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Topics to be covered

Three related questions
@ Given Xi,...,X,, n independent copies of the r. v.
X e R%, estimate E(X) ?
@ Given M,,...,M,, n independent copies of the random
matrix M € RP*?, estimate IE(M) in operator norm ?

@ Given (X1, Y7),...,(X,,Y,), n independent copies of the
couple of random variables (X, Y) € R? x R, estimate
arg mirb E[(Y - (9,X))2] ?

0cR

Dimension-free assumptions
In case
0 E(I|1X]?) < o,
@ E(IMllEg) < oo,
@ E(IX[|*) < oo and E(| X|I*Y?) < co.




Approach

Directional estimates
@ Estimate E((0, X)) for any § € $4 = {6 e R? : ||16]] = 1}.
@ Estimate E((¢,M0)) for any 6 € §, and any & € §,,.
Q

Put R(0) = (9, E(XXT)0) — 2(6,E(YX))
=E[(Y - (6, X))?] -E(Y?)

and estimate the Gram matrix IE(XX ") and the mean
vector E(YX).




PAC-Bayesian bound

General purpose inequality

For any prior probability measure u € ML(R?), for any
6 € [0,1], with probability at least 1 — §, for any p € M}r(IRd),

1 n
f = £, X dp(@)
n i=1

gflog{E[exp(f(@',X))]}dp(H')

L Ko + log(671)
TL b

d
10g(£) dp, p<p,

00, otherwise.

where K(p,u) = {f
+




PAC-Bayesian bound

Special choices : Gaussian posteriors for non-Gaussian data
o Of pand u: pg =N(0,87'1;), 6 € R, and u = pg. Remark
that K(p, u) = §||6?||2 (complexity measured by parameter

norm, independently of its linear dimension d).

e Of f: most obvious choice is f(6’, X;) = A(#’, X;), but leads
to hypotheses on exponential moments IE[exp(A(0’, X))].
Rather use an influence function f(6’, X;) = ¢ (A(6’, X;)),

where
o —log(l—t+1%/2) < y(t) <log(l+t+1t%/2),
o Y(—t) =—y(t),

e Y is bounded,
° f{//(/l(G',Xi)) dpg(9”) can be computed.




An influence function that ticks all the boxes

Let us compute !

t—13/6, —V2<t< V2,
Choose ¥ (1) ={2v2/3, t> V2,

—22/3, t<-v2.

Introduce ¢(m,o) = E[y(m + o W)], where W ~ N(0,1) is a
standard normal. It can be computed from the normal
distribution function F(a) = P(W < a) as

o(m,o) = m(l = 02/2) = m3/6 + r(m,o), where

s [ )

o

b

o C 2 oo (5 o5 () T e (e ()
1/V2-m\2
(%))

exp[-3(2Zm 7]

o

+\/%[(ﬁ+m) exp[_%(ﬁ;m)2]+ (ﬁ;m) exp
| (e R R R (G

o




An influence function that ticks all the boxes

Computing Gaussian perturbations

. . X
f Y (40, X2)) dpe (8 —¢(A<0,X,>,—\/E )

Turning exponentials into polynomials

f log{E[exp(y (16", X))) |} dpa(®)
sflog[l+/lIE(<9’,X)+%QE«Q’,X)Q) dpe(8)

2 2 2
< AE(6, X)) + %E(W,X)?) + %_




The job can be done !

At this stage, we see that
o We will be able to estimate (6,IE(X)).

@ The bound will not involve the dimension d but only the
two moments

sup E(6, X)*) < E(IX%).




Putting things together

PAC-Bayesian inequality
With probability at least 1 — ¢, for any 8 € S,

1 n
&) = — > ¢(A0.X:), A1 Xill/ V)
i=1

2 =ll
E(XII )]+,3+210g(5 ).

A 2
<(6,E(X)) + §[E(<9’X> ) + B 2nAd

Assumptions and optimized choices

e Assume that E(]|X]|?) < T < oo and

sup E((8, X)?) < v < T < o, where v and T are known.
GESd

-1 1
@ Choose 4 = 2logs 5 and B = %‘
nv -




Putting things together

Non asymptotic confidence region
With probability at least 1 —

gusplc‘i(a) — (0. E(X))| < \/7 \/W

For comparison, when X is a Gaussian vector,

n

\/ E(IX-EX)I2) \/ 2supges,, B((0, X-E(X))2) log(6™1)

n n

We have lost
@ Centering in the definition of T" and v,
e adaptivity in T and v,

e and the c. r. is no more a ball, but the cts are the same !

v




Putting things together

Estimator

On the event of probability at least 1 — ¢ defined by the
PAC-Bayesian inequality, we can find
m = My, 7(X1,...,X,) € R such that

=il
SUp|E(O) — (.7 < A = + 1| 2B
QESd n n

and therefore such that

17 - BOO|| < 2(\/E+ By RG] )
n n

(The constant 2 can be lowered to V3 by setting m to the
middle of a diameter of the confidence region.)




