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Topics to be covered

Three related questions
1 Given X1, . . . ,Xn , n independent copies of the r. v.

X ∈ Rd , estimate E(X ) ?

2 Given M1, . . . ,Mn , n independent copies of the random
matrix M ∈ Rp×q , estimate E(M ) in operator norm ?

3 Given (X1,Y1), . . . , (Xn ,Yn ), n independent copies of the
couple of random variables (X ,Y ) ∈ Rd ×R, estimate
arg min

θ∈Rd
E

[
(Y − 〈θ,X 〉)2

]
?

Dimension-free assumptions

In case

1 E
(
‖X ‖2

)
< ∞,

2 E
(
‖M ‖2HS

)
< ∞,

3 E
(
‖X ‖4

)
< ∞ and E

(
‖X ‖2Y 2) < ∞.



Approach

Directional estimates

1 Estimate E
(
〈θ,X 〉

)
for any θ ∈ Sd =

{
θ ∈ Rd : ‖θ‖ = 1

}
.

2 Estimate E
(
〈ξ,M θ〉

)
for any θ ∈ Sq and any ξ ∈ Sp .

3

Put R(θ) = 〈θ,E
(
XX >

)
θ〉 − 2〈θ,E(YX )〉

= E
[
(Y − 〈θ,X 〉)2

]
− E

(
Y 2)

and estimate the Gram matrix E
(
XX >

)
and the mean

vector E
(
YX

)
.



PAC-Bayesian bound

General purpose inequality

For any prior probability measure µ ∈ M1
+(Rd ), for any

δ ∈ [0,1], with probability at least 1 − δ, for any ρ ∈ M1
+(Rd ),

∫
1

n

n∑
i=1

f (θ ′,Xi ) dρ(θ ′)

≤

∫
log

{
E

[
exp

(
f (θ ′,X )

)] }
dρ(θ ′)

+
K(ρ, µ) + log(δ−1)

n
,

where K(ρ, µ) =



∫
log

(
dρ
dµ

)
dρ, ρ � µ,

+∞, otherwise.



PAC-Bayesian bound

Special choices : Gaussian posteriors for non-Gaussian data

Of ρ and µ: ρθ = N
(
θ, β−1Id

)
, θ ∈ Rd , and µ = ρ0. Remark

that K(ρ, µ) =
β

2
‖θ‖2 (complexity measured by parameter

norm, independently of its linear dimension d).

Of f : most obvious choice is f (θ ′,Xi ) = λ〈θ ′,Xi 〉, but leads
to hypotheses on exponential moments E

[
exp

(
λ〈θ ′,X 〉

)]
.

Rather use an influence function f (θ ′,Xi ) = ψ
(
λ〈θ ′,Xi 〉

)
,

where

− log(1 − t + t2/2) ≤ ψ(t ) ≤ log(1 + t + t2/2),
ψ(−t ) = −ψ(t ),
ψ is bounded,∫

ψ
(
λ〈θ ′,Xi 〉

)
dρθ (θ ′) can be computed.



An influence function that ticks all the boxes

Let us compute !

Choose ψ(t ) =




t − t3/6, −
√

2 ≤ t ≤
√

2,

2
√

2/3, t >
√

2,

−2
√

2/3, t < −
√

2.

Introduce ϕ(m ,σ) = E
[
ψ(m + σW )

]
, where W ∼ N(0,1) is a

standard normal. It can be computed from the normal
distribution function F (a) = P(W ≤ a) as
ϕ(m ,σ) = m (1 − σ2/2) −m3/6 + r (m ,σ), where

r (m, σ) =
2
√
2

3

[
F

(
−
√
2 +m

σ

)
−F

(
−
√
2 −m

σ

)]
−

(
m −m3/6

) [
F

(
−
√
2 +m

σ

)
+F

(
−
√
2 −m

σ

)]

