containing ¢ to the k-th power in a single integral
Ey; given by the following expressions:

gofdw = C%ghj —200A1; + Ay,

/ 383 — 202832 + S3vr3
Eyj =
Y

73

—203857 + 302822 — 26284 + (22537 — 3801 +284)Yn 4
E3j = @7 dw
Y,

4

:/ —c2q4 + 2q4Y2
Y.

pr. @1 dw = —2c29; +2T'1;,

2 2 2 3 2 3
c583rc — 2c3¢p82r” + 284 — 5¢452r° + S5
Ey4; =/ 2 3 = 3 ot dw
Y.

qs
=/ 2ol dw = ys;.
y r

This is exactly the expression claimed by Proposition 5.4. O
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Proposition 5.5 The coefficient of degree 6 in the power series expansion of f; is
given by

2 2 3 5
agj = 2asjayj + 3asjaz; — 4a4ja2j - 5a3ja2j + 7a3ja2j - Zazj

2
€3 3 c3C2\ 2 3¢5 c4ep €3 C3c2
+2“21+(C4‘2)“2./+(4‘2‘8+ v e

c2 c3c2 c3
- ?l//gzj + ( 3 + T C%) 1//3]' + (—3 +3C%) A]j —3C2A2j +A3j +A(1’1)j

3
+ (—? + 36%) Yaj —6c2'1j + 3T + T0,1); — 325 +3B1; + v

where

S3 S3
A3z :/ 3 wg(plz dw, A1, =/ 3 1/’21ﬂ3€012 dw,
Yi Vi
q4 q4
D= [ S y30]dw, Fonj= [ = ¥se;dw,
vi ¥ vi "
qs g6
Bij= | 2 vae!dw, vej = | 2 ¢ dw,
5 /6
Yi Vi

and the polynomial q¢(w) is defined to be

c3C2

C
g6 = S6+ 3285t + (5 +3e3) sar? + (=3 T ) s

with the terms cg4, Sq as in Proposition 4.2.

Proof According to Proposition 4.1, ag; is given by

Po1y;1(0) = / Be dw
Vi
=2J1j+20j + J3j +3J4; +6J5; + Joj +4J7; +6Js; +5J9; + Jioj,



The utmost rigidity property for quadratic foliations on P2

where

Jij =/ Krpsprdw, o =/ Kopagopr dw,  J3; =/ Ka¢3o1 dw,

Vi Vi Yj

Jaj =/ K3pap?dw, Js; =/ Kapagooi dw,  Jg; =/ K3¢3¢7 du,
Vi Yj Vi

J1j = / Kipzgpi dw, Jgj = / Kipi¢i d Joj = / Kspag dw,
y Vi Y

J J J

J1oj =/ Kﬁ(pls dw.
Y.

J

Let us compute some of these integrals. First, define Jo; = f vi K2¢>3¢%(p1 dw.
J
Taking into account the expression for B4 presented in Proposition 4.1, we have

Loy 1, 1 2
hj = 5 7%2) badw = Zasjay; — 5 le4¢2dw
J

J
1 s 3. 1

2
= §a4ja2j —Joj — mazj - 5]6]' - EJSJ‘.

Similarly, taking into account the expression found for Bs, we obtain
Jij =/ Baps dw = asjaz; —/ Bs¢, dw
Vj Vi

=asjazj —2J2j —2Joj —3J5; — 3Jej —4lgj — Jo;

1
=asjay; —a4ja%j + gagj —3Js5; —3Jg; — Jo

We also have

J3j =/
Vi

J

Bz(bg dw = agjazj — 2/ Bigzgpr dw = agjazj —4Joj —2Js;
Y

J

and
]4]-:/ (B3—2K2¢2(p1)¢4dw=a4ja3j—/ By dw — 2J3;
Vi Vi
=agjazj —2J3; — Joj —3Js5; — J7; — 2.

Taking into account the expressions for J3; and J,; above, we obtain

1
‘12] +9Jo; + Jsj +3Jsj — J7j + Jg;.

Jyj = agjazj — a4]azj 2a3ja2] + 5
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We conclude that

4
- . e 2 82 o 5
agj = 2asjaxj + 3asjaz; 4a4]a2j 5a3jazj + Sazj

+21Joj + Jsj +Tdgj + J7; +2Jg; +3Joj + Jioj-

Note that Jo; = [, (3¢3) ¢3dw = Jasja3; — § [, Bs¢3dw and [, B33 dw =
%ag ; + Jej. This shows that

3 2 5 1
Joj = 5613./'(12]- — 1—5612]- — §J6‘i'

We arrive to the following formula for ag;,

agj = 2asjaxj +3asjaz; — 4a4ja§j - 5a§ja2,- +7a3ja§j - 2a§j
+ Jsj + J7j +2Jg; +3J9; + Jro;- (5.11)

Let us now compute J5; = f)/j K3¢3¢2g0f dw. We split K3 according to (4.6) and

write J5; = Js(jl-) + JS(?, where

S3 2
]5(11) :/ r—3¢3¢2<p%dw, ‘IS(j) =/ C3K1¢3¢2§0%dw'
Vi Vi

j
Note first that using Propositions 5.1 and 5.2, we can write ¢3¢2<pf as
(c%(so% — 201+ 1) + %cw% — 1) +2c2(p1 — DY2 + Y3 + 1//3) (a1 — 1) +¥2) i
therefore we obtain
$3207 = ¢ (97 — 3¢ +3¢] — o)) + %6302(&015 — ¢l =9l + D)

1
+3c3 (¢ = 201 + D)0 + S50l — 9D + 3020l — 9D)Y3
+ Y307 + c2(9} — oD Y3 + Y3vaet. (5.12)

We substitute the above expression for ¢3¢2<p% in JS(}) and regroup under the same
integral those terms having the same power of ¢ to obtain

3 1
(1) (C2 + 263(32)S3 5
‘ISj :/y 7}’3 g[)l dw
J

=3c3 — Le3¢0)S3 4 Bc2 + de3)s
( 2 232)3 (2 23)31//2¢41de

3
Vi r
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(36‘3 — %C3C2)S3 — 6C§S31ﬁ2 + 3CzS31ﬁ22 + 8393 (p3 dw
1

, 3
Vi
341 2 _ 1
i (—¢3 + 5¢3¢2)83 + (3¢5 — 7¢3) 8392
Vi r3
—3028392 + S35 — 2 S3y3 + S
+/ 285395 + S395 362 33 31//31/,2(p%dw. (5.13)
r
Vi
We shall simplify only one of the above terms: Note that
—c283Y3 dyrs 1
/ —5—¢idw = —Cz/ — Y3 dw = -3,
Vi r y; dw 2
J J
We thus obtain
1 (c3 + lC3C2)S3
(e8] 2 2 2 5
J5j = _§C2¢3]‘ +/y_ r—3(p1 dw
J
(—3C3 — lC3C2)S3 + (36‘2 + l6‘3)53 )
+ 2 2 5 2 2 I/I (pfdw
r
Vi
(362 — —C362)S3 — 6C§S31ﬂ2 + 3CzS3‘(ﬁ2 + 28393 3 S du
Y }’3
(—c3 + Le362)S3 + (3c2 — Le3) 3y
+ . 3
Vi
—3c28392 + S305 — c2S3¥s + S
+/ 28395 + S39; : 28393 31/f31/f2(p%dw (5.14)
Vi r

