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Maximum Margin Classifiers

» SO far we have assumed the data points are perfectly separable with a
linear decision boundary, or with a nonlinear decision boundary by using a
nonlinear kernel.

»  Sometimes the class conditional distributions have overlap!

»  We need to modify the Maximum Margin classifier to allow for some
training points to be misclassified.

»  Datapoints are allowed to be on the “wrong” side of the margin boundary,

but they have to pay a penalty proportional to the distance to the margin
boundary.
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Soft Margin Classifiers

»  Allows datapoints to lie on the wrong side of the margin boundary.

»  Those datapoints pay a penalty proportional to the distance to the margin
boundary.
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Maximum Margin Classifiers: Soft Margins!

» Introduce slack variables: (, >0forn=1,...,.N
»  If on the correct side of the margin: &, = 0

»  If on the wrong side of the margin: & = |¢, — y(x) |
£l ’ vo O e

»  Previously: hard constraints/hard margin
ryx,)>1 n=1,.,N

» Now: Soft constraint/soft margin

ty(x)>1-¢& n=1,.,N
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Maximum Margin Classifiers: Soft Margins!

»  Goal: maximize margin, give a penalty to points that lie on the wrong side
of the boundary!

- - 2 S
»  We minimize arg min— || w||“ + CZ ¢,
w.b.¢, -

n=1

subject to constraints  ty(x,) > 1—-¢& , for n=1,...,N

E >0, for n=1,....N
»  Corresponding Lagrangian:
1 N N N
L(w,b,E a,u) =—||lw||*+C — Y altwx, +b)—1+&)—
(W, b,& a.p) = —|Iwl 2;5 21 AWK, +b) = 1+&,) Eﬁnfn

» | Lagrange multipliers 1. Loagewnagian
2., KIKT

a, >0, pu, >0 3. Solue pf‘w“\ !
4 Olotodr Al Laﬂ(wrﬂa\'b*’\.
S, Solee Jue duals
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Maximum Margin Classifiers: Soft Margins!

» Lagrangian function

1 N N N
_ 2 _ T . _
L(w.b.&.a.p) = || W] +c;5n n;an{rn(w X +b)—1+¢&) ;unzfn

» Lagrange multipliers. a, > 0, pu, >0

»  KKT conditions:

a, 20 py 2 0

tny(Xn)_l_l_gnZO 57120
at,yx,) —1+¢,} =0 HnSn =
SN 2N

»  How many KKT conditions”?

6N
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Maximum Margin Classifiers: Soft Margins!

» LLagrangian function
N

1 N N
Lw.b.&ap) =—IWIP+C Y &= Y a{nWx, +b) = 1+&} = D s,
n=1

n=1 n=1
» Minimize L w.r.t. primal variables w, b, £, and use the KKT conditions to
eliminate w, b, &, from Lagrangian to obtain dual formulation!

—=C—-a,—pu, =0 = (a,=C—p, | neco gmptrmiaf!

»  Use this to eliminate w, b, &,, dual Lagrangian:

N | NN
L(a) = Z a, — > Z Z aatt XX
n=1

n=1 m=1
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Maximum Margin Classifiers: Soft Margins!

> I\/Ilnlmlzatlon of primal variables gave these conditions

W= Z arx,
n=1

KKT conditions:

v

tyx,)—1+& >0 E, >0
4ty (%) = 1+ £} =0 i, =0

Dual Iagrangian'

L(a) = 2 a, —— 2 2 aatt XX

nlml

> rain
Remaining const a(_;E% [ §)

0<a,LC {,}o& cawﬁ%m\vb

X



Maximum Margin Classifiers: Soft Margins!

»  Dual problem' Maximize w.r.t an

L(a) = Z — — 2 Z aatt X x

nlml

subjectto 0<La, <C, Zat =

»  Kernel trick:
N

N 1 N
L) =) a,- 2 2 Gt b KX X))
n=1 n:l =1

»  Prediction
N

y(X) = Z a tk(x ,X)+ b

n=1
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Maximum Margin Classifiers: Soft Margins!

N

»  Prediction: y(X) = Z at k(x, ,X)+b with0 < a, < Cand Z W1, = 0)
n=1 n=1

Ly, ee2 @& N\
»  Remember a, > ( u, >0 E U(w
1, (AL =19
tyx,)—1+¢ >0 ¢, >0
(%) — 1 +&,) =0 £ =0 2. (osanat
at X )— = —

»  Support vectors (Ifa, > Othent y(x,) =1 —¢&):

(ag = CMe)

falsoa, < Cthenp, > 0soé, = 0:

»  Points on margin
» Ifa, = Cthenpy,=0s0¢&, > 0:
»  Correctly classified but within margin: £, < 1

»  Misclassified &, > 1
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Maximum Margin Classifiers: Soft Margins!

4
Goal: maximize margin, give penalty to points that lie on the wrong side

of the boundary!

L 1 2 S
»  We minimize arg min—||w/|| +CE ¢,
b,E 2
W.D, " n=1

subjectto ty(x,)>1—-¢&¢ , for n=1,...,N
E >0, for n=1,....N

»  What happens in the limit: C — oo

- HMA }’\/L,a/r@fn C(.Ctﬁ%fﬂ)fa/

Q/U%f% \(Jo‘a\vxk e com o SV
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