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Clustering with Gaussian Mixture Model (GMM)

»  Generative model: pC K) = 2;; PCX' t) = z. Q(Xlﬂp(é)

»  Approximate the distribution with a mixture of Gaussians
» A discrete random variable picks the cluster (the mixture Z
component) and points in the cluster are Gaussian distributed

»  More flexible than K-means
(X.2) ~ pls,2) X olt) _ pleix)
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Original data Unlabelled sample GMM: soft-clustering
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Formally

» Data: X = {ZBl,...,ZL‘N},aZ‘n ERD

» Goal: partition into K clusters by maximizing the
likelihood of the probabilistic model PCK}

» Recall the discrete latent variable model from the start

:Zp(:v,z Zp :c\z

T <> <>

G AN3D) ALD

p(x|z)p
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Modeling assumptions

 1-hot-encoded discrete latent variable 2z, € {0,1}
for the K clusters, with prior
K

p(Zk — ) = Tk, Tk € [O, 1]7Zk:1 T = 1

e The clusters are Gaussians, with different
parameters

p(x|zp = 1) = N(z|pp, Xg)
* |t follows that the joint is
p(x,zr = 1) = p(x|z = 1)p(z = 1) = meN(@|pk, X )

* And the marginal... the full generative model

p(x) =) pl@,z) =) mmN@pr )
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The posterior

» The conditional probabillity of z (the latent cluster)
given a point X

p(x)
— p(zr = 1)p(x|z, = 1)
> p(z = Dplalz; = 1)
~ meN(x|pk, X))
>0 mN(x |y, 3y) =17(2k)

_Q;gﬁmi)oﬁ)f}:; B(/WL uss kK

\WJ”’M %U( &C(ota/o\m? W fmué

plzr = 1lx) =
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The log-likelihood

» Giventhedata X = {x1,...,ZN}
AN N
Inp(X|m, 1, ) =In | | p(@n|m, p, %)
n=1
N
— Zlnp(a}n\ﬂ',u, >)
n—=1
N K
Connst /éﬂwu»w Z Z TN (x| g, 25
8;,/\/»()\& EQCO\,[/\E}' n=1 k=1
U o

» How to maximize the log-likelihood?

> 5M
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Expectation-Maximization algorithm (EM)

» We need to maximize the likelihood with respect to
Wkaukazka\v/k — 17 . °7K

N K
Lo plX) = Y )y mN(@n|pr, Si)
The problem is non- | = dapli) =0
» The problem is non-convex | °
o M - My T X(,Z;L,_B

» No closed-form solution! Stationary points depends

on the posterior 7(z,.)
P Pk A [/Mu | Zk

» We can find local minima by iterative algorithm:
alternate update of (expected) posterior y(z,;) and
maximization for Tk, ik, 23k (params)
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Expectation-Maximization algorithm (EM)

» We need to maximize the likelihood with respect to
Wkaukazka\v/k — 17 . °7K

N K
Z In Z WkN(LEn‘[Lk, Ek)
n=1 k=1

»  Solve with y(z,,.) fixed using current estimates 7, tr, 2k

N N
1 1
> K = m Z V(an)mn Dk = m Z V(an)(wn — Hk)(mn — Hk)T
n=1 n=1
N
N
T = Wk Ni =Y ¥(znk)
n=1

» We can find local minima b37 terative algorithm:
alternate update of (expected) posterior y(z,;) and
maximization for Tk, ik, 23k (params)
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Some useful facts on multivariate Gaussians

» Multivariate Gaussian:

1 | Tl
/V(x ‘ﬂk, Zk) = e_i(x_ﬂk) 2 (X—py)
Qm)P2 | x|

» Density derivative with respect to Mk

0 /~ . _
JW(X |y, 20) = N (X oy 241) gi;likfz l .
k

(

i(‘ (xms " (c-m))= A(x-a(s o2
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Maximize with respect to

» Set the derivative wrt L of the log-likelihood to O

. Zlogp(x [ {meds {ds {2
i

1 0
: h>
p(xnl {ﬂk}a {”k}a {Zk}) a”kp(xn‘ {ﬂk} {ﬂk} { k})

ﬂk‘/’/(x ‘I’lka Ek)

i)

=1

M= 1

n=1
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o _ Constait % M = |
Maximize with respect to 7, %
[\ﬁﬁm/yym maXHP\‘\e‘D

» Set the derivative w.r.t. 7, of the log-likelihood to O

K
ank Z,logp(x [EARI? {&})H[Zn]— 1]]

n=1 ) j=1
= G/CZWU

N
_ Z K./V(xn |ﬂka Zk.) . +1=0 :> T = — — Z }’(an)
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Equations for the M-step

» Define, the “effective number of points in cluster k”
9%

N
N = Z V(an)
n=1

» Solutions for 7k, (g, 23k (dependent on the
pOSterior)

N
1

N
1
Ek — Nk E ”Y(an)(mn — “k)(mn — Uk)—r
n=1
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The

EM algorithm for GMM

» Initialize with a random Tk, ik, Xk
» Repeat until convergence:

» L

pdate the posterior — Expectation-step

ﬂk‘/’/ (xn |ﬂk9 Zk)
Z i—1 7[]/’/(xn |”ja ZJ)

J

» Update the parameters — Maximization-step
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1
HEk = m ;_:17(2%)«’% Tl = N
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1
Ek — Nk E ’V(an)(mn — “k)(wn — IJJ/@)T
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Example: GMM
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» K-means ignores di
clusters. GMM can
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How do we assign points to clusters?

Soft-clusters

» The posterior tells us the probability of belonging to
every possible cluster k

”V(Zk) -l P(Z(L:l ( 2&5

And If you need hard-clusters:

» The most likely cluster is given by

k = argmax y(z;)
j=1,..,K
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Comments

» GMM gives soft-assignments in contrast with K-

Mmeans

» GMM is more -

lexible because we can model a

different covari

ance per cluster

» GMM is slower than K-means. We can use K-

means to Initia

llze the cluster means

» Same local convergence issues as for K-means

» GMM is the similar to Quadratic Discriminant
Analysis, but the target is unknown and we use
the EM algorithm for learning
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