+σ

(
1 −m2/2

)
√
2π

[
exp

(
−
1

2

( √2 +m
σ

)2)
−exp

(
−
1

2

( √2 −m
σ

)2)]
+
mσ2

2

{
F

(
−
√
2 −m

σ

)
+F

(
−
√
2 +m

σ

)
+

1
√
2π

[
(
√
2 +m )
σ

exp

[
−
1

2

( √2 +m
σ

)2]
+

(
√
2 −m )
σ

exp

[
−
1

2

( √2 −m
σ

)2]}

+
σ3

6
√
2π

{ [( √2 −m
σ

)2
+ 2

]
exp

[
−
1

2

( √2 −m
σ

)2]
−

[( √2 +m
σ

)2
+ 2

]
exp

[
−
1

2

( √2 +m
σ

)2]}
.



An influence function that ticks all the boxes

Computing Gaussian perturbations∫
ψ
(
λ〈θ ′,Xi 〉

)
dρθ (θ ′) = ϕ

(
λ〈θ,Xi 〉,

λ‖X ‖
√
β

)
.

Turning exponentials into polynomials

∫
log

{
E

[
exp

(
ψ
(
λ〈θ ′,X 〉

))] }
dρθ (θ ′)

≤

∫
log

[
1 + λE

(
〈θ ′,X 〉 +

λ2

2
E

(
〈θ ′,X 〉2

)]
dρθ (θ ′)

≤ λE
(
〈θ,X 〉

)
+
λ2

2
E

(
〈θ,X 〉2

)
+
λ2E

(
‖X ‖2

)
β

.



The job can be done !

At this stage, we see that

We will be able to estimate 〈θ,E(X )〉.

The bound will not involve the dimension d but only the
two moments

sup
θ∈Sd

E
(
〈θ,X 〉2

)
≤ E

(
‖X ‖2

)
.



Putting things together

PAC-Bayesian inequality

With probability at least 1 − δ, for any θ ∈ Sd ,

E(θ) =
1

nλ

n∑
i=1

ϕ
(
λ〈θ,Xi 〉, λ‖Xi ‖/

√
β
)

≤ 〈θ,E(X )〉 +
λ

2

[
E

(
〈θ,X 〉2

)
+
E

(
‖X ‖2

)
β

]
+
β + 2 log(δ−1)

2nλ
.

Assumptions and optimized choices

Assume that E
(
‖X ‖2

)
≤ T < ∞ and

sup
θ∈Sd

E
(
〈θ,X 〉2

)
≤ v ≤ T < ∞, where v and T are known.

Choose λ =

√
2 log(δ−1)

nv
and β =

√
2T log(δ−1)

v
.



Putting things together

Non asymptotic confidence region

With probability at least 1 − δ,

sup
θ∈Sd

��E(θ) − 〈θ,E(X )〉�� ≤
√

T

n
+

√
2v log(δ−1)

n
.

For comparison, when X is a Gaussian vector,






1
n

∑n
i=1Xi − E(X )







≤√

E
(
‖X−E(X ) ‖2

)
n +

√
2 supθ∈Sd E

(
〈θ,X−E(X )〉2

)
log(δ−1)

n

We have lost

Centering in the definition of T and v ,

adaptivity in T and v ,

and the c. r. is no more a ball, but the cts are the same !



Putting things together

Estimator

On the event of probability at least 1 − δ defined by the
PAC-Bayesian inequality, we can find
m̂ = m̂v,T (X1, . . . ,Xn ) ∈ Rd such that

sup
θ∈Sd

��E(θ) − 〈θ,m̂〉�� ≤
√

T

n
+

√
2v log(δ−1)

n
,

and therefore such that



m̂ − E(X )

 ≤ 2

(√
T

n
+

√
2v log(δ−1)

n

)
.

(The constant 2 can be lowered to
√

3 by setting m̂ to the
middle of a diameter of the confidence region.)