For computing JS(?) = fyj K 1¢3¢>2¢% dw, we also substitute the expression for

¢3¢>2¢% found in (5.12). Splitting the integral into individual terms, we get expressions
of the form fyj K3 1,02(,01 dw. For each of these terms, we use one of the following
integration by parts formulas:

1 . s
/ K130t dw_kaéf_z/ 2]/,s 1 k+1dw
y s

J

1 s
/ K1¢3§0] ;1//5,—%/ 31/f§ ! k+2dw
Yj Y

J

1 1 [ S
/ K1y3ynet dw = S¥sia2j — 5 e dw — / 21#3% dw,
Vi vi "

(5.15)
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or the fact that | ” K 1(011‘ dw = 0. After regrouping, we obtain an expression

o 1 3 1 1 I 5 1 1
‘]5j = §C3a2j 263C2a2] + (— C3 + 4C3Cz)a2j + §C3¢3ja2]’ — 663621ﬁ3j
1.2
—zC C3C Sor — c 8
n (—ge3 — 2)32 323<pfdw,
. r
Vi
203¢28or + Le3eaS3 — 2302 8200r — L3S
+/ 30387 + 5030283 %322% 2331/[2(p?dw, (5.16)
P
Vj
12 3.2 3 2 1
25 — 503658 + 3c3¢28¥0 — 5¢38205 — 538203
+ (4 3 2 2) 21# 2 % b lﬂ ga?dw

Vi r

Note that by Proposition 5.2, J7; = f)/j K4(¢%+%C3 ((plz— 1)+1/13)§013 dw. Regroup-
ing, we get J7; = f K4(¢>%<pf - %cw% + 1//3(,0? + %cwf) dw. Since the integral Jg;
is defined to be f K4¢2g01 dw, we see that

S4 1 3 3 1 5
Jrj = Jgj + 3 + ca K —563% + V3] + 503‘91 dw.
Vi

J

Expanding the above product and using the integration by parts formula (5.15), we
obtain

1 lC3S4 — lC4S3r —lC3S4 + Sav3
J7j = Jgj + §C41ﬂ3j +/ = 3 r43 ¢ dw +/ ? 4 ¢ dw
Vi Y

J

(5.17)

Now, let us also split Jg; = f K4qb§(p dw as Jg; = 18(11') + JS(? with
M S4 5 3 @ 23
Sy = 5 r—4¢2<p1 dw, Jg7 = 5 ca K957 dw.
J J

Expanding and substituting ¢2 (c2(¢1 — 1) 4+ ¥2)? into the above expressions, we
obtain

2
5 S. —2¢284 + 25 8.
I = [ 22w+ 2920502 4y
! y Vi rt

o7 dw, (5.18)

e384 — 202849 + Savs
+ 7 i
¥

r
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1
2) _ 1 2 1 ) —§C4C2S2 5
JSj = §C4(12]~ — EC4C202] +/),A r—2<p1 dw

+/ %640252 — §C4521ﬁ2
v,

4
> ot dw. (5.19)

For the last integrals Jo; and Jyo;, we proceed in an analogous way. We obtain

1 2S5 — tesSord —c285 + S5y
Joj = zcsaz; +/ —‘;wfder/ ——5——eidw, (520
4 Vi r Vi r
Se
Joj = / 25 03 du. (5:21)
vi T

If we now substitute in (5.11) the expressions we have found for Js;, ..., Jig;
given by Egs. (5.14) to (5.21), we obtain

2 2 3 5
asj = 2asjazj + 3a4jazj —4ayjay; — Saz;az; +Tazjay; — 2a;;

2 2
c3 3 €302\ o 3¢5 c4cp €3 3¢y c3 . '
+ e+ (o= 50) 6 +(T —2 st ?”31)“21

c4  C30p

1
_Eczlﬁgj—l—(S T)lﬁ3j+D2j+D3j+D4j+D5j,

where we have grouped all integrals containing <p’f into a single expression Dy;. These
expressions are given explicitly below.

(—c3 + S¢36)83 + (3¢ — £¢3)S390 — 328397 + S395 + S39392
Dy; = 3 o7 dw
Vi

1 1
= (—C% + EC}CZ) Y3+ (30% — 503) Ay —3c2Agj + Az + A

Recall that g4 = S4 + c2S3r — %C3S2r2. We have:

(3c% — %C3)(S4 + cpS3r — %C_O,Szrz) — 602(Sq + ¢ S3r — %C3S2r2)¢2

D3 =
3] r4

(pf dw

3(84 + c283r — lC::,Szrz)lllz + (Sq4 + 831 — lC3S2r2)1//3
+/ 2 2 2 (pf dw
Vi

4

1
= 3C% — =c3 1//4]' —602F1j —|—3F2j + F(O,l)j-
2
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Recall also that g5 = S5 + 2¢pSar + C%Sgrz — %(64 + C36‘2)52r3. Thus,

=3¢y (S5 + 2847 + C253r2 -2 c4 + c3cp Szr3
Dy; =/ ( 2r5 3¢ ) ) (p‘f dw
Vi

3(Ss + 2c284r + 38312 — 2(cq + c3¢2)S2r3) ¥
+/ ( 2 3 ) ¥ o dw
Vi

7S

= —3cvs; + 3By;.

Lastly, we obtain

S¢ + 3¢2S5r + (5¢3 + 3¢ S4r +——C4+ ccz+c Sar3
D5,~=/ 6 57+ (363 +363) 6 ( 302 +63) 3 o du
Y r
| [ e e jd- Jod) o
%

>d
w?
7‘6 @1

J

which is exactly ¢, by definition of ge(w).
In this way, we obtain exactly the expression claimed by Proposition 5.5, hence
concluding its proof. O

6 Proof of the key lemma

We now proceed to prove the key lemma. Let us consider now a normalized foliation
% whose holonomy group at infinity is analytically conjugate to the holonomy group
of .%. The genericity assumptions imposed on .% and the way we have normalized
imply that both foliations have the same characteristic numbgs at infinity at the same
singular points. Therefore if .# = .7 (A, a), we may write .# = .7 (1, B). For every
object we have defined for foliation ., we define the analogous object for .7 and
denote it by the same symbol with a tilde on top. In particular, f; and f> denote the
corresponding distinguished parabolic germs which are defined as the holonomy maps
along the same loops y; and y» from Definition 2.1. By the conjugacy of the holonomy
groups, and in virtue of Remark 2.2, there exists a conformal germ /# € Diff(C, 0)
such that

hofj—fioh=0, j=12. (6.1)

We reemphasize that the idea of the key lemma is to show that the above equation
imposes certain conditions on the parameter . We do this by proving the existence of
polynomials P;(w), whose coefficients depend on A, o and §, with the property that
if Eq. (6.1) holds up to jets of order d, then

P
[, e =o.
V1
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We will first compare the terms of degree 2 in Eq. (6.1) and prove that the normal
form (4.1) that we have chosen forces the germ # to be parabolic. The key lemma for
degree d = 3 will be a corollary of this fact. Once we have done this, we will prove the
key lemma for higher degrees, one degree at the time, following the strategy explained
in Sect. 3.1.

