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Preface

This book, tentatively titled Foundations of Reinforcement Learning, started as lec-
ture notes for a graduate-level Introduction to Reinforcement Learning (RL) course,
taught at the Department of Computer Science, University of Toronto, in Spring
2021. Since many students found the lecture notes very useful for learning a solid
and modern foundation of RL, I decided to further develop and expand it into a book.
What you are reading is its draft, prepared for the second offering of the course at
Polytechnique Montréal in Fall 2025. My intention is that this will gradually evolve
into a full textbook.

This is an introductory book in the sense that I do not assume prior exposure
to RL. It does, however, go beyond providing the high-level intuition and instead
tries to mathematically develop the foundation behind many important ideas and
concepts in RL. Throughout the book, you and I go through the proof of many basic,
or sometimes not so basic, results in RL. We will see formal statements and proofs
for many major concepts and algorithms in RL.

This book should be accessible to someone who is mathematically mature and has
the knowledge of probability theory, linear algebra, basics of analysis, and statistics
and supervised machine learning. As a bonus material, you can find the accompanied
video lectures (based on the Spring 2021 course) and the most recent slides based on
the book on course webpage.

The book is a work in progress. I intend to expand the content of existing
chapters, for example by adding more exercises. I would also like to add several
new chapters, including chapters on the important topics of model-based RL and
exploration-exploitation. I add a footnote at the beginning of each chapter showing
what stage of maturity the chapter is. The version 0.05 is for the first full draft,
version 0.1 is after its first proofread and possible minor revisions, and the versions
below 0.05 are for incomplete chapters (which means that I have the content ready,
but I haven’t typed it yet). Versions with higher number, such as 0.2, show signifi-
cant revisions compared to the first draft. Hopefully the version of all chapters will
eventually converge to 1.


https://youtube.com/playlist?list=PLCveiXxL2xNbiDq51a8iJwPRq2aO0ykrq
https://amfarahmand.github.io/IntroRL/

i PREFACE

If you find any typos or unclear parts, please send an email to me at
amirmassoud.farahmand@gmail.com. I would appreciate your feedback.

Before proceeding, I would like to mention that there are very good textbooks
on RL, which I encourage you to consult. Some of them have influenced the content
of this book, though they have different styles and emphases. A very well-known
textbook is by Sutton and Barto [2018]. Tt provides a very good intuition on many
of the concepts and algorithms that we discuss in this book. Another very good
and concise book, which describes a large number of algorithms, is Szepesvari [2010],
who happened to be my PhD supervisor! A classic book is Bertsekas and Tsitsiklis
[1996]. Even though it is about 30 years old, its mathematical perspective is still
relevant and insightful. For a abstract treatment of the dynamic programming, refer
to Bertsekas [2018]. Another recent textbook, with a distinct and fresh perspective,
is Meyn [2022].

Amir-massoud Farahmand
September 2025


mailto:amirmassoud.farahmand@gmail.com?subject=[Foundations of RL]

Chapter 1

Introduction

Chapter Introduction

This chapter introduces the main ideas of the book, including the key concepts
that will be explored in subsequent chapters.

How should an intelligent system act such that some notion of long-term perfor-
mance is maximized? This is the Reinforcement Learning (RL) problem, and is the
main topic of this book.! To make this more clear and concrete, let us consider some RL Problem
examples.

Consider a robot manipulator in an automobile factory. The robot perceives its
workspace through cameras. It also has sensors that measure its joints angles as well
as force sensors at the tip of its hand. It can send commands to its motors in order
to move the joints to a certain position or velocity, or perhaps exert a certain amount
of force on objects. Its goal is to successfully build a car as fast as possible with the
minimum cost.

As another example, consider a smart HVAC (Heating, Ventilation, and Air Con-
ditioning) system in a large office building. It can observe the temperature of the
room using several thermometers, humidity sensors, and CO2 meters across the of-
fice. It may even have infrared cameras that can measure the temperature on the
surfaces, hence providing a high-resolution temperature profile of the room. It can
act in its world by varying the temperature, humidity, and the airflow rates of the
vents distributed across the building. Its goal is to maximize the long-term comfort
and health of people working at the office, which are measured through occasional
voice feedback (Too hot! or I feel a bit cold!), or perhaps through a smart

!Chapter’s Version: 0.15 (2025 March 12).
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watch that measures their heart rate and blood oxygen level.?

These two were examples of artificial systems. We may also consider an animal,
a cat or dog perhaps, that observes its world through its various sensors (eyes, ears,
nose, whiskers, etc.) and has a musculoskeletal system that allows it to move and
change the world around it. The goal of the animal can be defined at various time
scales: in the short term, it is to find food and water for its next meal, which of
course can be seen as just a part of the longer plan of maximizing its chance of
survival and reproduction.

All these examples can be interpreted as an entity (a robot, an HVAC system, or
a animal) being a nexus of causal pathways. Let us relax the definition of an animal
from a biological one to include certain artificial systems too. So a robot or even a
smart HVAC system are animals too, albeit an artificial ones.

As the animal perceives its environment through its various sensors (cameras;
thermometers; eyes and ears), it collects information about its surrounding. It be-
comes the convergent point, in a non-mathematical sense, of the information around
it. The perceived information has a causal power on the animal, as it affects how the
animal acts. This action is based on the animal processing its perceived information
and making a decision. When the animal acts (moving a joint; blowing hot air;
pouncing on a bird), it becomes the point where the causal pathways diverge from
the animal and affects the world around it (a screw is picked; a corner and gradually
the rest of a room warms up; a bird flies away). Now as time passes, the affected
world offers new information to the animal, and this in turn leads to new decisions
and actions by the animal.

A central part of this causal convergent and divergent process is how the animal
decides on how to act based on what it perceives. The animal should act such that its
goals are achieved. Successfully achieving an animal’s goals often requires the animal
to consider the long-term consequences of its actions. For example, it is XXX

To have such an animal, one needs to design (or evolve) many components and
processes. It has various sensors and actuators, whose suitability greatly affects the
animal’s chance of successfully achieving its long-term goals. These, we ignore. In
this book, we solely focus on the decision making aspect of the animal. Specifically,
we ask the question of how this animal should act so that some notion of long-term
performance is maximized. This is the RL problem. This is admittedly a very general
objective. One may argue that the computational aspect of solving the Al problem
is equivalent to the RL problem.

It is notable that in addition to the RL problem, we may use RL to refer to a set
of computational methods for solving the RL problem. What kind of computation
an agent needs to perform in order to ensure that its actions lead to good (or even
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optimal) long-term performance? The methods that achieve these are known as RL
methods.

Historically, only a subset of all computational methods that attempt to solve
the RL problem have been known as the RL methods. For example, a method such
as Q-Learning, which we shall soon encounter as Algorithm 1.1 in Section 1.5, is
a well-regarded RL method, but an evolutionary computation method, such as a
genetic algorithm, is not. One can argue that evolutionary computation methods do
not have much of a “learning” component, or that they do not act at the timescale
of an agent’s lifetime, but act at the timescale of generations. While these are true
distinctions, this way of demarcation is somewhat arbitrary. In this book, we focus
on methods that are commonly studied within the “RL Community”, though we
have a short discussion of some of the evolutionary computation methods later in
the book in Section 6.2.3.

So far, our explanation has been high-level, not very precise, and perhaps even a
bit philosophical. Next, we discuss the setup of the RL problem in a more concrete
way, before formalizing it precisely in the rest of this chapter.

1.1 Setup

In reinforcement learning, we often talk about an agent and its environment, and
their interaction. Figure 1.1 depicts the schematic of how they are related. The
agent is the decision maker and/or learner, and the environment is anything outside
it with which the agent interacts. For example, an agent can be the decision-maker
part of a robot. Or it can be the decision-maker of a medical diagnosis and treatment
system. For the robot agent, the environment is whatever is outside the robot, i.e.,
the physical system. For the medical agent, the environment is the patient.

The interaction of the agent and its environment follows a specific protocol. The
current discussion is somewhat informal, but may help you understand the concept
before we formalize it. At time ¢, which we consider to be discrete, the agent observes
its state X; in the environment. For example, this is the position of the robot
in the environment. Or it can be the vital information of a patient such as their
temperature, blood pressure, EKG signal, etc.

The agent then picks an action A; according to an action-selection mechanism.
This mechanism is called a policy . It usually depends on the agent’s current
state X;. The policy can be deterministic, which means that =« is a function from
the state space to the action space and A, = 7w(X}), or it can be stochastic (or
randomized), which means that 7 defines a probability distribution over the action
space that depends on the state variable, i.e., A; ~ 7(:|X;). Here ~ refers to the
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Environment

X1~ P(IX, Ar)
Rt ~ R(|Xt,At)

. /
action

4-‘: - — -
Agent (Planner)

Figure 1.1: Reinforcement Learning Agent

random variable (r.v.) A; being drawn from the distribution 7(:|X;). For example,
the action can be a “move forward with velocity of 1m/s” command for the robot
problem, or “inject 10mg of Amoxicillin”.

