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Logistic Regression for Two Classes

» Given: Dataset X = (x1,...,X N)T with binary targets
t = (t1,....tn)" with t, € {C1,C} = {1,0}

»  Conditional Iikelihood function:

Yn — p(01‘¢n) — U(w ¢n) ¢}, = Cb(xn)

»  Maximizing the conditional Iikelihood/minimizing the cross-entropy

E(w)=—Inp(t, X, w) Zt Iny, + (1 —t,)In(1 —y,)

»  E(w): convex, but no closed form solution!

Yn, = O(WTqbn) is nonlinear in w

Machine Learning 1



Newton-Raphson lterative Optimi%ation
SCw

»  Goal: minimize
N

E(w)=— Zt” Iny, + (1 —t,)In(1 —y,)

n=1
» Newton-Raphson iterative optimization scheme:

1. Initial guess w©)
2. Forr=1,...:
. Approximate E(w) with a quadratic function E(w) around w-D
I, Construct w® such that it minimizes E(w)
Ill. Stop when || weD-w®@ || =0

0
3. You have found w* suchthat — F(w™) =0

ow
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Newton-Raphson Iterative Optimization

» Given your old estimate w1, approximate E(w) with a second order
Taylor expansion around w-D

~ 1
E(w)~ Ew™ Y 4+ Aw) = E(w D)) + (Aw)TVTE(w"=D) + §(AW)THAW

» Gradient VE(w) = (aE(W) 3E(W)>

Owy =~ Owpr—1
2 - \ _
0" 6lw) s gyt

Juc, dwd

» Hessian Matrix: Hij —
» Choose Aw such that next estimate W(T) — W(T_l) + Aw
minimizes E(w)

T B vala

0 sy am eV + (Y H =0 > HAWT
OAWwW o
S Aw=-H V6

» Update rule: w'™ = w(™H - H VT E(w(T™Y)
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Newton-Raphson lterative Optimization
»  Update rule: wl™ = w1 _H- IV E(w (7— 1) (C@,) Zm,)

OE,(w)  0E.(w)\
an g aees awM_l ) — (yn — tn)¢n

T T
VB 5 G t) 9, = FCy k)

> Gradient VEn(w)T:<

»  Hessian
N J
OE(w(T=1) H < ( Jn
H'L — p— - . — - XVL) .
. Ow;0w; ow; nz::l(yn tn) 95 (Xn) ; 459 0 L

H = % g (1 Hn)¢§ ¢m "@ Kf C = Yn (=)

N>\
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The cross entropy loss Is convex

» The error function E(w) is convex when its Hessian is
positive definite, meaning Vy_gegy : W Hw > 0

» The Hessian of E(w) is given by H = ®'R® |,
with R = diag, .., {v,(1 —y,)}

wHw = wF" R § w

3 ) $1
T
— m\/
vy
= 1S
\& \/f1
V)
O
=)
'
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lterative Reweighted Least Squares
» Update rule: w'™ = wl™=Y) —HIVE(w( )

» Gradient: VE(w) =®" (y — t)
» Hessian: H=®"R® with R, = yn(1l — y,)

» Newton-Raphson update rule for two-class logistic regression:
wilT) —w (™D _ (<I>TR<I>) 1(I)T(
—(F"RTY {@ @0 wcc» d Cj; (:>§
= (FR®) L TRz 4 P-4
- (FRIER 2 z=3w"" ! —R™\(y — t)

» Note similarity with ML solution to linear regression:

1
S — (<I>T<I>) dTt
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SGD vs Newton-Raphson

NiC: ¥ no

(%)

Figure: Green: gradient descent, which always goes in the direction of
steepest descent. Red: Newton-Raphson’s procedure, which takes into
account curvature to take a more direct path. (Wikipedia)
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