6.1 Comparison of the terms of low degree

We start with an important observation about the normal form (4.1).

Proposition 6.1 The polynomial S>(w) defined in Proposition 4.2 by the property
Ky =K + f—% is exactly Sy (w) = r(w). In particular, the function

w S2 w 1
Yo (w) = / —p1dr = / -1 dt
o r o T

depends only on the characteristic numbers A1, Ay and not on the parameter o, and
so we have Y (w) = Yo (w).

This proposition is proved by just expanding F(z, w) in a power series and com-
puting the quadratic coefficient K>. We omit the proof here since we shall give explicit
expression for all the terms S; and ¢, at the beginning of Sect. 7.

Proposition 6.2 If h € Diff(C, 0) conjugates the holonomy groups of F and Z,
then h is necessarily a parabolic germ and its quadratic coefficient hy = %h” 0) is
given by hy = ¢» — ¢, with ¢2, ¢ as in Proposition 4.2.

Proof 1f the germ h conjugates the holonomy groups, it conjugates the distinguished
parabolic germs, which by genericity hypothesis have non-zero quadratic part. By
Proposition 5.1, the quadratic coefficient in the power series of f; is az; = Y2, and
by Proposition 6.1 ¥»(w) depends only on the characteristic numbers A1, A>. This
implies that ap; = a;. Any germ that conjugates two parabolic germs with equal
non-zero quadratic part must be parabolic itself, hence % is parabolic.

We now prove the second claim. This is the only instance in this paper where we
will consider holonomy maps other than the distinguished parabolic germs. Choose
any holonomy map A,, that is not parabolic (for example, choose y = 1, a standard
geometric generator) and consider its power series expansion: A, = ¢1(,}(0) z +
©2(1(0) 22 4+ 0(z%). We also consider the corresponding power series expansion for
Zy . Taking into account that 9| = @1, an easy computation shows that ho A,, — ZV oh
has a power series expansion of the form

(0201(0) = B2 (0) + h291 (3} (0) (@111 (0) — 1)) 22 + O(2?),
which implies that

_ 02(1(0) — @21, (0)
P11 0) (@111 (0) — 1)
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since ho A, — Zy o h = 0. Now, we use the relation ¢ = @1¢> and Proposition
5.1 to simplify the numerator. Taking into account that ¥ (w) = r(w), we get that
hy, = 52 — ). O

We remark that the fact that £ is forced to be parabolic depends strongly on the fact
that both .% and .% have been normalized as in (4.1). Without this normalization, the
above proposition need not hold.

By virtue of the above proposition, we may write

o0
h(z) =z+ Zhdzd.
d=2

Proposition 6.3 Define P3(w) = §3 (w)—S3(w). Ifagerm h € Diff (C, 0) conjugates
corresponding pairs of distinguished parabolic germs up to 3-jets, then

Proof 1tis easy to check that the commutator of any two parabolic germs is of the form
7+ 0(z%). This implies that the group of three-jets of parabolic germs is commutative,
in particular f; and f; have the same 3-jetsince ho f; = fjoh and all these germs are
parabolic. This tells us that a3; = a3; and moreover y3; = v3; since, by Proposition
52,a3; = agj +v3j,and azj = ay;. Recall that we have defined y3; = v; f—% <pf dw.
Hence,

~ 53— 83 P3
0=1/f31—1ﬂ31=/ 3 w%dw=/ — i dw.
r 1 r

Vi

]

Before moving on to the key lemma for degree four, we will use Lemma 2.2 to
introduce a polynomial R3(w) needed in the next subsection (see Sect. 3.2 for the
general description of the polynomials R;(w)).

Proposition 6.4 If 11, Ay ¢ %Z, there exists a polynomial R3(w) such that

/ow B0 o112 dr = Rs(w) @1 (w)? — R3(0).

r(t)3 T or(w)?

Proof The above proposition is exactly Lemma 2.2 with P(w) = P3(w) and u; =
2)\.]’ — 3. O
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6.2 Key lemma for degree four

In Sect. 3.1, we have reduced the proof of the key lemma on degree 4 to the proof of
existence of a polynomial P4(w) and a complex number %4, such that

(12./%4%-]4/‘ =0, j=1,2,

where .%4; = fy,-

existence of a polynomial P4 and a number %4 satisfying the above conditions and
cite Proposition 3.1.

% <p13 dw. Thus, to prove the next proposition, we shall prove the

Proposition 6.5 Let Py(w) = g4(w) — g4 (w) — S2(w) R3(w) with q4(w) as in Propo-
sition 5.3 and R3(w) as in Proposition 6.4. If a germ h € Diff(C, 0) conjugates
corresponding pairs of distinguished parabolic germs up to 4-jets, then

P
[ 28 wrae-o
Y1

Moreover, the cubic coefficient in the power series of h is given by

é3—c
h3=h%+3 3

+ R3(0). (6.2)

Proof Taking into account that we know d; = azj andas; = a3;, ashort computation
shows that the coefficient of degree 4 in the power series expansionof 4o f; — fjoh
is given by (h3 — h3)az; — ho(asj — a3;) — @aj + aa;. This implies that

dsj —asj = (hs — h3)azj — halazj —a3)), j=1,2. (6.3)
On the other hand, it follows from Proposition 5.3 that

G —c3
2

asj —as4j = arj — (G — )Y+ A1j — Arj+ Yaj — Y.

In the above expression we use the fact that dr; = a»j, a3; = a3; and also that
Y¥3; = 3. Now, using the fact that ¥ (w) = ¥2(w), we see that

~ §3 -5 P
Alj—A1j=/ r—3¢2§0%dW=/ r—31ﬁ2€0%dw-
Vi Y

J

Using Proposition 6.4, we can integrate by parts the last integral above to obtain

~ R3 ! R3S
Ay — Ay =/ (r—zwf) Yo dw = R3(0)ay; —/ r—4<ﬂ? dw. (64)
Vi Vi
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Taking into account that we have defined P4 = g4 — g4 — S2 R3, we see that

3 —c3
2

- ~ Py 3 .

dsj —asj = aj — (G2 —c)¥3j + R3(0)azj + [ —oijdw, j=1,2.
yi r4

J

(6.5)
We now substitute the right hand side of (6.3) into (6.5) to obtain an expression

3—c

2

(h —hz)a'—h (a'—a2)— 3a'—(5 — )3 + R3(0)ar; + &3dw
3 2)42j PACKY 2j) = 2j 2 2)V¥3j 3 2j r4‘P1 .