Based on the selected action, the state of the agent in the environment changes
and becomes X;.1. The state evolves according to the dynamics of the agent in the
environment, which is shown by P in the figure. This means that X, .1 ~ P(-| Xy, Ay).
The conditional distribution P is called transition probability kernel (or distribution).
For the robot example, the dynamics can be described by a set of electromechanical
equations that describe how the position of the robot (including its joints) change
when a certain command is sent to its motor. For the medical agent, the dynamics
is described by how the patient’s physiology changes after the administration of the
treatment. This is a very complex dynamics, which we may not have a set of equation
to describe.

The agent also receives a reward signal R;. The reward signal is a real number,
and it specifies how “desirable” the choice of action A, at state X; (possibly leading
to state X;;1) has been. Therefore, R; ~ R(:| Xy, A;) or Ry ~ R(+| Xy, As, Xiq1). We
use the former in the rest, as it simplify our notations. All the developed theory and
algorithms also work with the latter form of the reward with minor modifications.
The reward is a measure of the performance of the agent at time ¢. For example, if
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our goal is for the robot to go to a specific location and pick up an object, the reward
might be defined as a positive value whenever the robot achieves that goal. And it
can be zero whenever the robot is not doing anything relevant to the goal. It may
even be negative when it does something that ruins achieving the goal, for example
breaks the object. In this case, the negative reward is actually a punishment. For
the medical agent case, the reward might be defined based on the vital signs of the
patient. For example, if the patient at time ¢ had an infection, and the action was
an appropriate choice of antibiotics, and at the next time ¢ + 1 (maybe a day later),
the infection has subsided, the agent receives a positive reward, say, +10.¢

This process repeats and as a result the agent receives a sequence of states,
actions, and rewards:

X17A17R17X27A27 R27 .

This sequence might terminate after a fixed number of time steps (say, T'), or until
the agent gets to a certain region of the state space, or it might continue forever.

The reward is a measure of immediate (or short-term) performance of the agent.
This can be different from the long-term performance. It is possible for an agent to
receive some low (or negative) rewards initially before receiving much larger rewards
later on. What we often care in the RL is the long-term performance. Next we
formalize this description.

1.2 Markov Decision Process (MDP)

In this section, we formally define some of the important concepts that we require
throughout the course. The first important concept is the Markov Decision Process
(MDP). An MDP essentially defines the environment with which the agent interacts
and the problem that it should solve. In other words, an MDP encodes the decision
problem.

In the rest of this book, we denote M(2) as the space of all probability distri-
butions defined over the space €, and B(Q2) as the space of all bounded functions
defined over ). So, for example, M(R) is the space of all probability distribution
over real numbers, and similar for B(R). Refer to Appendix A.1 for more formal
definition. We are ready to formally define elements of MDP.

Definition 1.1. A discounted MDP is a 5-tuple (X, A, P, R,7), where X is a mea-
surable state space, A is the action space, P : X x A — M(X) is the transition
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probability kernel with domain X x A, R : X x A — M(R) is the immediate reward
distribution, and 0 < vy < 1 is the discount factor.?

MDPs encode the temporal evolution of a discrete-time stochastic process con-
trolled by an agent. The dynamical system starts at time ¢ = 1 with random ini-
tial state X; ~ p where “ ~ 7 denotes that X; is drawn from the initial state
distribution p € M(X).2 At time ¢, action A; € A is selected by the agent con-
trolling the process. As a result, the agent goes to the next state X, i, which is
drawn from P(-|X;, A;) The agent also receives an immediate reward drawn from
Ry ~ R(:| Xy, A;).* Note that in general X;;; and R; are random, unless the dy-
namics is deterministic. This procedure continues and leads to a random trajectory
€ = (X1,A1, Ry, X, A, Ry, - -+ ). We denote the space of all possible trajectories as

This definition of MDP is quite general. If X is a finite state space, the result
is called a finite MDP. The state space X can be more general. If we consider a
measurable subset of R (X C R?), such as (0,1)4, we get the so-called continuous
state-space MDPs. We can talk about other state spaces too, e.g., the binary lattices
{0,1}4, the space of graphs, the space of strings, the space of distributions, etc. In
this course, we switch back and forth between finite MDPs and continuous MDPs.

Example 1.1. When X is finite (i.e., X = {x1,29,...,2,,}), the transition proba-
bility kernel P(-|-,a) is a matriz for any a € A.

As another example, consider a dynamical system described by the following
equation:

i1 = flay, ap), (1.1)
where x € R™, a € R", and f: R™ x R — R™. For example, if

f(x,a) = Mz + Na,

2We do not use measure theoretical arguments in this book, but we use quantifiers such as
measurable in order to make our statements precise and to avoid pathological cases. We can simply
think of a measurable space as stating that the space is “nice enough”. The finite and countable
spaces as well as the usually used subsets of R? are nice.

3The initial distribution p is not a part of the definition of MDPs. When we talk about MDPs
as the descriptor of temporal evolution of dynamical systems, we usually implicitly or explicitly
define the initial state distribution.

4We could slightly modify the interaction protocol, so that the reward R, depends on X; and
Ay as well as X1, i.e., Ry ~ R(| X}, A¢, X¢41). This does not change the formalism.
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with M € R™*™ and N € R™*", we have a linear (time-invariant) dynamical system.
Such a general formulation can represent a wide range of deterministic physical
systems. Such dynamical systems are familiar for those with background in control
theory. They can be represented in the MDP framework.

Example 1.2 (Deterministic Dynamics). We can represent deterministic dynamics
such as (1.1) within the MDP framework. If xyv1 = f(xy,a4) for f: X X A — X,
then the transition probability kernel conditioned on a pair of (x,a) puts a probability
mass of 1 at f(x,a). Using Dirac’s delta function’s notation,

P(2|z,a) = 0(x' — f(x,a)).

Remark 1.1. We use ‘¢’ to denote the state and ‘a’ to denote the action. This is
similar to how Szepesvdri [2010] uses it too. These are not the only notation used
in the literature, and definitely not the most commonly used one. Sutton and Barto
[2018] use ‘s’ for the state and ‘a’ for the action. The authors from the control theory
background tend to use ‘u’ for the action, and %’ [Bertsekas and Tsitsiklis, 1996] or
‘’ for the state [Bertsekas, 2018].

The reason I use ‘x’ for state is partly historical and partly because of the following
justification: I find it more aligned with how the rest of ML, and even applied math,
use x as the input to a function. The fact that the input is an agent’s state does not
mean that we have to use a different notation. I find it slightly more appealing to see
f(z) instead of f(s), though nothing is inherently wrong with the latter usage. The
reason I stick to ‘a’ for the action, instead of ‘u’ commonly used in control theory,
does not have much of a justification other than a nod to the CS/AI roots of RL.

Let us tend to the policy 7. Recall from Section 1.1 that the policy is the action-
selection mechanism of the agent. The goal of the RL agent is to find a “good”
policy, to be defined what it exactly means. Let us formally define it.

Definition 1.2 (Definition 8.2 and 9.2 of Bertsekas and Shreve [1978]). A policy is
a sequence T = (my, o, . ..) such that for each t,

Wt(at|X17 Al; Xo, A27 o X, Atfla Xt)

is a universally measurable stochastic kernel on A given X X Ax .- X X x A x X

2t—1 elements
satisfying
7Tt<A’X17 Ab X27 A27 R thb Atfh Xt) =1

for every (Xy, Ay, Xo, Ao, ..., Xy, A1, X3).
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If m, is parametrized only by Xy, that is
Wt("Xla A17 X27 A27 s JXt717 At717 Xt) = ﬂ-t('|Xt)7

7 1s a Markov policy.

If for each t and (X1, Ay, X, Aoy ..., Xyo1, As—1, Xy), the policy my assigns mass
one to a single point in A, T is called a deterministic (nonrandomized) policy; if it
assigns a distribution over A, it is called stochastic or randomized policy.

If ™ is a Markov policy in the form of @ = (mw,m,...), it is called a stationary
policy.

This definition categorizes whether the policy is time-dependent or not, whether
it uses only the current state X; or looks at the previous state and action pairs too,
and whether it is deterministic or stochastic.

To understand this definition better, let us start from the simplest form of the
policy and gradually get to more general cases. The simplest form of a policy is
a stationary Markov deterministic policy. This is a function from the state space
X to the action space A, that is 7 : X — A, and we use 7(x) to refer to it. This
policy is a function (deterministic property) that does not depend on time (stationary
property). It ignores the past states and actions X; 1, A;_1, X;_o, -+ and only looks
at the current state X; (Markov property). A slightly more complex form is when
we allow this policy to be stochastic, instead of deterministic. A stationary Markov
stochastic policy is a conditional distribution over the action space depending on the
state, that is, 7(-|z) € M(A).

In most of this book, we only focus on stationary Markov policies, and simply
use “policy” to refer to a stationary Markov policy 7(-|x), without any adjectives.
It turns out that the class of stationary Markov policies is rich enough to allow the
agent make optimal decisions, under the condition that we have access to the actual
state of the MDP X;. Neither non-stationarity nor non-Markovity does not bring
any extra performance to the table. As we shall discuss later in Section 1.6, if the
agent does not have access to the state of the MDP and only observe some aspects
of the state, this is not necessarily true, and the use of a non-Markov policy might
be needed for optimal decision making. This means that the policy should look not
only at the most recent observation, but at the past observations too.