Centering through sample splitting

Assumptions

Put m = E(X ) and assume that for known b,v ′ and T ′,
‖m ‖2 ≤ b < ∞, E

(
‖X −m ‖2

)
≤ T ′ < ∞, and

sup
θ∈Sd

E
(
〈θ,X −m〉2

)
≤ v ′ ≤ T ′ < ∞.

Sample splitting. Put

m̃1 = m̂v ′+b,T ′+b (X1, . . . ,Xk )

and m̃2 = m̂v ′+A/k,T ′+A/k (Xk+1 − m̃1, . . . ,Xn − m̃1), where

A = 4
(√

T ′ + b +
√

2(v ′ + b) log(δ−1)
)2

.

With probability at least 1 − 2δ, ‖m̃1 −m ‖
2 ≤ A/k and

‖m̃2−m ‖ ≤ 2

( √
T ′+A/k
n−k +

√
2(v ′+A/k ) log(δ−1)

n−k

)
∼

n→∞,k→∞
k/n→0

2

(√
T ′

n
+

√
2v ′ log(δ−1)

n

)
.



Mean matrix estimate

Estimator

(M1, . . . ,Mn ) n independent copies of M ∈ Rp×q .

Put νξ = N(ξ,γ−1Ip ), ξ ∈ Rp and ρ = N(θ, β−1Iq ), θ ∈ Rq .

Define E(ξ, θ) =
1

λn

n∑
i=1

ψ
(
λ〈ξ ′,Miθ

′
)

dνξ (ξ ′) dρθ (θ ′)

Let us compute ! Consider Wq ∼ N(0,Iq ) ∈ Rq .

E(ξ, θ) =
1

n

n∑
i=1

〈ξ,Miθ〉 −
λ2

6
〈ξ,Miθ〉

3

−
λ2

2β
〈ξ,Miθ〉‖Miθ‖

2 −
λ2

2γ
〈ξ,Miθ〉‖M

>
i ξ‖

2

−
λ2

2βγ
〈ξ,Miθ〉‖Mi ‖

2
HS −

λ2

βγ
〈ξ,MiM

>
i Miθ〉

+
1

λ
E

[
r
(
λ〈M >

i ξ, θ + γ
−1/2Wq 〉, λ β

−1/2‖Mi (θ + γ−1/2Wq )‖
)]
.



PAC-Bayesian inequality

With probability at least 1 − δ, for any (ξ, θ) ∈ Rp ×Rq ,

E(ξ, θ) ≤ λ−1
∫

log
{
E

[
exp

(
ψ
(
λ〈ξ ′,M θ ′〉

))] }
dνξ (ξ ′)dρθ (θ ′)

+
K(νξ , ν0)

nλ
+
K(ρθ , ρ0)

nλ
+

log(δ−1)
nλ

≤ E
(
〈ξ,M θ〉

)
+
λ

2

[
E

(
〈ξ,M θ〉2

)
+
E

(
‖M θ‖2

)
β

+
E

(
‖M >ξ‖2

)
γ

+
E

(
‖M ‖2HS

)
βγ

]
+
β + γ + 2 log(δ−1)

2nλ
.



Confidence region

Assumptions: for known v , t ,u,T

E
(
‖M ‖2HS

)
≤ T < ∞, 

E

(
M >M

)

∞ ≤ t ≤ T < ∞,



E
(
MM >)

∞ ≤ u ≤ T < ∞, sup

ξ∈Sp,θ∈Sq

E
(
〈ξ,M θ〉2

)
≤ v < ∞.

Choices

λ =

√
β + γ + 2 log(δ−1)

n
(
v + t/β + u/γ + T/(βγ)

) , β = γ = 2 max

{
t + u

v
,

√
T

v

}

Confidence region: with probability at least 1 − δ,

sup
ξ∈Sp,ξ∈Sq

��E(ξ, θ) − 〈ξ,E
(
M

)
θ〉��

≤

√
2v

n

(
2 log(δ−1) + 4 max

{ t + u
v

,

√
T

v

})
.