Vi
Recall that hp = ¢2 — ¢z by Proposition 6.2, and recall also that a3; = a% j +y3; by

Proposition 5.2; therefore, (¢2 — ¢2)¥3; = ha(azj — a% j). The equation above is thus
simplified to

3 —c3 Py
(h3—h%)a2j=( 5 +R3(0))az,-+/y r—mfdw,

j
which can be rewritten in the form
aj 64+ S4j =0,

where

and

By Proposition 3.1, we have
P.
I :/ Zeldw=0, ¢ =0.
n't

This proves the key lemma for degree four. Note that 64 = 0 implies

3 —c3

hy =h3 + + R3(0).

We conclude this subsection by introducing the polynomial R4(w).
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Proposition 6.6 If 11, Ay ¢ %Z, there exists a polynomial R4(w) such that

/0 rgt()fj o1 (03 dt = % o1 (w)? + R4(0).

Proof Apply Lemma 2.2 with P(w) = P4(w) and u; = 34; — 4. O

6.3 Key lemma for degree five

We proceed in exactly the same way as we did in the previous subsection.

Proposition 6.7 Let Ps(w) = g5(w) — g5(w) — 28> (w) R4(w) with the polynomials
qs5(w) as in Proposition 5.4 and R4(w) as in Proposition 6.6. If a germ h € Diff (C, 0)
conjugates corresponding pairs of distinguished parabolic germs up to five-jets, then

P
J, s tontaw =0
Y1

Moreover, the coefficient of degree four in the power series expansion of h is given by

hy = ; “_989 ; B2 Ru(0) — &2 R3(0) + 3h3hy — 203 + %hz. (6.6)

Proof Taking into account that ay; = az; and a3; = azj = a% it Y3/, a straightfor-
ward computation shows that the coefficient of degree 5 in the power series expansion
of ho f; — fj ohis given by

— s + asj — 4ha(asj — aaj) — 2haasj + 2h2a3; + 3(hs — h3)a3;

+ 2hg — 2h3hy + 2hayr3j)az; — 3h%1//3j. 6.7)
By Proposition 5.3,
asj = 2(a3; + Y3j)arj — a3, + 0—236121‘ —y3j + Arj + Y4,
and Eq. (6.3) implies
dsj — asj = (hs — h3)azj — hass;.
Using the above identities and equating (6.7) to zero, we obtain

asj —asj = 3(h3 — h3)a3; + (2ha — 4(hs — h3)hy — 2h3hy — 2hap3j — c3ha)ay,
+ (h% + 262h2)1ﬂ3j — 2/12A1j — 2h21ﬁ4j. (6.8)
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On the other hand, we can use Proposition 5.4 to compute ds; — as;. We use once
more the facts a; = a2, az; = a3j and ¥3; = 3;; thus,

- - C3—0C3 4 C4—c4 C3C2—C3C
asj —asj =2(asj — asj)azj + —a2/+(2 - azj

2 3 3

(6.9)
+ (& — V3 — 2620 + 2c00a; — 282A1; + 22 (6.10)
+ Agj — Agj + 2T — 2T j + rsj — s (6.11)

First, note that using the expression found for d4; — a4; in (6.3), we can rewrite the
right hand side of (6.9) as

—c3 C4—C4 G302 —C3C2
(2(h3— 2)+ 5 )a%/ ( 2haip3; +2 3 3 )a2f

6.12)

Now, note that As; — Ay; = L L 2¢? dw, and so integration by parts yields
J i = Jy; 3V29 g y parts y

~ 2R3S>
Azj — Azj = R3(0)aj; —/ r—4¢2¢13 dw. (6.13)
Vi
Recall that Py = g4 — g4 — 25> R3; therefore,
~ ~ " SR _
Rpj — Mgy +2F; — 2T = Ry (0)a3; —2/ 229007 dw +2/ q4r4q4x/f2<p§dw
Vi Vi
= R3(0)a3; +2/ Til//zg[)? dw.
Vi
Integrating by parts the last integral, we obtain
Py R4S
— gl dw = —R4(0)azj — | —=¢; dw
4 oo
Vi Vi
We conclude that
~ ~ 252R4
Agj — Agj + 2T — 2Ty = R3(0)a§j — 2R4(0)az; —/ = ¢l dw.
Vi

Since we defined Ps = g5 — g5 — 252R4 and ¢5; = f qs ¢} dw, we see that
expression (6.11) is given by

R3(0)a2; — 2R4(0)az; E“d 6.14
3(0)ay; 4(0)az; + S dw. (6.14)
Y,

J
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Let us now analyze expression (6.10). Note that E% — c% = h%z—i— 2co2hy, since hy =

¢ — ¢, therefore the first term in (6.10) can be rewritten as (A5 + 2c2h2) Y3 ;. Next,
2894 + 200Yaj = —2hoaj — 28 (Yaj — V),

and
28 A1 4 200A1) = —2ha A1 — 2E2(A1j — Ay)).

We have seen already that A; — Ajj = R3(0)az; — fyj 534153 @3 dw, so taking into

account that y4; = | ), Z—f{(pf dw and Py = G4 — q4 — S2R3, we get that expression
(6.10) is given by

2 ~ ~ Py 5

(h5 +2c2h2)Yr3j — 2haraj — 2hoA1j — 2¢2R3(0)az; — 2¢2 peidl dw,
Vi

= (h3 + 2c2h2)¥3j — 2hovaj — 2ha A1 — 282 R3(0)azj, (6.15)
since, according to Proposition 6.5, || v; %(pf dw = 0. Adding up all three expressions
(6.12), (6.14) and (6.15), and taking into account that

h3_h2_53—63

+ R3(0),
(which also follows from Proposition 6.5), we finally obtain
asj —asj = 3(hy — h3)aj;

—c4 30 — 302
3 3

é )
+ (—2h2w3., 124 —2R4(0) — 262 R3 (0)) a2

(6.16)

Ps
+ (B3 + 2c2h0) Y3 — 2haAyj — 2ho W +/ ,,_5‘/’? duw.

i

We now equate the right hand sides of (6.8) and (6.16). Note that we can cancel
those terms with a% ;as well as those where a;; does not appear, with the exception

of |, vi I:—ggo‘f dw. We thus obtain an equation

azj Cs +fsj =0,
Cq4 —C4 C3C2 — C3C)

C5 =2 3 — 3 — 2R4(0) — 2¢2R3(0) + 6h3hy — 4h% + c3hy — 2hy,
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and

By Proposition 3.1,
P:
A =/ Zgtdw=0, % =0.
nt

This proves the key lemma for degree five. Moreover, it follows from %5 = 0 that

hy = S - B  Ry(0) — @ Rs(0) + 3hahy — 23+ Sh.