We define the following terminology and notations in order to simplify our expo-
sition.

Definition 1.3. We say that an agent is “following” a Markov stationary policy m
whenever Ay is selected according to the policy w(-|Xy), i.e., Ay = 7(Xy) (determin-
istic) or Ay ~ w(-|Xy) (stochastic). The policy m induces two transition probability
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kernels P™ : X — M(X) and P™ : X x A - M(X x A). For a measurable subset
A of X and a measurable subset B of X x A and a deterministic policy 7, denote

(P7)(Al) £ /X P(dyle, 7(2)Lyeny.

(P™)(B|z,a) £ /){P(dylfﬂy @)Ly ()eny-

If 7 is stochastic, we have

(P™)(Alz) £ / P(dyle, a)r(dala)Lgye ap,

XxA

P)Ble.a) 2 [ Pyl a)n(dalpgmen
X xA

The m-step transition probability kernels (P™)™ : X — M(X) and (P™)™ : X x A —

M(X x A) form =2,3,--- for a deterministic policy © are inductively defined as®

(P™y"(Alr) & /X P(dylz, 7(2))(P™)™ " (Aly),

(P (Blea) 2 [ Pldyle,a) (P (Bl ().

The difference between the transition probability kernels P™ : X — M(X) and
P X xA— M(X x A) is in the way the policy affects the action selection: in
the former, the action of the first step is chosen according to the policy, while in the
latter the first action is pre-chosen and the policy chooses the action in the second
step.

The m-step transition probability kernels (P™)™(A|z) is the probability that the
agent starts at state x, chooses actions according to the policy 7 for m steps, and falls
within the set A. Similarly, (P™)"(B|x,a) is the probability of the agent starting
from state x, choosing action a at the first step, and for the next m — 1 steps, chooses
actions according to the policy 7.

We may sometimes use P™(A|x;m) and P™(B|z, a;m) to refer to (P™)™(A|z) and
(P™)™(B|z,a), if having a superscript reduces the clutter.

In case thinking about countable space is more intuitive, the definition (P™)™(A|x)
for A being a state z (A = {z}) is

(P (zl2) £ Y Plyla, w(@)(P™)™ (z]y).

yeX

5The definition for the stochastic policy would be similar.
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If we arrange the probabilities in a matrix, the definition of (P™)™ takes a perhaps
more familiar form. Consider a state space X' = {x1,...,2x}. Let us identify
(P™)(xj|x;) (the probability of starting from z; and going to z;) with an |X| x |X|
matrix P € R¥XI¥ with its i-th row and j-th

[PT]iy = (PT)(x; | ). (1.2)

Consider (P™)?, the 2-step transition probability kernel (or matrix), and let us cal-
culate the probability of starting from state x; and moving to state z; after 2 steps:

(P (wjla) = Y P (yle) PN ayly = > PRPL; =[P Py = [(P™) )i

yex k{1, |}

where the penultimate equality is due to the definition of matrix multiplication. This
shows that the 2-step transition probability kernel is the same as taking the matrix
P7™ and raising it to the power of two. This argument can be performed for any
m > 1 to conclude that for countable state spaces, (P™)™ can be identified with the
matrix P™ raised to the power of m, i.e., (P™)™. In the rest of this notes, we do not
use a different font for P and P, and use P for both cases.

A useful, and intuitive, property of following a policy 7 is that if the agent follows
it for m; steps and then it continues following it for another my steps, from wherever
it landed after the first m; steps, it is the same as following the agent following 7 for
my + mo steps. This can be written as

(P?‘r)ml (7;7r>m2 — (fPTr)m1+m2‘
We define another notation, which shall be helpful in our discussions.

Definition 1.4. Given the transition probability kernel P and a bounded measurable
function f € B(X), we define Pf: X x A — R as the function

PH@a L [ Plyleafw). Voo exxA
X

Likewise, given the transition probability kernel induced by a policy m, we define

P f: X =R as

(P™f)(x) & /X Pr(dyla) fy), Vo€ X,
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In other words, P f is the function whose value at a state x is the expected value
of function f according to the distribution P7(-|x), that is, (P™ f)(x) = Ex/upr ey [f(X)].
The interpretation of P f is similar.

For a countable state space X', we have

(P"f)(x) &> P (yl)f(y), VreX. (1.3)

yeX
We may sometimes use P(-|x,a)f or P™(-|z)f to refer to the same functions.
Exercise 1.1. Consider a 2-state MDP with a policy that induces

sz{og 0.1}.

0.2 0.8

Assume that the reward at state xy is zero and the reward at state x5 is equal to 1,
that is, r™ = [0;1]. Let v = 1/2. Answer the following questions assuming that the
agent starts at state xy:

o What is the immediate reward it receives?

e What is the expected reward it receives after moving 1 step in the environment?
What about 22 And 102 (You probably need to write one or two lines of code
to compute this.)

e What s the expected reward it receives after moving infinite steps in the envi-
ronment?

Now answer the same questions for when the agent start at state xs.
Exercise 1.2. Suppose that f(x) = ¢ for a constant real-valued number ¢ € R. What
is PTf?¢

1.2.1 Following a Sequence of Policies ()

For a sequence of policies 7., = (71,...,Ty), the transition probability kernel of
following them in the order of mq, then 7y, etc., is denoted by P™ ™ or P™m and is

Pre () £ [ o) P (Aly)
X

P (B, a) £ / P(dylz, )P (Aly),

X
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for deterministic policies, and similar for stochastic policies.

The interpretation of P™m(A|x) is that this is the probability of starting from
a state x, following the sequence of policies m1.,, and ending up in a set A after
exactly m steps (and similar interpretation for P™ 7 (B|x)). When the state space
is countable, we can also write it in the matrix form:

Pr(ele) = S PRl PRl = Y PRED =[PP

yeX ke{l,..,| X}

As the matrices are not commutative in general P™ P™ 2 P™ P™ which is intuitive,
as following a policy m; and then 7y (which induces P7™:2) is not the same as following
7o and then 7 (which induces P™1).

The value of function P™m™ f : X — R at state x is the expected value of f at the
distribution of an agent that starts at  and follows the policy sequence 7y, ..., Ty,.

1.3 From Immediate to Long-Term Reward

Recall that the RL problem is the problem of how to act so that some notion of
long-term performance is maximized. In this section, we elaborate on the meaning
of “long-term”. Along the way, we learn about important concepts such as return
and value functions. It turns out that we can define long-term in different ways. We
discuss some of them here. Before that, however, let us start with a simpler problem
of maximizing the immediate (or short-term) performance first.

Suppose that an agent starts at state X; ~ p € M(X), chooses action A; = 7(X7)
(deterministic policy), and receives a reward of Ry ~ R(:|X;, A1). This ends one
round of interaction of the agent and its environment. The agent then restarts,
samples another (independent) X; ~ p € M(X), and repeats as before again and
again. We call each of these rounds an episode. Here the episode only lasts one
time-step.

How should this agent chooses its policy in order to maximize its performance?
To answer this question, we need to specify what performance actually refers too.
There are several sensible ways to define the performance of the agent, one of which
is to talk about the average (expected) reward that the agent receives within one
episode. The meaning of average here is that if the agent repeats this interaction
with the environment for many episodes (infinitely), how much reward it receives in
average. So the averaging is over the episodes.

Answering the question of how the agent should act to maximize this notion of

expected reward performance is easy. Let us define expected reward as
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r(z,a) 2E[RIX =2,A=ad]. (1.4)

Here the r.v. R is distributed according to R(-|z,a). Paying attention that this is the
expected reward is important: even if the agent starts at a state x and chooses action
a, the actual reward it receives can be higher or lower than r(x,a). In expectation,
however, it receives r(zx,a).

In order to maximize the expected reward, the best action depends on the state
the agent initially starts with. At state z, it should choose an action that maximizes
the average reward r(z,a) at that state. That is,

a* < argmaxr(z,a).
acA
This is the best, or optimal, action at state 2.° By the definition of argmax, no choice
of action can gather more rewards in expectation. With this choice, we can define
the optimal policy 7* : X — A as the function that at each state x returns

m(x) + argmaxr(x,a). (1.5)
acA
Note that the optimal policy is only a function of the agent’s state z. It does not
depend on the initial distribution p.

Exercise 1.3. Describe a similar setup where the optimal policy depends on p. The
performance measure should still be the expected reward that the agent receives. But
feel free to change some crucial aspect of the agent.

Exercise 1.4. Ezplain how a standard supervised learning problem can be formulated
as finding the policy that maximizes the immediate expected reward. To be concrete,
focus on the binary classification problem. What is the state x¢ What is the action
a? And what is the reward r(z,a)?

Exercise 1.5 (xx). Come up with a real-world application where the goal is to find
an optimal policy maximizing the immediate reward.

Exercise 1.6 (xx). We equate the performance as mazimizing the expected reward.
What other sensible performance measures can you think of ¢ It should still be related
to the rewards that the agent receives in its episode.

Let us consider some setups where the agent interacts with the environment for
multiple steps.