Centering through sample splitting

Assumptions

Put m = E(X) and assume that for known b,v’ and 71",
Iml|?2 < b < oo, E(J|X —m||?) < T’ < o0, and

sup E((8, X — m)?) < v’ < T’ < oo.
HESd

Sample splitting. Put
o my = Myrsp, 6 (X1, .., Xk)
o and Mo = My Ak, 7+ A/k(Xg1 — M1, .., X, — M), where
A=4(VT'5 5+ 207 + B log@ D) .
e With probability at least 1 — 26, || — m||?> < A/k and

| me—ml| < 2(\/T+f}€/k + \/2@ +A/)log(6™) )

( /T’ /21} log(6 1y )
nAaa)kANm

k/n—0




Mean matrix estimate

Estimator
o (My,...,M,) n independent copies of M € RP*4.
o Put v =N(&,y71L,), £ € RP and p = N(6,8711,), 6 € R

1 n
o Define £(£,0) = — > (X" Mif’) dve(€) dpo(®)
1=1

Let us compute ! Consider W, ~ N(0, ;) € RY.

1< A2
E(,0) = — Z@,Mim - 5 (&MY

/12
- ﬁ@ M;0)| M;61* - —<§ M;0) | M €11

2

2By
N %E[r (AT £,0+ 52 W), AB™ 2N M (0 + 52 Wq)||)].

(& MO M;lifis - ﬁy<§»MiM¢TMi0>




PAC-Bayesian inequality

With probability at least 1 — ¢, for any (£,0) € RP x RY,

E&,0) <At f log{IE[exp (v (A(€", M6"))) |} dve(£")dpo (@)

K (ve, K(pg, log(6~1
N (ve V0)+ (po po)+0g( )

nA nA nA

E(IM011%)
B

<E(&M0)) + g E(& M6)?) +

+ E(IMTE11?) N E(||M||12{S)] N B+vy+2log(6™h)
Y By 2nAd )




Confidence region

Assumptions: for known v, t,u, T

E(IMIlfg) < T < oo, IE(MTM)||, <t<T <o,
IE(MMT)||, <u<T<oco, sup BE(&MO?) <v< co.
£€8,,0€5,
Choices

1= B +7y+2log(671) 5= —Qmax{t+u Z}
"\t t/Bruiy+ T/By)) DT v V7

Confidence region: with probability at least 1 — 4,

£€5,,6€8,
2 ¢ T
< \/ (210g(6 1)+4max{ T —})
v v




Mean matrix estimator

With probability at least 1 — ¢,

we can find m within the confidence region and

7 = EQM)|, < 2 \/2—”(210g(5—1) + 4max{t Y I})
n v v




Adaptive estimators

Question:

Is it possible to adapt to the values of the constants that were
assumed to be known for the previous estimators, because they
were used to set their parameters 7

Approach:

o Introduce the asymmetric influence function defined on the
t—t3/2, 0<t<l,
1/2, 1<t

e and estimate separately positive and negative parts.

positive real line ¥ (t) = {

Lemma: For any t € R,

—log(1—t+1t%) <y(t) <log(l+1).




Estimating the mean of the positive part

Directional estimator

Consider a discrete set A € R, and a probability u € ML(A).
Define

1 S ’ ’
€+(9)=ilgag;fw(ﬂ<9,)(¢>+) dpg(8")

B +2log(6 u()™)
2nA

PAC-Bayesian inequality. With probability at least 1 — 26,

f E((@, X).) dpe(@)

B+ 2log(6‘1u(/l)‘1)}

o ’ 2 ’
- }elg{/le((H ,X)3) dpe(8') + -

<€.(0) < [ EQ0.X0) dpo®)

V.




Putting the positive and the negative parts together

Confidence region
Define £(0) = £4(0) — £.+(—0). With probability at least 1 — 26

(6, E(X)) - £(6) < B.(6) = ;gg{a f E((6", X)?) dpe(8")

B+ 2log(6~ u()™)
+ n .

v

Estimator
Define m € arg min sup {(, m) — E(0)}. With probability at

meR? ge$,

least 1 — 26,

_ . o E(IX]?)
Im - EX)| < 52%{21(535 E(6, X)?) + — 5
2B+ 4log (6~ u()™)
+ ) .

4




Let’s compute !

Choices
o B=2log(67h),
_ [, _epk)
° A—{/lk— a\m,keZ},

_ 1
° 1k = s gAY -

Result
With probability at least 1 — 24,
lm-E(X)| < 40\/2(2010g(6‘1) + T)/n, where
VU = SUPges, I?((9,)02), T =E(IX|*), and
C = cosh(ﬁ)
—eXp(l/Q) log[i‘log(%bg((g_l) il T)‘ + i] < 2
2log(s71) V2 8c2log(671)2 V2 | typically




Adaptive mean matrix estimate

Executive summary

1 n
Using €. (&,0) = Sup{— > f WAE, M0 ] dve(£') dpe(6') -
Aen (N o1

B+y+2log(6 ()™
2nAd
1—26 that

K€, E(M)0) — E(&,0)

1+ y t+u T
< €| —~ (2105 )
\/ n 0g(07)v + X " 2log(671) x?