Proposition 6.7 is now proved. O

We now introduce the polynomial Rs(w).

Proposition 6.8 If 1, 1o ¢ %Z, there exists a polynomial Rs(w) such that

wp R

Proof Apply Lemma 2.2 with P(w) = Ps(w) and u; = 4A; — 5. O
6.4 Key lemma for degree six
Proposition 6.9 Let us define
~ ~ 1 2
Ps =q6 —q6 + q4R3 — §S2R3 — S3R4 —352Rs,

with the polynomials qe as in Proposition 5.5 and Rs as in Proposition 6.8. If a germ
h € Diff(C, 0) conjugates corresponding pairs of distinguished parabolic germs up
to six-jets then

P
[ s
Y1
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Proof Let us start by using Proposition 5.5 to obtain an expression for dg; — ag;.
Using that a»; = az; and a3; = a3, we obtain the following formula for ag; — ag;,

2asj — asjazj + 3(daj — asj)as; — 4(ds; — asj)as, (6.17)
3 —C3 3 . C3C2 — €302 2
+ 8 a2j+(C4_C4_T)a2j (6.18)
3¢5 — 3¢5 C4Cy — C4C) 5% - C% n 5355 - C3C% + 3 —c3 W
_ _ i P
2 2 8 4 RS A
(6.19)
Cr— o ) Cq4 —Cq C3C2 — €302 ~3 3
Sasag ( : G2 gy 62) v (6.20)
c S\ ~ c
+ (—73 + 303) Arj— (—33 + 36‘%) Ay 6.21)
— 35232]' + 302z + 33]' — Azj + Z(l,l)j — A, (6.22)

3 S\ ~ 3 L~ ~
+ (—? + 36’%) $4j - (—? + 3C§) 1#4./' - 662F1j =+ 6C2F1j + 3F2j — 3F2j
(6.23)
+T0.1); — D0.1y; — 3é2%s; + 3carsj +3B1j — 3By, + V6 — Ve, (6.24)

We shall now rewrite several of the terms in the above expression for ag; — ag ;. For
(6.17), we can use the expression for a5; — as; found in (6.8) and that for a4; — as;
from (6.3), and write a3; = a3 ;3. We obtain the following expression after these
substitutions:

S(hs — h)a3; + (4h4 — 12h3h3 + 8h3 — 2e3hs — 3hays ,-) a;

+ (3/131#31' — h%lﬁy +4coho3j — 4ha Ay — 4h2W4.,') aj — 3h21ﬁ§j. (6.25)

Next, Eq. (6.21) can be rewritten as
C3 —¢3 . 3 2\~
(_T +3@ - C%)) Ayj+ (—E + 3C%) (Arj — Ayj).
We have an expression for Zl j — Ay from Eq. (6.4). Using this, (6.21) becomes

G _ ¢ N
(——3 > 3 43@ - cg)) A+ (—33 + 303) R3(0)az;

; SR
- (—% + 355) / 22 ol dw. (6.26)
Vi r
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We also have an expression for Zz j — Apj from (6.13), so the first two terms in
(6.22) can be rewritten as

—352&2]‘ +3cA0j = =3(c2 —c2) Ay — 352(sz — Azj)

. - . S$2R3
= —3(&2 — c2)Agj — 382 R3(0)a3; + 6C2/ — V293 dw.
Yj
(6.27)

In the same way as we deduced the formulas for Aj; — Ay; and Agj — Agj, we
integrate A3 = A3 = vi r@ Wz (pl dw by parts to obtain

~ S2R3
Asj — Asj = R3(0)a3; — 3 / Z 2 yieid (6.28)
Vi

J

We now wish to express Ay 1) j — A(1,1); in terms of simpler objects. We proceed
as follows. By definition,

Sy - - S3
= Yoiser dw — / = Yoyt dw,
r- T

Aqnj = A, =/
Vi

Vi

which, taking into account that 1/, = ¥, may be rewritten as

S S -
/ 3r Vavrsg? duw + / 2 vl — vt du. 6.29)
Y

J Vi

The first integral in the above equation is given by | vi f—; Y3 go% dw, and so integra-
tion by parts yields

S>R3 S3R3

R3(0)azjvyr3j — / pe] e dw / — Y} dw. (6.30)
Vi vi T

On the other hand, note that

~ v P3 R3(w)
Y3 (w) — Y3(w) =/0 r—3</’%df = rw)?

@1(w)* — R3(0). (6.31)

Thus, the second integral in (6.29) can be rewritten as

S3R3
3 Yog! dw — R3(0)A4;,
Vi

since, by definition, A 1j = f vi % 1/72(p% dw. In fact, taking into account (6.36) and
writing le = A1j + R3(0)az; — 52R3

3 dw, we obtain that the second integral
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in (6.29) is given by
S3R S2R
/ 22 Yogtdw — R3(0)A1j — R3(0)2azj + R3(0)/ 2D pdw. (6.32)
y, Vi
We claim that the following equality holds:
S$2R3
/ A ‘ﬂl dw = \”4] Yaj. (6.33)
Vi
Indeed, by definition, y4; = , Z—j gof dw and so
= G4 — q4 Py S2R;3
Wj—wztj:/ 7 ¢ dw = —4¢fdw+/ 7 @7 dw,
vi T vi " vi T

since we have deﬁned P4 to be exactly P4 = g4 — qa — S2R3. But according to
Proposition 6.5 | 4 <p1 dw = 0. This proves our claim and so we deduce that

expression (6.32), Wthh is the second integral in (6.29), equals

S R
/ i 3 Ynet dw — R3(0)A1j — R3(0)2az; + R3(0)(Yia; — Yiaj).  (6.34)
Y

J

Combining the last integral from (6.30) and the first one from (6.34) into a single
integral, we get

(S5 — $3)R; PsR3
— Yog! dw = 3 == Yoe dw
Y,

1 R3 2y
=2 () ) v

1 2
552 R
= —R3(0)%az; — / 2r—63(p15dw. (6.35)
Y

Vi

Combining (6.30) and (6.34), and taking into account (6.35) we obtain the following
final expression:

- 1 -
Aq,nj—Aanj = (—R3(0)¢3j - §R3(0)2) azj — R3(0)A1; + R3(0)y¥4j — R3(0) ¥y

1 2
SHR 58 R
—/ 7431&390? dw —/ 2 3 3 gof dw. (6.36)
vio T vi T

j
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Next, we rewrite the first two terms of (6.23) as
¢3 —c3 . 3 AV
(‘T +3(35 — c%)) Yaj + (—5 + 3c%) (Vaj — Va),
and use Eq. (6.33) to obtain
c3 — - C N SHR
(—u +3@E - c§>) Va; + (—C—3 + 3(;5)/ 25 pldw.  (6.37)
2 2 yi T