OIf there are more than one action that attains max,c47(z,a), the agent can choose any of
them.
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1.3.1 Finite Horizon Tasks

The discussion of this section so far has been for when the episode length is T" = 1.
When T = 1, as soon as the agent chooses its action Ay, it receives a reward R;, and
then the episode terminates. We can extend the setup to when 7" > 1. In that case,
within each episode, the interaction of the agent following a policy 7 goes like this:

e The agent starts at X; ~ p € M(X).
e It chooses action A; = m(X;) (or A; ~ (-] X7) for a stochastic policy).

e The agent goes to the next-state Xy ~ P(:| X3, A1) and receives reward Ry ~
R(-| X1, Ay).

e The agent chooses Ay = 7(X3) (or Ay ~ m(-|X3) for a stochastic policy).

e The agent goes to the next-state X3 ~ P(:| Xz, A3) and receives reward Ry ~
R(:| X2, As).

e This process repeats for several steps until the agent gets to the last state
Xr ~ P(-|Xr-1,Ar_1), chooses action Ay = 7(Xr) (or Ar ~ 7(-|Xr) for a
stochastic policy), and receives Ry ~ R(-|Xr, Ar).

Afterward, the agent starts a new episode.”®
How should we evaluate the performance of the agent as a function of the reward
sequence (Ry, Rs, ..., Ry)? A common choice is to compute the sum of rewards:

G 2R +...+ Ry. (1.6)

The r.v. G7™ is called the return of following policy 7. As it is random, its value in each
new episodes would be different (unless the dynamics and policy are deterministic,
and p always selects the same initial state; or other similar cases).

Another choice is to consider the discounted sum of rewards. Given a discount
factor 0 < v < 1, we define the return as

G™ 2 Ry +~vRy+ ... +~7" 'Ry (1.7)

"We could generalize the interaction by allowing P and R to be time-dependent. In that
case, Xyp1 ~ Pi(+| X4, Ar) and Ry ~ R.(:| X4, A¢). Also the policy might be non-stationary 7@ =
(m1,...,mr), so at each time step ¢, the action is selected according to m;. We comment on this
further in Remark 1.2 at the end of this section.

8If the reward R; depended on (X3, A;, X¢11), as opposed to (X¢, A;) that we consider here, the
agent would get to X1 and terminates; it would not require to choose an action at the last step.
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Whenever v < 1, the reward that is received earlier in an episode contributes more
to the return. Or similarly, the contribution of later rewards are discounted and
contribute less (when 7 = 1, there is no discounting, and all rewards contribute
equality). Intuitively, this means that such a definition of return pays more emphasis
on earlier rewards. An everyday example is that we prefer to get a cookie today
instead of tomorrow, and we prefer a cookie tomorrow to a cookie a week later —
assuming that we like cookies after all. How much exactly your preference changes
depends on the value of 7. This is an example of a delayed gratification, which has
been observed in humans. The Marshmallow test is famous example of it.4

The discount factor has a financial interpretation too and is related to the inflation
rate. The inflation is the rise over time in the average price (usually over a large part
of the market, for example, the consumer goods and services). If the price of a
certain set of goods has changed from $1 to $(1 + rateinfiation) next year, the inflation
is ratejfation per year. This means that whenever ratejgation > 0, the value of a
dollar this year is more than a value of dollar next year. So if you have a choice in
receiving a dollar this year or some amount of dollar next year, you need to consider
the inflation rate, and discount the value of dollar next year by v = m Of
course, this is all based on the assumption that you do not have an immediate need
for that dollar, so you can potentially postpone the time you receive it.

The return (1.7) (and (1.6) as a special case) is a random variable. To define a
performance measure that is not random, we compute its expectation. We define

VTi(z) 2 E

Z’VtilRﬂXl = 33] : (1.8)

t=1

This is the expected value of return if the agent starts at state x and follows policy
7. The function V™ : X — R is called the value function of .

More generally, we can define the return from time 7 € {1,..., 7T} until the end
of episode, which is time 7', as

T
GT2> 4R, (1.9)
t=1

And likewise, we define the value function at time 7 to be

VT (z) £ E[GT|X, =1]. (1.10)

T

Clearly, V™ is the same as V™ in (1.8).
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Comparing the expected reward (1.4) and the value function (1.10) is instructive.
We first focus on T'= 1. We get that

VT (z) = E[R)|X, = a].

This is similar to r(z,a) = E[R|X =z, A = a] with the difference that r(z,a) is
conditioned on both x and a, whereas V™ is conditioned on x. The choice of action
a in V™ is governed by the policy 7, and is @ = 7(z) (deterministic) or A ~ 7(-|z)
(stochastic). If we define

r™(z) 2 E[R|X = 7] (1.11)

with A ~ m(-|x), we get that

rt =V,
Of course, this equality is only true for 7' = 1. For T' > 1, V™ captures the long-
term (discounted) average of the rewards, instead of the expected immediate reward
captures by r™.

For T = 1, finding the optimal policy given r(x,a) is easy because we can simply
find the maximizing action, as in (1.5).° Finding the optimal policy given V™ may
seem less straightforward. We need to search over the space of all deterministic or
stochastic policies. For example, if we denote the space of all stochastic policies by

O={r:n(|z) e M(A),Vzr € X}, (1.12)

we need to find
"+ argmax V™.
mell

If we find such a 7%, it is an optimal policy. But how can we solve this optimizatoin
problem when the search is over the large policy space (1.12)?

It turns out that this problem is not too difficult when 7" = 1. As the values of
V™ at two different states z1,2, € X do not have any interaction with each other,
we find the optimal policy at each state separately. Note that for each x € X,

»w@:/n@wmﬂmm:/ﬂmm/n@m@:/ﬂmmmwy

Find a 7(-|«) that maximizes V™ (x) means that

sup /W(da|x)r(x,a). (1.13)

7(-|z)eM(A)

9 Assuming that finding the maximizer is easy. For a finite (and small) action space, it is. But
for a general action spaces, it is not.
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The maximizing distribution concentrates all its mass at the action a* that maximizes
r(x,a), assuming it exists.® Therefore,

*(alz) = §(a — argmaxr(z,ad’)),
a’eA

or equivalently,
7 (x) = argmaxr(z, a),
acA
is an optimal policy at state x.

When T > 1, this argument does not hold anymore and finding the optimal policy
is more difficult. The reason is that the choice of action at each time step affects
the future states, so we have to be careful in choosing the policy. We spend a great
deal of time on algorithms to solving this problem (though not for the finite horizon
problems, but for another type that we shall introduce next).

Remark 1.2. In this section, we described the finite horizon task when the action
is selected by a stationary policy: Ay = w(Xy) or Ay ~ w(|Xy). This is only for
simplicity of exposition. More generally, the policy can be non-stationary, so © =
(71, ...,mr) (Definition 1.2). The definition of the value function (1.8) would be the
same, with the understanding that the selected action at each time step t comes from
policy m. We may occasionally use V™ to emphasize that we are talking about a
non-stationary policy. We also occasionally use m : wp or wi.p to refer to the policy
sequence (my,--- ) and VT or VT to its corresponding policy.

1.3.2 Episodic Tasks

In some scenarios, there is a time 7" that the episode ends (or terminates), but it is
not fixed a priori. For example, think of playing of a board game such as chess (it
ends whenever one side checkmates the other or they reach a draw), moving through
a maze (it ends whenever the agent reaches a goal state), or a robot successfully
picks up an object and places it in another location. For these problems, the episode
terminates whenever the agent reaches a certain state ierminal Within the state space,
that is, it terminates whenever Xr = Zierminal. ' These are called episodic tasks. In
episodic problems, the length of the episode 1" is a random variable. We define the

10Tt might be more intuitive to think about the terminal states Xierminal, instead of a singular
one. Mathematically, it does not matter.

episodic tasks
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return and the value function as before: For 0 < v < 1, we have

T
G"2> 4R, (1.14)

t=1

VT (z) £ E[GT|X; = 7]. (1.15)

If v < 1, these definitions are always well-defined. If v = 1, we need to ensure
that the termination time 7" is finite. Otherwise, the summation might be divergent
(think of the case that that all R; are equal to 1). We do not get into analysis
of episodic problem with v = 1, so we do not get into more detail here anymore.
Refer to Section 2.2 (Stochastic Shortest Path Problems) by Bertsekas and Tsitsiklis
[1996].

Exercise 1.7. Describe several real-world applications that are best modelled as an
episodic task.

Exercise 1.8. Suppose that we want to solve a goal reaching task, as an episodic
task with the choice of v = 1. We formulate it in two different ways. In the first way,
we set the immediate reward —1 whenever we are not at the goal, and 0 whenever
we reach the goal, which is the terminal state too. This encourages the agent to get
to the goal sooner. In the second way, we add a constant reward +1 to the reward
function. So, at all states, the reward is 0, except at the goal/terminal state where
it ws +1. This does not encourage getting to the goal state faster, as a later goal
reaching has the same value as an earlier one. This sounds like a contradiction. A
constant change in the reward function should not change the optimal policy, yet the
intuitive arqgument here indicates that it does. What is happening?

