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‣ Full Bayesian treatment to model evidence: 

‣ Empirical Bayes / evidence approximation: 

‣ Predictive distribution:

2

Model Evidence for Linear Basis Models 
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Polynomial Regression: Choosing M

168 3. LINEAR MODELS FOR REGRESSION

Figure 3.14 Plot of the model evidence versus
the order M , for the polynomial re-
gression model, showing that the
evidence favours the model with
M = 3.

M

0 2 4 6 8
−26

−24

−22

−20

−18

for the evidence. Going to the M = 1 polynomial greatly improves the data fit, and
hence the evidence is significantly higher. However, in going to M = 2, the data
fit is improved only very marginally, due to the fact that the underlying sinusoidal
function from which the data is generated is an odd function and so has no even terms
in a polynomial expansion. Indeed, Figure 1.5 shows that the residual data error is
reduced only slightly in going from M = 1 to M = 2. Because this richer model
suffers a greater complexity penalty, the evidence actually falls in going from M = 1
to M = 2. When we go to M = 3 we obtain a significant further improvement in
data fit, as seen in Figure 1.4, and so the evidence is increased again, giving the
highest overall evidence for any of the polynomials. Further increases in the value
of M produce only small improvements in the fit to the data but suffer increasing
complexity penalty, leading overall to a decrease in the evidence values. Looking
again at Figure 1.5, we see that the generalization error is roughly constant between
M = 3 and M = 8, and it would be difficult to choose between these models on
the basis of this plot alone. The evidence values, however, show a clear preference
for M = 3, since this is the simplest model which gives a good explanation for the
observed data.

3.5.2 Maximizing the evidence function
Let us first consider the maximization of p(t|α, β) with respect to α. This can

be done by first defining the following eigenvector equation
(
βΦTΦ

)
ui = λiui. (3.87)

From (3.81), it then follows that A has eigenvalues α+λi. Now consider the deriva-
tive of the term involving ln |A| in (3.86) with respect to α. We have
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Thus the stationary points of (3.86) with respect to α satisfy
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Figure: log model evidence  (Bishop 3.14)

1.1. Example: Polynomial Curve Fitting 7
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Figure 1.4 Plots of polynomials having various orders M , shown as red curves, fitted to the data set shown in
Figure 1.2.

(RMS) error defined by
ERMS =

√
2E(w!)/N (1.3)

in which the division by N allows us to compare different sizes of data sets on
an equal footing, and the square root ensures that ERMS is measured on the same
scale (and in the same units) as the target variable t. Graphs of the training and
test set RMS errors are shown, for various values of M , in Figure 1.5. The test
set error is a measure of how well we are doing in predicting the values of t for
new data observations of x. We note from Figure 1.5 that small values of M give
relatively large values of the test set error, and this can be attributed to the fact that
the corresponding polynomials are rather inflexible and are incapable of capturing
the oscillations in the function sin(2πx). Values of M in the range 3 ! M ! 8
give small values for the test set error, and these also give reasonable representations
of the generating function sin(2πx), as can be seen, for the case of M = 3, from
Figure 1.4.
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8 1. INTRODUCTION

Figure 1.5 Graphs of the root-mean-square
error, defined by (1.3), evaluated
on the training set and on an inde-
pendent test set for various values
of M .
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For M = 9, the training set error goes to zero, as we might expect because
this polynomial contains 10 degrees of freedom corresponding to the 10 coefficients
w0, . . . , w9, and so can be tuned exactly to the 10 data points in the training set.
However, the test set error has become very large and, as we saw in Figure 1.4, the
corresponding function y(x,w!) exhibits wild oscillations.

This may seem paradoxical because a polynomial of given order contains all
lower order polynomials as special cases. The M = 9 polynomial is therefore capa-
ble of generating results at least as good as the M = 3 polynomial. Furthermore, we
might suppose that the best predictor of new data would be the function sin(2πx)
from which the data was generated (and we shall see later that this is indeed the
case). We know that a power series expansion of the function sin(2πx) contains
terms of all orders, so we might expect that results should improve monotonically as
we increase M .

We can gain some insight into the problem by examining the values of the co-
efficients w! obtained from polynomials of various order, as shown in Table 1.1.
We see that, as M increases, the magnitude of the coefficients typically gets larger.
In particular for the M = 9 polynomial, the coefficients have become finely tuned
to the data by developing large positive and negative values so that the correspond-

Table 1.1 Table of the coefficients w! for
polynomials of various order.
Observe how the typical mag-
nitude of the coefficients in-
creases dramatically as the or-
der of the polynomial increases.

M = 0 M = 1 M = 6 M = 9
w!

0 0.19 0.82 0.31 0.35
w!

1 -1.27 7.99 232.37
w!

2 -25.43 -5321.83
w!

3 17.37 48568.31
w!

4 -231639.30
w!

5 640042.26
w!

6 -1061800.52
w!

7 1042400.18
w!

8 -557682.99
w!

9 125201.43

Figure: Ermse  (Bishop 1.5)

Model complexity: trade-off between model fit and model complexity