Mean matrix estimator

With probability at least 1 − δ,

we can find m̂ within the confidence region and



m̂ − E(M )

∞ ≤ 2

√
2v

n

(
2 log(δ−1) + 4 max

{ t + u
v

,

√
T

v

})
.



Adaptive estimators

Question:

Is it possible to adapt to the values of the constants that were
assumed to be known for the previous estimators, because they
were used to set their parameters ?

Approach:

Introduce the asymmetric influence function defined on the

positive real line ψ(t ) =



t − t2/2, 0 ≤ t ≤ 1,

1/2, 1 ≤ t ,

and estimate separately positive and negative parts.

Lemma: For any t ∈ R+,

− log
(
1 − t + t2

)
≤ ψ(t ) ≤ log

(
1 + t

)
.



Estimating the mean of the positive part

Directional estimator

Consider a discrete set Λ ∈ R+ and a probability µ ∈ M1
+(Λ).

Define

E+(θ) = sup
Λ∈Λ

1

nλ

n∑
i=1

∫
ψ
(
λ〈θ ′,Xi 〉+

)
dρθ (θ ′)

−
β + 2 log

(
δ−1µ(λ)−1

)
2nλ

PAC-Bayesian inequality. With probability at least 1 − 2δ,∫
E

(
〈θ ′,X 〉+

)
dρθ (θ ′)

− inf
λ∈Λ

{
λ

∫
E

(
〈θ ′,X 〉2+

)
dρθ (θ ′) +

β + 2 log
(
δ−1µ(λ)−1

)
λn

}
≤ E+(θ) ≤

∫
E

(
〈θ ′,X 〉+

)
dρθ (θ ′).



Putting the positive and the negative parts together

Confidence region

Define E(θ) = E+(θ) − E+(−θ). With probability at least 1 − 2δ

〈θ,E(X )〉 − E(θ) ≤ B+(θ) = inf
λ∈Λ

{
λ

∫
E

(
〈θ ′,X 〉2+

)
dρθ (θ ′)

+
β + 2 log

(
δ−1µ(λ)−1

)
λn

}
.

Estimator

Define m̂ ∈ arg min
m ∈Rd

sup
θ∈Sd

{
〈θ,m〉 − E(θ)

}
. With probability at

least 1 − 2δ,

‖m̂ − E(X )‖ ≤ inf
λ∈Λ

{
2λ

(
sup
θ∈Sd

E
(
〈θ,X 〉2

)
+
E

(
‖X ‖2

)
β

+
2β + 4 log

(
δ−1µ(λ)−1

)
nλ

}
.



Let’s compute !

Choices

β = 2 log(δ−1),

Λ =

{
λk =

exp(k )
σ
√
n
,k ∈ Z

}
,

µ(λk ) = 1
2( |k |+1)( |k |+2) .

Result

With probability at least 1 − 2δ,

‖m̂ − E(X )‖ ≤ 4C
√

2
(
2v log(δ−1) + T

)
/n, where

v = supθ∈Sd E
(
〈θ,X 〉2

)
, T = E

(
‖X ‖2

)
, and

C = cosh
(1

2

)
+

exp(1/2)
2 log(δ−1)

log

[
1
√

2

�����
log

(2v log(δ−1) + T
8σ2 log(δ−1)2

) �����
+

5
√

2

]
≤

typically
2.



Adaptive mean matrix estimate

Executive summary

Using E+(ξ, θ) = sup
λ∈Λ

{
1

nλ

n∑
i=1

∫
ψ
[
λ〈ξ ′,Miθ

′〉+
]

dνξ (ξ ′) dρθ (θ ′) −

β + γ + 2 log
(
δ−1µ(λ)−1)

2nλ

}
, we get with probability at least

1 − 2δ that

��〈ξ,E(M )θ〉 − E(ξ, θ)��

≤ C

√
1 + χ

n

(
2 log(δ−1)v +

t + u

χ
+

T

2 log(δ−1) χ2

)
,

where v = E
(
〈ξ,M θ〉2), t = E

(
‖M θ‖2

)
, u = E

(
‖M >ξ‖2

)
and

T = E
(
‖M ‖2HS

)
.