1.3.3 Continuing Tasks

Sometimes the interaction between the agent and its environment does not break into
episodes that terminates. It goes on continually forever. For example, this might
be the case for a life-long robot or a chemical plant that is supposed to work for a
long time. Of course, nothing in real world lasts forever, even the livable universe
itself, so the mathematical framework on continuing tasks is an abstract idealization
of tasks that may take a long time.

Consider the sequence of rewards (Ry, Rs, ... ) generated after the agent starts at
state X7 = x and follows policy 7. Given the discount factor 0 < v < 1, we define
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the return from time 7 forward as

GT2£Y 4R, (1.16)

t>1

We can also define two value functions. One of them is V™ and similar to what we
have seen so far. We call it state-value function or simply value function. Another
one is called the action-value function. Since these are the value functions that we
will use for the rest of the book, we define them formally.

Definition 1.5 (Value Functions). The (state-)value function V™ and the action-
value function Q™ for a policy ™ are defined as follows: Let (Ry;t > 1) be the sequence
of rewards when the process is started from a state Xy (or (Xi, A1) for the action-
value function) drawn from a positive probability distribution over X (or X x A) and
follows the policy m fort > 1 (ort > 2 for the action-value function). Then,

Vi(z) & E Z’ytht|X1:x],
Lt=1

Q" (x,a)

E > VTRIX =2, A =a
t=1

In words, the value function V™ evaluated at state x is the expected discounted
return of following the policy 7 from state x. The other value function is called the
action-value function, and is very useful in our further developments. The action-
value Q™ function evaluated at (z,a) is the expected discounted return when the
agent starts at state x, takes action a, and then follows policy 7. Note than

Vi(x) = E[GT|X = ],
Q" =E[GT|X =2,A=d], (1.17)
by definition.
The action-value function )™ and value function V7™ are closely related. The

difference is that the first action A; in V™ is selected according to 7(-|X7), but the
first action in Q™ (z, a) is the pre-specified action a. So

Vi) =E[Q™(z,A)] = /W(da]a:)Q”(x,a). (1.18)

Ify=0,Q™ =E[R|X; = x, A; = a]. This is the same as the expected immediate
reward r(z,a). The same way that we could easily compute the optimal action using

action-value
function
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r(x,a) in the finite-horizon problem with 7" = 1, we shall see that we can use the
action-value function of the optimal policy, which shall be defined soon in Section 1.4,
in order to easily compute the optimal policy.

Note that an episodic task can be seen as a continuing task with a special state
Tterminal from which the agent cannot escape and it always gets a reward of zero, i.e.,

7D(xterminal|:Cterminada (l) - 17 Va - ./4
7—\)’(T|517t;erminala a) - (5(7’), Va € A.

Exercise 1.9. Describe several real-world applications that are best modelled as a
continuing task.

Exercise 1.10. Consider the MDP in Ezercise 1.1. Compute the value function V™
for the discount factors v = {0,0.5,0.9}.

Exercise 1.11. Consider a set of states x1,xs,...,xn. The agent has two actions
arere and arigne. Whenever the agent chooses action arigne at state x;, it goes to state
Zit1, unless i = N, in which case it stays there. Similarly for aj.s, except that it
moves to x;_1, unless © = 1, in which case it stays there. The reward function is
0 everywhere except at state xn, in which it is r(xn) = +1, and x1, in which it is
r(z1) = —1. Suppose that v = 1.

o What are P(-|-; arerr) and P(|; aright) ? The answers should be an N X N matriz.
o Consider wier, which always chooses action aper. What are VLeft and Q7teft ¢
e Answer the previous question for Tgight.

e Consider policy Tyniform, Which at each state, chooses each action with the same
probability of % What are V7 uniferm qp,d ()7 niform 2

1.4 Optimal Policy and Optimal Value Function

What does it mean for an agent to act optimally? To start thinking about this
question, let us first think about how we can compare two policies © and «’. For
the moment, we can assume that they are Markov stationary policies, so the action
selection is based on A; ~ 7(+|X}), and not, for example, A; ~ 7(-| Xy, X1, Xi—o,...)
or Ay ~ m(-|X;). We say that 7 is better than or equal to 7’ (i.e., 7 > =) iff
V™(z) > V™ (z) for all states 2 € X.'' This is shown in Figure 1.2. We also use a

' This is a partial order relationship. It is possible that for two policies, none of them is better
than the other one.
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\ V¥ (=V")

A~

Figure 1.2: For any policy 7, we have that V™ > V™. Here the values V™ and V™
of two sub-optimal policies m; and m, are shown.

strict inequality 7 > 7/ if V™(x) > V™ (z) for all states + € X and there exists at
least a single state ' € X’ such that the inequality is strict, that is V7 (2') > V™ (/).

If we can find a policy 7* that satisfies 7* > 7 for any 7, we call it an optimal
policy. There may be more than one optimal policy. Despite that, their values should
be the same, i.e., if we have two different 7} and 73, we have V™1 (x) > V™ (x) and
V™ (x) < V™2 (x) for all # € X, which entails that V™ = V7™,

If we denote II as the space of all stationary Markov polices, the goal of finding
an optimal policy can be written down as the following optimization problem:

" < argmax V", (1.19)
mell
where one of the maximizers is selected in an arbitrary way. The value function of
this policy is the called the optimal value function, and is denoted by V™ or simply
V*. We can also define the optimal policy based on Q7 i.e.,
" < argmax Q. (1.20)
mell
The optimal action-value function is denoted by Q™ or Q*.

For the immediate reward maximization problem (or equivalently, when 7" = 1
for a finite horizon problem), the solution was easy to find, see (1.5) and (1.13). It is
not obvious, however, that such a policy exists for the continuing discounted tasks.
It might be the case that no single policy can dominate (that is, being better than)
all others for all states. For example, it is imaginable that at best we can only hope
to find a 7* that is better than any other policy 7w only on a proper subset of X,
which perhaps depends on 7, but not at all states in X.
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It is also not obvious why we should focus on stationary policies. Isn’t it possible
to have a policy ™ = {my, m, ...} that depends on the time step and acts better than
any stationary policy 7 = {m,m,...}7

Even if we find satisfactory answers to these questions, a more pragmatic question
remains: Suppose that we know the MDP, which means that we know P and R?
How can we can compute 7*7

And even more interesting question is how we can learn 7*, or a close approxima-
tion thereof, without actually knowing the MDP, but only by using samples coming
from the interaction of the agent with the MDP. This is the RL problem.

And even more interesting is the question of how we can learn 7*, or a close
approximation thereof, without actually knowing the MDP, but only have samples
coming from interacting with the MDP.

We study the question about the existence and properties of the optimal policy
in Chapter 2. The short answer is that for continuing discounted problems, the
optimal policy is indeed a stationary Markov policy. Moreover, we can always find
a deterministic optimal policy too.

Chapter 3 introduces several methods for computing the optimal policy given a
known model P and R. We study some of their properties, and prove their conver-
gence to the optimal policy. We call the setting when the model is known as the
planning setting, and the corresponding methods are called Planning algorithms.

When we do not know P or R, we are in the reinforcement learning setting. In
that setting, we do not have a direct access to the model, but instead we can only
interact with the MDP by selecting action A; at state X, and getting a reward R; ~
R(:|X¢, A;) and going to the next state X;.; according to the transition probability
kernel. It turns out that many of the planning algorithms can be modified to become
a learning algorithm. Therefore, it is good to get a good grasp of planning algorithms
first instead of delving into RL from the beginning. We introduce and analyze some
methods for solving RL problems in Chapter 4. The focus of that chapter is on the
RL problems with finite state and action spaces. We turn to problems with large
state and action spaces (e.g., when X is a subset of R%) in Chapter 5. 2

1.5 An Instance of an RL Algorithm: Q-Learning

It takes a while before we get into the detail of any RL algorithm, so it is good to see
an example of such an algorithm before starting our excursion into the properties of

12The detail of chapter information will be determined later.
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Algorithm 1.1 Q-Learning (Simplified)

Require: Step size update rule a € (0, 1]
1: Initialize @ : X x A — R arbitrary, except that for Zierminal, et Q(Zterminal, ©) = 0.
2: for each episode do
3: Initialize X; ~ p

4: for each step t of episode do

5: Ay ~ (1| Xy), > Action selection

6: Take action A;, observe X;,; and R, > The environment chooses
X1 ~  P(|Xy, A)  and
Rt ~ R(|Xt, At>

T QX1 Ar) + Q(Xi, Ap) + a[Ry + ymaxpea Q(Xiy1,a') — Q(Xy, Ay)]. >

Q-Learning Update Rule
8: end for
9: end for

MDPs (Chapter 2) and the planning methods (Chapter 3) until we finally get to RL
algorithms in Chapter 4.

Q-Learning (Algorithm 1.1) is the quintessential RL algorithm, introduced by
Christopher Watkins [Watkins, 1989, Chapter 7 — Primitive Learning]. Q-Learning
itself is an example of the Temporal Difference (TD) learning [Sutton, 1988].