Similarly,

—652F1j + 6C2F1j = —6(c) — C2)F]]’ — 652(F1j — Flj)-

This time, we claim

~ SoR4 S>R3

Ty —Tij = —RiOazj — | === ¢fdw + Yapi dw.  (6.38)
i 1‘5 Vi 1’4
J J

Indeed, since P4 = G4 —q4 — S2R3 and I'y; = fl’/ ’f—j 1//2g013 dw, we have

~ Py S>R3
Tyj—Ty= | — vogidw+ V93 dw.
r4 r4
¥ 4]

The claimed that formula is simply obtained by integrating by parts the first integral
on the right hand side of the above equation. We conclude that

—652F1j + 6C2F1j = —6(cp — o)l + 6c2R4(0)az;

_ [ SR _ [ SR
+ 6cz/ el dw - 6cz/ T Vet dw. (6.39)
Vi Vi

The analysis for 3T, j — 3I'2; is analogous:

Py 53 S$2R3 5 3
r—41ﬂ2€01dw+3/ r_41/f2<ﬂ1duh

Vi

3(Tyj — Iyj) = 3/

Vi
which, after integration by parts of the first integral, becomes

~ SoRy S>R3
3Ty — 3T = —3R4(0)a3; — 6/ — Yogt dw + 3/ = Yie; dw
Yj Vi
(6.40)
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We now focus on T'(g 1) i — T'(0,1)j. Let us rewrite this expression:

44 q4
o, b — T, —/ e Vag; d / pey Yag; dw
Vi Vi

J

= [ BB ytant [ B - vaeiew.
Vi

Vi
The first integral in the last expression above is equal to

/=
yr

SHR3
L g dw + / 258 b du,
j vi T

and integrating by parts the first term gives us
S3R4 S2R3
—R4(0) 3 —/ 6 @7 dw +/ — V397 dw.
Vi Vi r
Taking into account formula (6.31), we get

‘/@
y r

3 s = ¥)e dw =/

Vi

q4R3

¢} dw — R3(0)y4;.

We conclude that

~ S3Ry S$HR3

T, — T = RO — [ =——¢jdw+ [ —= Yag; dw
Vi r6 Vi r4
J J

qaR3 ~
6 ¢} dw — R3(0)4;.
Vi

The last terms in (6.24) are as follows: first,

=36 s, +3cas; = —3(E2 — c2)¥rsj — 362 (Ysj — ¥rs;)

. . 45 — qs
= —3(c2 —c2)¥s5; — 3C2/ 1 qu gof dw
Vi
- - SoR4
= —3(C2 — ) ¥s5; — 602/ s == ¢l dw,

Vi
since Ps = gs — g5 — 25> R4 and f 23 ¢t dw = 0. Second,

3B;; — 3By; =3/
Yj

J

=3R5(0)az; — 3/

Vi

R
wwldw+6/ 28 gt

Vi

J

2Rs SH Ry
5 7 dw + 6/}/ r—sllfzwi‘duh

(6.41)

(6.42)

(6.43)
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by a simple integration by parts argument.

Under all these modifications, we obtain a new expression for dg; — ag ;. Moreover,
a closer look at the newly found expressions shows that all integrals that appear in
such expressions will cancel each other out except those in which ¢ appears raised to
the sixth power. Indeed, the integral in (6.26) is canceled out by the integral in (6.37).
Similarly, the one in (6.27) and the last integral in (6.39), that in (6.28) and the last
integral in (6.40), the first integral in (6.36) and the second one in (6.41), the first
integral in (6.39) and the one in (6.42) and the first integral on (6.40) and the last one
in (6.43) cancel each other out. We now group all the remaining integrals into a single
one. We obtain

5
dw.
ro i

/ GaR3 — 3S2R; — S3Ry — 3S2Rs
Vi
But recall that we have defined Ps = g6 — g6 + qaR3 — ngR2 — S3R4 — 352 Rs and
2 3
6= [ 4 (p5 dw. Since the expression Vg; — g appears at the end of (6.24), we
i o 91 p Jj j app
can group it with the above integral to obtain a term

Pg
/ 5 w? dw.
Vi

Note also that the term R3(0)4 ;j appears in (6.36) and (6.41) with opposite signs, so
we cancel out these as well.

We finally obtain a new expression for ag; — ag; from Egs. (6.25), (6.18), (6.19),
(6.20), (6.26), (6.27), (6.28), (6.36), (6.37), (6.39), (6.40), (6.41), (6.42) and (6.43)
and taking into account the above considerations.

Formula 1 The difference agj — ag; is given by the following expression:

5(hs — h3)a3; + (4h4 — 12h3h% + 813 — 2e3hy — 3h2¢3j) a; (6.44)
+ (3havs) — B3us; + deahawrs — 4ha Ay — Aot ) azy = 3hovd;  (645)
C3—C3 4 . €36 — 32\ o
FEZag (C4 e T) 2 (6.46)
355 — 3C5 5452 — C4C2 5% — C% E35§ - C3C% 53 —C3
( 4 2 s T4 T Vi)
(6.47)
Cr—0c C4 —cC4  C3C2 —C3¢2
- =3 + — B4 ) v, (6.48)
2 3 3
3 —c . c .
(—% +3@ - cg)) A+ (—33 + 3c§) R3(0)ay, (6.49)

—3(é2 — c2)Aaj — 362 R3(0)a3; + R3(0)a3; (6.50)
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1
(—Ra(O)lﬂsj - §R3(0)2) azj — R3(0)A1; — R3(0)4; (6.51)
3 —c3 o 2 . .

- +3(c5 —¢3) ) Yaj — 6(c2 — c2)I'1j + 6¢2 R4 (0)ay; (6.52)
- 3R4(O)a§j — R4(0)yr3; — 3(C2 — c2)¥5; + 3R5(0)ay; (6.53)
+ [ Eotdu, (6.54)

Vi r

We now deduce a second expression for dg; —ag ;. The coefficient of degree 6 in the
power series expansion of o f; — f~j ohisof'the formag; —ag;+- - - . Let us take into
account the formulas for as j, a4; and as; found in Proposition 5.2, Proposition 5.3 and
Proposition 5.4, respectively. Let us also take into account that a»; = ay;, d3; = as;
and let us substitute a4; and as; by their formulas implied by Egs. (6.3) and (6.8),
respectively. Under these considerations, the explicit expression for the coefficient of
degree sixinh o f; — f~J o h may be easily obtained by a simple computed assisted
computation.

Formula 2 The difference agj — ag; is also given by the following expression:

— 3hoyrsj + (—h3 + 4h3 + 6¢22) s — %hzxpgj (6.55)
+ (ha — 2h3hy + c2hy — 4eah3 — 3c3ha) s, (6.56)
— 6haTyj — 3hoAnj + (—h3 + 4h3 + 6c2h2) Ay (6.57)
+ (—4h21p4 i (Bhs — 203 + derha) s — Ao A ,) a; (6.58)

1
+ (3h5 — 12hghy — 5h3 — Se3hs+ 28h3h3

—14h5 + 2¢3h3 — 2c4hy + C3czh2) az; (6.59)

3 7 2
+ | —3hov3j + The — 21h3hy + 14h; — Ecghz a; (6.60)
+6 (13— h3) ai;. 6.61)

We now proceed to compare the two formulas above. We shall see once again that
everything that depends non-trivially on the index j will be canceled out except for
those terms which are a scalar multiple of az;, and the integral (6.54).