Also ‖E(M ) − m̂ ‖ ≤ 2 sup
ξ∈Sq,θ∈Sp

(
· · ·

)
.



Adaptive Gram matrix estimate

Question

Given X1, . . . ,Xn , n independent copies of X ∈ Rd , estimate
G = E

(
XX >

)
? → estimate E

(
〈θ,X 〉2

)
= 〈θ,Gθ〉, θ ∈ Sd .

PAC-Bayesian bound. With probability at least 1 − 2δ,

for any θ ∈ Sd ,

sup
λ∈R+, β∈B

E
(
〈θ,X 〉2

)
− λE

(
〈θ,X 〉4

)
−

6

β
E

(
‖X ‖2〈θ,X 〉2

)
−

4E
(
‖X ‖4

)
λ β2

−
β

n
−

2 log
(
µ(β)−1δ−1

)
nλ

≤ E(θ)

def
= sup

λ∈R+, β∈B

1

nλ

n∑
i=1

[∫
ψ
(
〈θ ′,Xi 〉

2) dρ√λθ (θ ′) − log

(
1 +
‖Xi ‖

2

β

)]

−
β

2n
−

log(µ(β)−1δ−1)
nλ

−
E

(
‖X ‖4

)
λ β2

≤ E
(
〈θ,X 〉2

)
.

→ we still need a known bound for E
(
‖X ‖4

)
, but not for E

(
〈θ,X 〉4

)
.



Confidence region

Assumptions and choices

E
(
‖X ‖4

)
≤ T < ∞,

β ∈
{
βk =

√
10Tn exp(−k ) : k ∈ N

}
µ(βk ) = (k + 1)−1(k + 2)−1.

With probability at least 1 − 2δ, for any θ ∈ Sd ,

E(θ) ≤ 〈θ,Gθ〉 ≤ E(θ) + B (θ), where

B (θ) = 2

√
E

(
〈θ,X 〉4

)
n




3.3
( T

E
(
〈θ,X 〉4

) )1/4

+

√
4 log

(1

2
log

( T

E
(
〈θ,X 〉4

) ) + 5

2

)
+ 2 log(δ−1)



.



Gram matrix estimate

Choice

Let Ĝ ∈ arg min
{

sup
θ∈Sd

〈θ,M θ〉 − E(θ) : M ∈ Rd×d ,

M = M >,0 ≤ inf
θ∈Sd
〈θ,M θ〉 − E(θ)

}
.

Estimation error in operator norm

With probability at least 1 − 2δ,

‖G − Ĝ ‖∞ ≤ sup
θ∈Sd

B (θ).



Linear least squares ridge regression

Question

Given (X1,Y1), . . . , (Xn ,Yn ), n independent copies of
(X ,Y ) ∈ Rd ×R,

and optionally a regularization parameter λ ∈ R+,

estimate arg min
θ∈Rd

E
[(
〈θ,X 〉 −Y

)2]
+ λ‖θ‖2.



Linear least squares ridge regression

Approach

Put Rλ (θ) = 〈θ,
(
G + λI

)
θ〉 − 2〈θ,V 〉, where G = E(XX >)

and V = E
(
YX

)
.

Remark that
arg min

θ∈Rd
E

[(
〈θ,X 〉 −Y

)2]
+ λ‖θ‖2 = arg min

θ∈Rd
Rλ (θ).

Assuming that E
(
‖X ‖4

)
< ∞ and E

(
Y 2‖X ‖2

)
< ∞,

compute estimators Ĝ and V̂ such that with probability at
least 1 − δ,

‖G − Ĝ ‖∞ ≤ ε = O

(√
log(δ−1)

n

)
and ‖V − V̂ ‖ ≤ η = O

(√
log(δ−1)

n

)
.