The choice of policy 7 in Line 1.1.5 is not specified. The Q-Learning algorithm
can work with variety of choices for 7. A common choice is to use the e-greedy policy.
The e-greedy policy 7.(Q) for an 0 < e < 1 chooses the action as follows: Given the
current estimate of the action-value function @), it chooses the action that maximizes
the action-value function at the current state X; with probability 1 — ¢, and chooses
a (possibly uniformly) random action with probability . Mathematically,

4o {argmaXaeA Q(Xi,a) wp. 1—e¢ (1.21)

uniform(.A) W.p. €

Usually the value of ¢ is small and may go to zero as the agent learns more about
its environment. This occasional random choice of actions ensures that the agent
explores its environment. Studying exploration is the subject of Chapter ?77.

The update rule for Q-Learning is Line 1.1.7. We notice that it does not directly
use the model P or R, but uses the tuple (X;, A;, Ry, Xy11) in order to update the
action-value function Q).

Under certain conditions, the Q-Learning algorithm is guaranteed to converge to
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the optimal action-value function Q*.!* As we shall see later, we can use Q* to find
the optimal policy 7*. We shall try to understand why this is the case in the next
few chapters.

Exercise 1.12 (Programming). Implement the Q-Learning algorithm (Algorithm 1.1),
and try it for the deterministic MDP described in Exercise 1.11. As that is a continu-

ing task, the episode does not end. You can let the algorithm run for different number

of steps, for example, 1000, 10000, and 100000. Answer the following questions for

each different number of steps.

e Plot Q(a aLeft) and Q(7 aRight)~

o For which states Q(-, aLer) is larger than Q(-, agignt) ¢ How do you interpret it?

1.6 A Few Remarks on the MDP Assumption

Before finishing this chapter, we have several remarks about the MDP assumption.
Specifically, we ask the following questions:

e What is the state variable?

e Where does the reward signal come from?

Although most of our focus in this book will be on methods to design an RL agent,
assuming that the MDP is given to us, thinking about these questions is nonetheless
important for any RL practitioner and researcher.!4

1.6.1 On State

Perhaps the most crucial remark on the MDP assumption is the definition of state.
What is a state? Is any variable that the agent observes a state? The way we use
the state here is that the state of the agent at time ¢ is a variable that summarizes
whatever has happened to the agent up to that time step, that is, its history. Knowing
the state is enough to know (probabilistically) what will happen to the agent in the
future. In other words, the state is a sufficient statistic of the history.

13For convergence of the Q-Learning algorithm, the step size should gradually converge to zero.
We skip these detail here.
14 And perhaps we expand on these in a future edition of this book.
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To make this more clear, let us introduce another concept called observation.
An observation Oy is the variable that the agent actually observes using its various
sensors. For example, it might be the camera input for the robot agent, or the tem-
perature and blood pressure for the medical agent. The observation alone may not
be sufficient to know “everything” that we could know about the agent given the
information so far. For example, by only having an access to the current camera im-
age, we do not know whether the robot is moving forward or backward or something
is getting close or far from it (as the velocity information cannot be inferred from the
position information alone). Or as another example, if the agent can only observe the
blood pressure and heart rate at the moment, we cannot know everything that could
be known about the patient, for example, whether the heart rate and blood pressure
is suddenly spiking up or they have been up for a long time. The information might
be there, if we looked at the previous observations.

Whatever has happened to the agent up to time ¢ is in its history H,; variable

Ht = (017A17 R17 ey OtflaAtthtfl)Ot»

The history H; summarizes whatever has happened to the agent up to time t.
Given H;, we can inquire about the probability distribution

P{Oss1|Hy, Ar}

This is all we can hope to know about the future, given the information that we
have. Now, if we do not look at H;, but only look at the current observation O;, we
can still form P{O;;1|0;, A}, but it has more “uncertainty” about the probability
of O;y1. We are losing information by not looking at H,.

The variable H; is a state of the agent at time t. But it is not a compact one,
as its size gradually increases.'® If it happens that we can find another variable X,
which is a function of H; but perhaps of a compact form, that satisfies

P{Ot+1|Hta At} =P {Ot+1|Xt7 At} 5

we can replace H; with X;. This X; is the state of the system in the sense described
above. In the rest of the book, we assume that the agent has access to such a state
variable.
Finding such a summary is not always complicated. Consider a dynamical system
described by equation
241 = f(Zt, at)v

15We do not use “compact” in the formal sense used in topology, but in an informal sense
meaning being concise.

history
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where z € R™, a € R”, and f : R™ x R" — R™. This is the same dynamics we
encountered before (1.1).

Suppose that the observation is 0o, = z;. In this case, we do not need to keep
hy = (z1,a1,...,2-1,a:-1,%) as a state of the system; the observation o, alone
is enough to know whatever has happened to the system up to time . We can
disregard z;_1,a;_1, 22, etc. Now suppose that the observation is o, = g(z;) with
g : R™ — RY In this case, depending on the function ¢, the observation o, may or
may not be a state. For example, if g is not a bijection (one-to-one correspondence),
it is likely that we lose o having a property of being a state. However it may be
possible that we can still process h; and find a compact representation x; that is a
state of the agent.

Most (all?) physical systems can be written by an equation similar to (1.1).'6 If
we have such a description of the dynamics, the state is often clear as long as we
observe the right variable.

Exercise 1.13. A ball is free falling under the FEarth’s gravity. The state is the
vector described by its location x(t) and velocity v(t) = @(t). If we only observe x(t),
that is not enough to know the (physical) state of the ball. How can you estimate the
state using only the location information?

Exercise 1.14. In Atari games, a single frame is not a state of the agent. Ezxplain
why.

Exercise 1.15. We just claimed that P{Oy1|O:, At} has more uncertainty than
P{Ot+1|Ht,At}.

e Formalize this claim. (Hint: Take a look at Appendiz A.7.)

e Prove it.

1.6.2 On Reward

How do we determine the reward signal R;? The reward signal encodes the desire of
the problem designer, so it is a part of the problem specification. Therefore, how to
come up with a reward signal is a separate question from how to solve the planning
or learning problem. In practice, however, when an agent designer wants to design
the whole system, they have to both choose the learning algorithm as well as design a

16To be more accurate, almost all physical systems are written in the form of a differential

equation, so we have i—f(t) = f(zt,a:) instead. But this is not a crucial difference here.
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good reward signal to specify the task. Depending on the task, designing the reward
signal can be easy or difficult. Let us briefly comment on it.

In some tasks, the reward function is relatively easy to define. For example, in
control engineering, one is often interested in ensuring that the state of a system,
described by a dynamical system such as (1.1), reaches a predefined state as quick
as possible. For example, if the desired state is state x = 0, the reward might be
defined as

Ro= — | X2,

This, however, ignores the cost associated with the choice of actions. To incorporate
that cost, we can define the reward as

Ry =— [HXtHg + Ca HAt“;] )

for some ¢, > 0. This is known as the quadratic cost model in control engineering.

For some other problems, the reward might be defined at a higher and more ab-
stract level. For instance, in the robot manipulator in an automobile factor example
mentioned earlier in this chapter, the reward might be defined as successfully build-
ing a car according to the desired specifications. Whenever such a car is successfully
built, the agent receives a reward of +1, and at other times, it receives a reward
of 0. This is a valid definition for the reward, but since the reward is extremely
sparse, in the sense that the agent does not receive a non-zero reward very often,
the RL agent might have difficulty learning how to the problem. To see this, when
the agent has just begun learning, the chance of successfully solving the task, and
receiving a non-zero reward, is very slim. When the agent only receives zero reward,
it cannot learn much. More concretely, consider what happens to an agent using
the Q-Learning algorithm (Algorithm 1.1) when the reward R; is equal to zero. The
update rule for the action-value function would be

Q(Xy, Ap) +—Q(Xy, Ay) +a |0+ 72{12% Q(Xip1,d") — Q(Xy, Ay)

= (1 - )Q(Xs, Ap) + ay max Q(Xyy1,0d").

If the @ function is initialized as any constant function (zero, for example), as long
as the agent has not received any non-zero Ry, the right-hand side (RHS) is equal to
the same constant function — the action-value function does not change. No change
in the value function shows that the agent does not learn anything.

This is an extreme example to show that the sparse reward might cause diffi-
culty in learning, even though from the goal specification standpoint, the reward is
correctly specified.
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As another example, consider the smart HVAC system that optimizes the comfort
of the occupants. For that problem, the reward might be directly provided by the
occupant of the space, given in the form of occasional voice feedback about their
level of comfort.

Sometimes we can avoid directly specifying the reward function, but instead try
to infer it from other information available to the agent.

One approach is to assume that we have access to an expert who knows how to
solve the problem, and we can observe their behaviour. The goal is then to find a
reward function whose optimal policy leads to a behaviour similar to the expert’s.
This is called the inverse reinforcement learning problem.