Let us start with those terms having ag i For our first formula, we have such terms
on expressions (6.44), (6.46) and (6.50), which add up to

3 — 3

(5<h3 —h3) + - R3(0>) a3;.
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It follows from (6.2) that h3 — h% = 53%63 + R3(0), and so the above expression equals
6(hs — h%) which is exactly (6.61), the unique term in Formula 2 having a% Iz

Consider now those terms with a% i Gathering those in Formula 1 from (6.44),
(6.46), (6.50) and (6.53), we get '

C3Cp — €302

4hy — 12h3h3 + 813 — 3hoyrsj — 2c3hy + &4 — 4 — 5

— 38, R3(0) — 3R4(0).

Using the formula for 44 from (6.6), we may transform the above expression into
3 7 2
Ths — 21h3hy + 14h; — §C3h2 — 3hoyr3; a;,

which is exactly (6.60).

Let us consider now those terms that have simultaneously a,; and something else
that depends on the index j. Such terms in Formula 1 appear in (6.45), (6.47) and
(6.51). They add up to the following expression:

-
(3h3w3,,~ — h3W3j +4eahavsj — 4o Ay — dhos; + =

5 ¥3; — R3 (0)1#3,/) azj.

G3—c3

Substituting h3 — h% instead of =5~ — R3(0), the above turns into

(4h3w3) — 203y +derhaps; — 4adhiy — 4o ) aay.

which agrees with (6.58).

Recall that iy = ¢, — ¢3. Those terms having %2]. are easily seen to cancel each
other out; they are the last term in (6.45) and the first one in (6.48) for Formula 1, and
the last term in (6.55) for Formula 2.

Now, let us consider those terms with a single 3 ;. In Formula 1, they appear only
in (6.48) and (6.53), and in Formula 2 they are exactly those terms in (6.56). Let us
substitute the /14 term in (6.56) by the expression given in (6.6). Under this substitution,
(6.56) becomes

(c4 ;m G0 g RELV R4(0) — G2 R3(0)

c
Fhshy — 203 + §h2 + eohs — dcyhd — 3c§h2) V3. (6.62)
According to Proposition 6.2 and Eq. (6.2), we have

3 —c3
2

hy=¢) — h3 =E%—25202+c%+ + R3(0).
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Substituting the above expressions into (6.62) yields, after simplification,

C4—cC4 C3C2—C3C2 -
— Ry(0) — & + 63 ) ¥3,,
3 3
which matches exactly those terms in Formula 1 having 3.
The term (—h3 + 4h% + 6c2h2) Ay in (6.57) may be rewritten, after replacing h3
by its formula in (6.2), as

c3—c¢
(3h§— 3 5 3 —R3(O)+6czh2) Ay,

which is easily seen to match those terms with Aj; in (6.49) and (6.51), once we
replace hy by ¢3 — ¢3.

Note that the terms having 14 ; in (6.55) are (—h3 +4h% +6¢2h2) Y4 ;. The coefficient
is the same as the coefficient for the A;; term we just analyzed, so the same argument
shows that this term cancels out those terms in (6.51) and (6.52) having 4.

Taking into account that iy, = ¢y — ¢», it is straightforward that those terms having
Az, I'1j or ¥s; in Formula 1 will cancel out the corresponding ones in Formula 2.

We conclude that equating Formula 1 to Formula 2 yields, after simplification, an
equation of the form

axj 66+ Fsj =0,

where
% — 3¢5 —3c5  C4Cp — c40) 5% - C% 535% - CSC%
6= 7y 2 8 4
3 ~2 1 2 ~
+ - +3¢5 ) R3(0) — §R3(0) + 6¢ R4(0) + 3R5(0)
1

— 3hs + 12h4hy + 5h3 + 533 28h3h3 + 14h% — 2c3h3 + 2c4hy — c3cahy,

and

By Proposition 3.1,

.l"6
J

P
yﬁj:/ Spidw =0, % =0.
Y

This proves the key lemma for degree six, and completes the proof of Lemma 2.2. O
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Proposition 6.10 If A, A> ¢ %Z, there exists a polynomial Re(w) such that
W Pe(t R
| Loty dr = B89 0 105 4 Re(0).

r(0)6 ! = W)y

Proof Apply Lemma 2.2 with P(w) = Pg¢(w) and u; = 5A; — 6. o

7 Proof of elimination lemma

We have completed the proof of the main lemma, which claims the existence of
polynomials Fy, d = 3,...,6, such that if .%# (A, «) and .% (A, B) have conjugate
holonomy groups at infinity, then

F3(B8) =0, ..., Fe(B) =0. (7.1

The elimination lemma claims that for generic (A, @) € C>, the above polynomial
system of equations has a unique solution given by 8 = «. To prove such lemma, we
need to compute explicit expressions for the polynomials F,; in terms of the parameters
o and A. We can explicitly construct such polynomials Fy; following the proof of the
key lemma (which is split into Propositions 6.3, 6.5, 6.7, 6.9) and the ideas presented
in Sect. 3.2 (deducing the main lemma from the key lemma). All computations in this
section were carried out using computer assistance.
Recall that we have defined F(z, w) to be the right hand side of the equation

dz  zP(z,w)

-t 2
dw oz, w)’ (7.2)

and that we have defined the rational functions K;(w) to be the coefficients
o
F(zow) = Ka(w)z?.
d=1
We replace F(z, w) by its explicit expression (4.1) and expand it into a power series

with respect to z around z = 0. After this, we split each coefficient K;(w) into

Sa(w)

Kq(w) = cq K1(w) + r@)’

according to Proposition 4.2. We obtain the following expressions for the numbers ¢y,

c =apg(l —o), c3 = —a(z)a(l —0), cq = agaz(l —0),

c5 = —a303(1 —0), ce = Ol8(74(1 —0),
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and for the polynomials Sy (w),

Sr(w) = r(w)

S3(w) = —s(w) p(w)r(w) + (n — ago)r (w)>

S4(w) = —p)r(w)? + a0 — Ds(w) pw)r(w)? + ago (ago — nr(w)?

S5(w) = s(w) p(w)?r(w)* + Qergo — ) pw)r(w)* + ajo (2 — 30)s(w) p(w)r (w)?
+ado?(n — ago)r (wy*

Se(w) = p(w)r(w)? + ao(1 = 30)s(w) p(w)r(w)* + Qagon — 3ado?) p(w)r (w)*
— a802(3 — 40)5(11))p(w)r(w)4 + a803(a00 — n)r(w)s.

