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‣ Given: Dataset                                    with binary targets   

                                     with  

‣ Conditional likelihood function: 

‣ Maximizing the conditional likelihood/minimizing the cross-entropy 

‣ E(w): convex, but no closed form solution!  

                               is nonlinear in w
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Logistic Regression for Two Classes
X = (x1, ...,xN )T

t = (t1, ..., tN )T tn 2 {C1, C2} = {1, 0}

�n = �(xn)

yn = �(wT�n)

<latexit sha1_base64="8SlgGdyVcEwoeeGqLfX2/nuunPM="></latexit>

p(t|X,w) =
NY

n=1

p(tn|xn,w) =
NY

n=1

ytnn (1� yn)
1�tn

<latexit sha1_base64="Qt292id8EZOdKrJjso2fYEqA4wA="></latexit>

E(w) = � ln p(t,X,w) = �
NX

n=1

tn ln yn + (1� tn) ln(1� yn)
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yn = p(C1|�n) = �(wT�n)
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‣ Goal: minimize 

‣ Newton-Raphson iterative optimization scheme:  

1. Initial guess w(0) 

2. For ! =1,… :  

I. Approximate E(w) with a quadratic function Ẽ(w) around w("-1) 

II. Construct w(") such that it minimizes Ẽ(w) 

III. Stop when || w("-1)-w(") || = 0    

3. You have found w*  such that
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Newton-Raphson Iterative Optimization

E(w) = �
NX

n=1

tn ln yn + (1� tn) ln(1� yn)
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‣ Given your old estimate w("-1), approximate E(w) with a second order 
Taylor expansion around w("-1) 

‣ Gradient 

‣ Hessian Matrix: 

‣ Choose         such that next estimate        

minimizes Ẽ(w) 

‣ Update rule:
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Newton-Raphson Iterative Optimization

Hij =

�w w(⌧) = w(⌧�1) +�w
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1

2
(�w)TH�w

w
(⌧) = w

(⌧�1) �H
�1rTE(w(⌧�1))

O
'
ECE )

j
is symmetric

TIE + (swJTH=o→Hsw=
- EE

→ dw -- - H
- '
tie



Machine Learning 1

‣ Update rule:  

‣ Gradient  

‣ Hessian 

5

Newton-Raphson Iterative Optimization
w
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‣ The error function          is convex when its Hessian is 
positive definite, meaning 

‣ The Hessian of           is given by                       , 
with 
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The cross entropy loss is convex
E(w)

∀w≠0∈ℝM : wTHw > 0

H = ΦTRΦ
R = diagM×M{yn(1 − yn)}

E(w)

NTN µxM
A R
Ir

www.qq osynsl

WTH we = veto'RE u R -- R'' R''

= utter ' R'
'

que
R
"
- diagram )
-

= ( R''oIw_5CR'
' Ea )

= H R'' Eun
'

> o



Machine Learning 1

‣ Update rule:  

‣ Gradient:  

‣ Hessian:                          with 

‣ Newton-Raphson update rule for two-class logistic regression: 

‣ Note similarity with ML solution to linear regression:
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Iterative Reweighted Least Squares
w

(⌧) = w
(⌧�1) �H

�1rE(w(⌧�1))

rE(w) =�T (y � t)

H = �
T
R� Rnn = yn(1� yn)

w(⌧) =w(⌧�1) � (�TR�)�1�T (y � t)

=
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SGD vs Newton-Raphson

Figure: Green: gradient descent, which always goes in the direction of 
steepest descent. Red: Newton-Raphson’s procedure, which takes into 

account curvature to take a more direct path. (Wikipedia)
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