The expert data can be in the form of observing the set of states and actions the
expert has selected, or only the set of states the behaviour of the expert generated.
As a concrete example, consider that the expert has a policy mg, which is unavailable
to the agent. The expert follows policy g in an environment with the transition

dynamics P. As a result, a sequence of data in the form of XF AF XE AL . is
generated. Assume that the agent can only observe the states of the expert, and not
its actions: X, X%, ... (observing the actions is also a possible setup of IRL). The

goal of the IRL problem is to find the reward distribution R such that the optimal
policy 7* (P, R) leads to a similar distribution of states as X{', X¥ .... Different IRL
methods use different notions of similarity and take different approaches to compute
this unobserved reward distribution. f

Instead of providing a scalar reward, we may provide the agent with our prefer-
ence over its choice of actions or induced trajectory. This is called preference-based
reinforcement learning. In one approach to this problem, we first learn a scalar re-
ward model that conforming to the preferences, and then use a regular RL algorithm
to optimize using this learned reward model instead. The preference-based RL ap-
proach in the context of training and aligning the Large Language Models (LLM)
with human preferences has attracted much attention under the name of RL from
Human Feedback (RLHF) in recent years.®

Finally, we would like to remark that in biological animals, the reward signal has
not been designed, but has been evolved. Their reward mechanism has been evolved
so that the chance of survival and successful reproduction increases. Other than a
few exceptions, the RL community does not tend to combine evolution of rewards
and a learning-based RL algorithm."

Throughout this course, we assume that the reward signal is given, but we note
that much research has been done in how to specify reward.

In biological systems, however, the reward signal has not been designed, but has
been evolved. The reward mechanism of animals has been evolved so that the chance
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of survival and successful reproduction increases. Throughout this course, we assume
that the reward signal is given, but we note that much research has been done in
how to specify reward. !

1.6.3 On Time

A modelling assumption of the MDP model is that the agent makes decision on its
actions at regular time steps 1,2,.... What does time actually mean here?

For certain problems, such as board games, the meaning of these decision times is
clear: each decision time corresponds to a move of a piece on a chess board. In those
problems, the notion of time is abstract and corresponds to the number of steps the
game is played.

For an agent living in a physical world such as a robot, or a simulation thereof,
the correspondence is usually through a discretization of the continuous flow of time.
Each decision time ¢t = 1,2,... correspond to the physical time t = tAt, where At
is the discretization resolution. For some tasks, such a control of a robot, the dis-
cretization resolution might be in the order of milliseconds, while for a slower process
such as the temperature of a room in the smart HVAC problem, the discretization
resolution might be in the order of minutes.

1.7 Applications of Reinforcement Learning

Chapter Summary

Summarize the main points that the reader needs to remember from this chap-
ter.

Notes and Remarks

a Relevant citations: Farahmand et al. [2016, 2017]; Pan et al. [2018]. More by others?

b The viewpoint of an animal as the nexus of causal pathways is from Chapter 5 (The
Origin of Subjects) of Godfrey-Smith [2020]. T include it because I believe it is a
good metaphor on what an intelligent being is, no matter biological or artificial. Of
course, it is not a mathematically rigorous definition of what an animal is, and should
not be interpreted as such.
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¢ Designing a reward function that reflects our intended goals clearly is not always
easy. This is the problem of agent alignment and is a subject of active research
in the AI safety community. . If the animal is evolved, however, the problem of
designing a proper reward function is taken care of by the evolutionary process: if
the reward function does not lead to successful reproduction, the genes that encode
that animal, and its reward function, will not survive for long.

d The original Stanford Marshmallow test is conducted by Mischel et al. [1972]. Tt
appears that the discounting model of humans is better modelled by a hyperbolic
model, instead of the geometric one. In that model, the influence of reward received

after time ¢ is 1413\1:7 instead of 4'R;, which we consider here. It also seems that

humans have a relatively stable discounting parameters [Kirby, 2009]. The neural
correlates of this discounting has also been studied, for example, by Casey et al.

[2011].

e The assumption that the maximizer exists is technical, and may appear when the
maximizing action does not belong to the action set. As an example, suppose that
the state space is X = R and the action set is A = (—1,+1), an open set. If the
reward function is 7(x,a) = —(x — a)?, the maximizing action depends on whether
x € (—1,41) or outside it. If it is inside, the optimal action is to choose a being
equal to x. But when x is outside that set, the optimal action is to be as close as +1
(for > 1) or as close as —1 (for x < —1). But since the maximizing action cannot
be realized within the action set, we can choose an action that is arbitrary close to
+1 or —1.

f Some relevant papers for inverse RL are Russell [1998]; Ng et al. [2000]; Ramachan-
dran and Amir [2007]; Ziebart et al. [2013]; Huang et al. [2015].

g Wirth et al. [2017] survey preference-based RL just before the recent surge of interest
in RL from Human Feedback (RLHF). Some related papers directly related to RLHF
are Wirth et al. [2017]; Christiano et al. [2017]; Ouyang et al. [2022]; Gheshlaghi Azar
et al. [2024].

h What are good papers for this? Singh et al. has “Where Do Rewards Come From?”,
which seems relevant. And also “Intrinsically Motivated Reinforcement Learning: An
Evolutionary Perspective” from Singh et al. I did some research about it during my
MS (2003 or 2004), but unfortunately I didn’t publish.
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i There are several approaches to define or design a reward signal. In one approach,
we assume that we have access to an expert who knows how to solve the problem,
and we can observe their behaviour. The goal is then to find a reward function whose
optimal policy leads to a behaviour similar to the expert’s. This is called inverse
reinforcement learning problem [Russell, 1998; Ng et al., 2000; Ziebart et al., 2013;
Huang et al., 2015]. An active area of research is to convert the preference of For
example, one may try to convert the preference of humans into reward function. |,
for example, in order to capture human We should mention that there has been work
in evolving the reward signal itself.






Chapter 2

Structural Properties of Markov
Decision Processes

Chapter Introduction

We get deeper into the MDPs and talk about some of their important aspects
and properties. We talk about the Bellman Equations (Section 2.1), which
are equations encoding the recursive structure of the value function, and the
Bellman Operators (Section 2.3), which are convenient mathematical objects
to talk about that recursive structure in a compact way. We discuss two
important properties of the Bellman operators in Section 2.4: monotonicity
and contraction. These properties allow us to prove that the solution of the
Bellman equation is unique and that the stationary policies are enough to
represent the optimal policy for an MDP.

By the end of this chapter, at the very least, you need to remember Bellman
Equation, Bellman Operator, Greedy Policy, Banach Fixed Point theorem.
You need to understand what do Bellman equation encode and why do we use
them? and What do contraction and monotonicity mean?. And you need to
be able to comfortably apply the contraction property.

In this chapter we study some important properties of the value function V™ and

Q™ of a policy 7, the optimal value functions V* and Q*, and the optimal policy
7" itself.! We also introduce the Bellman operators and study their properties such
as monotonicity and contraction. What these mean will become clear soon. These
properties are important for the planning and learning methods that we will develop

!Chapter’s Version: 0.15 (2025 August 2).
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in later chapters. Here, we focus on the discounted continuing tasks.

2.1 Bellman Equations

The value functions satisfy a certain recursive structure, which is described by the so-
called Bellman equations. These equations, derived in this section, regularly appear
whenever we talk about value functions.

2.1.1 Bellman Equations for Value Functions of a Policy

Consider a sequence of rewards R, Rs, ... obtained by following a policy 7. Recall
that the return G™ (1.16) is a r.v. defined as

G7 £ 'Ry

k>t
Comparing G and G7, ;, we observe that
Gf = Ry + G, ;. (2.1)

This shows that the return at the current time is equal to the reward at time ¢
plus the discounted return at the next time step. This recursive structure is very
important in MDPs, and many Planning and RL algorithms benefit from it. Let us
take a closer look at the return and its recursive property.

When the agent is at a particular state x at time ¢, it chooses A; ~ m(-|X¢). The
action is, in general, a random variable. The next-state X, ;1 ~ P(-| X}, A;) and the
reward R; ~ R(:| Xy, A;) are r.v. too. Continuing this process, we get a sequence of
rewards, which define return G}, which would be a r.v. in general.

Now suppose that the exact same agent restarts at state x and follows the same
policy 7. This time the draws of r.v. would be different, which means that the agent
chooses different Aj, next-state X/, reward R;, etc. The resulting return G’} takes a
different value than GT. Its distribution, however, is the same. This means that their
expectation, which is the value function at state x (see Definition 1.5 and (1.17)), is
the same. By computing the expected value of the return, we can reveal an important
recursive property of the value function V™. For any state z € X, we have

Vi(z) = E[G] | Xy = 2]
=E[R +G}, | X; = 2]
=E[R(X;, A) | Xy = 2] +E [Gfﬂ | X = x}
=r"(x) + VB[V (X)) | Xo = ], (2.2)
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where in the first equality, we simply substituted the definition of the value function
(Definition 1.5); we used the recursive property of the return (2.1) in the second
equality; and used the definition of the expected reward while choosing action ac-
cording to 7 in the last one (1.11).

This equation is similar to (2.1) with some similarities and differences. In both,
a measure of the performance of the agent at two consecutive times steps are related
to each other. In (2.1), the performance measure is the return G™, whereas in (2.2),
the performance measure is the value function V™ itself. Another difference is that
both sides of G} = R, 4+ vGT,, are random, but neither sides of V7™(z) = r"(x) +
YE [V™(Xi41) | X¢ = 2] are random.

Let us pay attention to the E[V™(X;41) | X; = 2] term. This is the expected
value of the value function V7™(X;,;) when the agent is at state x at time ¢, chooses
action A ~ m(-|x), and gets to state X;;1. We expand it to get

EVT(Xi) | Xe =2] = /P(dx’|x,a)w(da|x)V”(m’).