Remark 7.1 These computations agree with those presented in [9]. We remark that
it is a consequence of the normal form (4.1) we have adopted, that all the above
polynomials are divisible by r(w) to some positive power and that S>(w) does not
depend on the parameter « (cf. Proposition 6.1).

7.1 Main lemma revisited
In Sect. 3.2, we have proved the main lemma modulo the auxiliary facts that
deg Py(w) = 2(d — 1), and deg Ry(w) < deg Py(w) — 1.
It follows from a direct inspection of the expressions found for the polynomials
P;(w) in Propositions 6.3, 6.5, 6.7 and 6.9 that for each d = 3,...,6, and the

expressions for Sy (w) above, that the polynomial P;(w) has degree 2(d — 1). We now
show that deg R;(w) < deg P;(w) — 1 using Lemma 2.2.

Proposition 7.1 Ford = 3,4,5, 6, the degree of the polynomials Rz(w) satisfy
deg Rj(w) < deg Py(w) — 1.

Proof We know that

P
/ ﬁ o1 (w)dw =0,
Y1

and we have defined the polynomials R;(w) by applying Lemma 2.2 with P(w) =
Py(w)andu; = (d — 1)A; — d. Lemma 2.2 also implies that

deg Ry(w) < max (deg Py(w) — 1, —2 — Re(u1 + u»2)).

Since Re A1 + Re Ao > 2/3, we conclude that

2
Re(u; 4+ ur) > §(d —1)—2d,
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and thus

4d — 4
—

—2 —Re(u; +up) <

On the other hand, deg P;(w) = 2(d — 1) and

4d — 4

2d—-1)—1>
( ) 3

for any d > 3. O

7.2 Computing the polynomials F;

Now that the main lemma has been fully proved, we shall explain how to get explicit
expressions for the polynomials F;(w). In the next subsection, we use these explicit
expressions to prove the elimination lemma.

Suppose P;(w) has degree m, and so R;(w) has degree at most m — 1. Let V,,,
Vin—1 denote the vector spaces of polynomials in w of degree at most m and m — 1,
respectively. We have seen in Sect. 3.2, Eq. (3.8), that

Py =R)r+(d—1)(s —r')Rq.
Consider now the linear map
La: Vit —> Vi, fw) — fwrw) + (d = D(s(w) —r'(w)) f (w),

where s(w) and r(w) are the polynomials defined in Sect. 4. We prove below that
the map L, has maximal rank and so its image L4(V;,—1) is a hyperplane in V.
Any hyperplane is given by the kernel of some (fixed) linear functional 7;. We have
that fyl f—j(pf‘l dr = 0 if and only if P; belongs to the image of L, if and only
if T;(Pg) = 0. Since the coefficients of P; are polynomials on 8, the expression
Td(lzd) Ls 2}1s0 a polynomial on 8. In this way, we have that F; := T;(P,) vanishes if
4 A= —
" r_dwl dr =0.

Proposition 7.2 The linear map

Ly: Vag—3 —> Vag—a, fr— flr+d—-D(s—7r)f
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has, with respect to the standard bases {1, w, ..., w2d—3} and {1, w, ..., wzd_z}, the
following matrix representation

Aqg —1 0 0 0 0
By —2d+?2 Aq -2 0 0 0

0 Bs—2d+3 Ag - 0 0 0
Mi=| z s S

0 0 0 -+ Bg—3 Aqg —2d+3

0 0 0 0 B;—2 Ag

0 0 0 0 0 By —1
where

Ag=Wd—-1D(=A+2r), Byg=(d—-D0O +Ar).

In particular, if A3 ¢ %Z U ‘—ILZ U %Z, then the linear map L4 has maximal rank for
eachd =3, ...,6.

Proof Obtaining the expression for the above matrix is a straightforward computation.
Note that if we drop the first row in the above matrix, we obtain an upper triangular
2(d — 1) x 2(d — 1) matrix whose diagonal entries are of the form By — k = (d —
(A1 +A2) —kwithk =1, ..., 2d — 2. Note moreover that such an expression may
vanish only if

M=1—A1—A2 € 7.

d—1
This shows that under our genericity assumptions, the matrix My, d = 3, ..., 6, has
maximal rank. O

Remark 7.2 Let My be the 2(d — 1) x 2(d — 1) matrix obtained by dropping the first row
of M. Also, let us denote by Vzd_z C Va4—3 the subspace of polynomials without a
constant term. If we compose the map L, with the natural projection Vo> — Vad—,
we obtain a linear map La: Vag_3 — Vaq_» whose matrix representation is precisely
Md. Since Md is invertible, we conclude that I:d is an isomorphism.

To compute the polynomials R; and F,;, we input the expressions for cg, ¢k, Sk (w),
St (w) and Ry (w) for each k < d. We compute an explicit expression for the polyno-
mial Py(w) in terms of A, «, B according to the formulas found throughout Sect. 6.
The polynomial R;(w) is the unique preimage of P;(w) under the linear map L,. We
can compute this preimage by inverting the isomorphism Ly defined in Remark 7.2.
Indeed, the projection of P;(w) onto Vag_n is given by P;(w) — P;(0) and thus we
can find R;(w) by solving the linear equation

La(Ra)(w) = Py(w) — Py(0) € Vag—s.

Once an expression for R;(w) has been found, we have that L;(R;)(w) and Py (w)
agree on every monomial of positive degree (i.e., they have the same projections onto
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Vag—2). The condition Ly(Ry)(w) = Pg(w) is thus reduced to the equation

La(Rq)(0) = Pq(0).

The equation Fy = L;(R;4)(0) — P4(0) gives us therefore an explicit expression for
F4. Such expressions are quite complicated and so we do not include them here.

7.3 Concluding the elimination lemma

Recall that we have defined the series of resultants

Res (o, B1) = Resg, (F3(Bo. B1. B2). Fj(Bo. B1. B2)) .  j =456,
Res?(80) = Resg, (Resi(ﬂo, B1), Res(Bo, /31)) , j=s.6.

Resp = Resg, (Res3(B0)/(fo — o), Resg (o))

and proved in Proposition 3.2 that if Resg # 0 as a function of A and «, then any
solution (Bo, B1, B2) to system (7.1) satisfies By = .

After finding explicit expressions for the polynomials F,;, we have computed the
above resultants and verified that Resg # 0 zero by evaluating it at the values

M=2—1i, Mm=2 ay=1, o1=0, ar=0, (7.3)

and obtaining a non-zero complex number.
The final step in the proof is proving Proposition 3.3. The determinant of the linear
system

F3(ao, B1,B2) =0,  Fyu(ap, B1,B2) =0

is also obtained with computer assistance and verified to be non-zero at the values of
A and « given in (7.3). All these computations can be found in the appendix of [11].
This completes the proof of the elimination lemma and thus complete also the proof
of Theorem 1.1.
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