Consider
R̂λ (θ) = 〈θ,

(
Ĝ + λI

)
θ〉 − 2〈θ,V̂ 〉.



Regression on a compact parameter set

Slow rate

Let Θ ⊂ Rd be a compact subset. Consider any θ̂ ∈ arg min
θ∈Θ

R̂λ .

With probability at least 1 − δ,

Rλ (θ̂) − inf
Θ

Rλ ≤ 2‖Θ‖
(
ε ‖Θ‖ + 2η

)
= O

(√
log(δ−1)

n

)
,

where ‖Θ‖ = sup
{
‖θ‖ : θ ∈ Θ

}
.



Confidence region

Approach

Remark that with probability at least 1 − δ, for any θ, ξ ∈ Rd ,

Rλ (ξ) − Rλ (θ) ≤ γ(θ, ξ) def
= R̂λ (ξ) − R̂λ (θ)

+ ε ‖ξ − θ‖2 + 2‖ξ − θ‖
(
ε ‖θ‖ + η

)
,

so that the subdifferential of γ defines the confidence region

0 ∈
∂

∂ξ |ξ=θλ
γ(θλ , ξ), where θλ ∈ arg min

θ∈Rd
Rλ (θ).

Doing the computations

Consider θ̂λ ∈ arg min
θ∈Rd

R̂λ . With probability at least 1 − δ,

θλ ∈ Θ̂λ =
{
θ ∈ Rd : 



(
Ĝ + λI

)
(θ − θ̂λ )

 ≤ ‖θ‖ε + η

}
.



Estimator, fast rate and slow rate

Choice of an estimator

θ̃ ∈ arg min
{
‖θ‖ : θ ∈ Θ̂λ

}
.

Fast rate. With probability at least 1 − δ




(
G + λI

)
(θ̃ − θλ )

2 ≤ 4

(
ε ‖θλ ‖ + η

)2.
Slow rate. With probability at least 1 − δ

Rλ (θ̃)−Rλ (θλ ) = 〈θ̃−θλ , (G+λI )
(
θ̃−θλ

)
〉 ≤

4

σd + λ

(
ε ‖θλ ‖+η

)2
,

where σd is the smallest eigenvalue of G . For small values of λ
and σd , the following bound is meaningful.

R0(θ̃λ ) − R0(θ0) ≤
(
‖θ0‖ + 1/2

) (
(2ε + η)‖θ0‖ + η

)
.



Sparse recovery

Sparse submodels

Let L be a family of linear subspaces of Rd .

Assume that ‖θλ ‖ ≤ A < ∞, where A is known.

Consider the global confidence region

Θ̂λ =
{
θ ∈ Rd : ‖(Ĝ + λI )(θ − θ̂λ )‖ ≤ ε ‖θ‖ + η, ‖θ‖ ≤ A

}
.

Model selector

Put L̂ =
{
L ∈ L : L ∩ Θ̂λ , ∅

}
.

Choose L̂ = arg max
{
σ̂L : L ∈ L̂

}
, where

σ̂L = infθ∈Sd∩L‖Ĝθ‖.

Define θ̃ ∈ arg min
{
‖θ‖ : θ ∈ L̂ ∩ Θ̂λ

}
.



Sparse recovery

Sparse convergence rate

Assume that θλ ∈ L∗.

Define σ∗ = inf
{
σL+Rθλ : L ∈ L,σL ≥ σL∗ − 2ε

}
, where

σL = infθ∈Sd∩L‖Gθ‖.

With probability at least 1 − δ,(
σ∗ + λ

)
‖θ̂ − θλ ‖ ≤ ‖(G + λI )(θ̂ − θλ )‖ ≤ 2

(
εA + η

)
and

Rλ (θ̂) − Rλ (θλ ) ≤
4

λ + σ∗

(
εA + η

)2.
Nested models

In the case when L =
{
L1 ⊂ L2 ⊂ · · · ⊂ LK

}
, we can take

σ∗ = σL∗ .