}, we get with probability at least

where v = E((¢,M6)?), t = E(IM0]%), u = E(|MT&|?) and
T =E(MIZg)-

Also IE(M)—-m|| <2 sup
£€%,,0€5,




Adaptive Gram matrix estimate

Question

Given Xi,...,X,, n independent copies of X € R?, estimate
G =E(XXT)? — estimate E((8, X)?) = (0, GO), 0 € $4.

PAC-Bayesian bound. With probability at least 1 — 26,

for any 6 € S,

sup B0, X)?) - AE(G, X)*) - —E(||X|| 0,X)?)
AeR,,BeB

AE(IXI1Y) B 2log(u(B)'67h)
_/1—,82_E_ wa =@

. X112
© aup Uw«e X)) dp y70(8") ~ 1o (1+ ” ﬁ” )]

A€R,,B€B na )

B log(up)TtsTh  EUIXIY)

2n na 182 < E(@. X)").

— we still need a known bound for E(]|X||*), but not for E((8, X)*).




Confidence region

Assumptions and choices
o E(IX|*) £ T < o,

e Be{Br=+10Tnexp(-k) : k € N}

o u(Br) = (k+1)7'(k+2)~".

With probability at least 1 — 26, for any 6 € S,
£(0) < (0, GO) < E(O) + B(6), where

. [E@e.x) T O\

+ \/4log(%log(E(Tij>4)) 5) + 2log(6—1)




Gram matrix estimate

Choice

Let G € arg min{ sup{(8, MO) — £(©®) : M € R¥™,
0eS,

M =MT,0 < inf (6, M6) — 8(0)}.
HESd

v

Estimation error in operator norm
With probability at least 1 — 24,

|G — @nm < sup B(0).

HGSd




Linear least squares ridge regression

Question
o Given (Xq, Y1),...,(X,, Yy), n independent copies of
(X,Y) e RxR,
e and optionally a regularization parameter 4 € R,
e estimate arg min E[((0, X) — Y)2] + 2010]1%.
geRd




Linear least squares ridge regression

Approach

Put R (0) =(0,(G + AI)0) — 2(0, V'), where G = E(XXT)
and V =E(YX).
Remark that
arg min E[ (0, X) — Y)2] + 216]1? = arg min R, (6).

9eRd fcRd
Assuming that E(]| X]|*) < oo and E( Y2 X]|?) < o,
compute estimators G and V such that with probability at

least 1 -6, R
1G - Ol < € = o(w/M )
n
= -1
and |V - V| <7 =o(\/log(—6) )
n
Consider

Ra(0) = (0,(G + 1)) — 2(0, V).




Regression on a compact parameter set

Slow rate
Let ® c R? be a compact subset. Consider any 0 e arg Ignié)l R 1
&

With probability at least 1 — 9,

_ —
R:(9) - inf Ry < 21|0l|(€l|O]] +21) = o(\/@ )

where ||©]| = sup{[16]] : 6 € ©}.




Confidence region

Approach

Remark that with probability at least 1 — ¢, for any 6,& € R?,
def = =
Ra(§) — Ra(0) < y(0,8) = Ra(&) — Ra(6)
+€llé ~ 0117 + 211€ ~ 0ll (ell61l +n),

so that the subdifferential of v defines the confidence region

0
0e — v(02,8), where 6, € arg min R,(0).
6§ |§:H/l QE]Rd

Doing the computations

Consider 0, € arg mi% ]’%,l. With probability at least 1 — ¢,
0cR

01€0,={0eR" : |(G+D)(@ -0 < 16l +7}.




Estimator, fast rate and slow rate

Choice of an estimator

6 € argmin{||0]] : 0 € ©,}.

Fast rate. With probability at least 1 — ¢

(G + 1)@ - )| < 4(ellall +1)>.

Slow rate. With probability at least 1 — ¢

Ra(8) - Ra(62) = (§-0,,(G+A1)(§-6,)) < ?,

—(el6all+n)

where o4 is the smallest eigenvalue of G. For small values of A
and o4, the following bound is meaningful.

Ro(6.2) — Ro(60) < (60ll + 1/2) ((2€ + ) 160l + 7).




Sparse recovery

Sparse submodels
o Let £ be a family of linear subspaces of R%.
@ Assume that ||0,]] < A < oo, where A is known.
o Consider the global confidence region

©1={0eR? : (G +aD)(©O -0l < ellgll +n,ll6ll < A},

v

Model selector
o Put L={Lel:LNn®,*o}
e Choose L = arg max{&L : Le Z}, where
o = infges,nLll GOIl.
o Define 6 € argmin{llall NS EO@A}.




Sparse recovery

Sparse convergence rate
@ Assume that 6, € L,.

@ Define o, = inf{o-LHRgA :Lel,op >0, - 26}, where
o = infges,nLll GOl
e With probability at least 1 -6,

(0 + D)0 = 021l < I(G + A1) = 6| < 2(eA +1)

and

Ra(®) — Ry (0)) < (eA+n)>.

A+ 0,

Nested models

In the case when £ = {L1 clycCc---C LK}, we can take
oL=0p,.