Likewise, for countable state-action spaces, we have

E[V™(Xy1) | X, =] = ZP |, a)m(alz) V7 (2)).

Therefore, we get that for any = € X, it holds that
VT(x) =r"(z) + W/P(dx’\x, a)w(dal|z)V™(2'). (2.3)

This is known as the Bellman equation for a policy w. Using the notation of P~
(Definition 1.3), we can also write it as

V() =r"(x) + 7/PW(dm'|x)V”(x').

The Bellman equation allows us to interpret the value function V™ as follows: The
value of following a policy 7 starting from the state x is the reward that a m-following
agent receives at that state plus the discounted expected (average) value that the
agent receives at the next-state.

The Bellman equation gives us an interpretation of the value function V™: The
value of following a policy 7 starting from the state = is the reward that the agent
receives at that state plus the discounted average (expected) value that the agent
receives at the next-state that is generated by following policy .

Bellman
tion

equa-
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We can also write the Bellman equation more compactly, using the notation of
Definition 1.4:

VT =7r" 4+ yPTV". (2.4)

These are all known as the Bellman equation for a policy w. Note that it defines
a linear system of equations in V™. We will later show that the only V' that satisfies
this equation is V™, i.e., if we find a V' such that V' = r™+~P™V, that V is necessarily
the same as V7™, the value function of a policy .

The action-value function Q)™ also satisfies a Bellman equation:

Q™ (z,a) =r(z,a)+ ’y/'P(dx’|x, a)V™(z") (2.5)
=r(z,a) + v/P(dx’|$, a)w(dd'|2"YQ™ («', d), (2.6)
or more compactly,

Q" =r+PVT, (2.7)

with the understanding that V™ and Q™ are related as V™(z) = [ n(dalz)Q"(z, a),
see (1.18). The difference with the Bellman equation for V7 is that the choice of
action at the first time step is pre-specified, instead of being selected by policy .

2.1.1.1 Value Function and the Discounted Future-State Distribution

The Bellman equation (2.4) can also be written as (I —yP™)V™ = r7, after rear-
rangement. The operator (mapping) (I — yP7) is invertible, as we shall see in the
proof of Proposition 2.8, so we can write

VT = (I—~P") . (2.8)

This means that the value function of a policy 7 is the effect of the operator (I —
yP™)~! applied to the function ™. The inverse (I —yP™)~! can be expanded as the
sequence .-, 7' (P7)", using Lemma A.2 in Appendix A.4. Therefore, we get

VT = A (P (2.9)

>0

This has an intuitive interpretation. Recall that (P™)! is the probability transition

kernel of following 7 for ¢ time steps (Definition 1.3), so (P™)!r™ (Definition 1.4) is
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the expected value of reward r™ after following 7 for ¢ steps. The RHS of (2.9) is the
discounted summation of all these rewards obtained at ¢-steps. Not surprisingly, this
is the same as the definition of the value function V7™ (z) = E[Y 72, 7" 1R X, = z]
(Definition 1.5).

The form (2.8) is a good gateway to introduce the discounted future-state distri-
bution pl. For a state x € X, pI(-[r) € M(X) defines a probability distribution over
the state space as

(1) = py (s PT) £ (L=9) Y AP (fast) = (L=7) Y7 (PT)([1).  (2.10)

t>0 +>0

This probability distribution is a mixture distribution consisting of ¢-step transition
kernels P (-|z;t), with each term weighted according to (1 — )7'. Using the same
(I—4P™)~t =3",207"P™, which we used to related (2.8) and (2.9), this distribution
can also be written compactly as

pr = (1—~)I-P7)". (2.11)

One interpretation of the distribution p7(-|x) is that the agent starts from state
x and at each time step, it decides to follow 7 for another step with probability ~ or
terminates the episode altogether with probability 1 — . To follow ¢ steps without
interruptions, the agent should choose to keep following 7w for ¢ consecutive steps,
hence the proportionality to v* weighting. We have the 1 — « factor to ensure that
this probability distribution is properly normalized. One can verify that pZ(-|x) is a
valid probability distribution, e.g., pZ(X|r) = 1.

The relevance of this distribution becomes clear by noting that the RHS of (2.9)
is D0V (PT)]r™ = ﬁpgr”. Or in an expanded form, the value function at state
x is

Vi(z)=E ZthAXO = x] = thE [R| Xo = x| = Zf/?”(dxﬂx;t)r”(x')
>0 >0 >0
1 s ™ 1 ™
— i Pl (da'|x)r™(2) = :Exprg(.m (X)) .

That is, the value function at a state x is the expected reward when X’ is distributed
according to pZ(-|z). More compactly, this can be written as

1
VT =——plr". (2.12)
-

discounted
future-state
distribution
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Exercise 2.1. Describe a situation when the return G, starting from the same state
x, would always be the same.

Exercise 2.2. What is the interpretation of Q™ (x,a) based on the Bellman equation?

Exercise 2.3. Write down the Bellman equation for a deterministic policy w: X —

A.

Exercise 2.4. Write down the Bellman equation for a deterministic dynamical sys-
tem (xi1 = f(xy,a;) — see Example 1.2) and deterministic policy m: X — A.

Exercise 2.5. Write down the Bellman equation for the MDP of Ezercise 1.1.

2.1.2 Bellman Equations for Optimal Value Functions

Recall that the optimal policy 7* is a policy that satisfies 7 > 7 for any (stationary
Markov) policy 7. Based on this definition, it satisfies (cf. (1.19))

7" < argmax V",
mell

Given an optimal policy, the optimal value function would be V™" .2

Does the optimal value function V™ satisfy a recursive relation similar to the
Bellman equation for a policy 7 (2.3)? It certainly satisfies the Bellman equation for
policy 7*, that is,

VTr* — T7r* + ,YPTr* VT(*,

like any other policy. But can we find an equation for V™ that does not explicitly
refer to 7*7 It turns out that we actually can. We should proceed carefully in our
claims.

First, we claim that there exists a unique value function V* that satisfies the
following equation: For any x € X', we have

acA

V*(z) = max {r(x, a) + / P(da’|, a)V*(:L")} . (2.13)

This equation is called the Bellman optimality equation for the value function. We

2Here we restricted the search of the policy to the space of stationary policies. We discussed
in Section 1.4 that it is imaginable that one can find a non-stationary policy that is better than
this stationary optimal policy. In that case, calling such a policy an “optimal” one would be
questionable. Nevertheless, we should not worry about it as one can show that for discounted
continuing MDPs, we can find a stationary policy that is optimal within the space of all stationary
and non-stationary policies. We discuss this in detail in Section 2.5.3.1.
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prove the existence and uniqueness of V* later in this chapter (Proposition 2.5 in
Section 2.5.1). This claim alone, however, does not show that this V* is the same as
V™ . They could be different.

The second claim is that V* is indeed the same as V™, the optimal value function
when 7 is restricted to be within the space of stationary policies (Proposition 2.9
in Section 2.5.3). This claim alone, however, does not preclude the possibility that
we can find an ever more performant policy by going beyond the space of stationary
policies.

The third claim is that for discounted continuing MDPs, we can always find a
stationary policy that is optimal within the space of all stationary and non-stationary
policies (Proposition 2.10 in Section 2.5.3.1).

These three claims together show that the Bellman optimality equation (2.13)
reveals the recursive structure of the optimal value function V* = V™ . There is no
policy, stationary or non-stationary, with a value function better than V*, for the
class of discounted continuing MDPs. This is very reassuring because by finding V*,
through solving (2.13), we can find the value function of the optimal policy.

We do not discuss how to solve the Bellman optimality equation in this chapter,
but we develop the foundation needed for solving that equation. Finding the solution
itself will be the subject of Chapter 3, in the case the MDP is known (planning),
and the chapters afterwards, in the case when the agent can only interact with the
environment (reinforcement learning). In the rest of this book, we often use V* to
refer to the optimal value function, unless we want to emphasize its dependence on
the optimal policy, in which case we use V7 .

Bellman Equations for Optimal Action-Value Functions

To define the optimal state-value function, we started from the relation that = > «’
iff for all states » € X', we have V™(x) > V™ (z). This relation could also be defined
based on the action-value functions. That is, we could say that = > #’ iff for all
state-actions (r,a) € X x A, we have Q(x,a) > Q™ (x,a). This would allow us to
define
g < argmax Q"
mell

as we did earlier in (1.20). This can be contrasted with the solution of (1.19), which
for now we denote as 7y, to emphasize its being a maximizer of V™.

What is the relation between 7y, and 75,7 Do they have the same value function?
If they do, it shows that it does not matter whether we optimize V™ or Q™ to find the
optimal policy. If they do not, that will undermine the relevance of the action-value
function.
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Fortunately, it turns out that they lead to the same value function. To understand
this better, recall from Section 1.4 that we use V™ > V™ as a short form for V™ (x) >
V™ (z) for all x € X; similarly, we use Q™ > Q™ as a short form for Q™(z,a) >
Q™ (x,a) for all (z,a) € X. We use strict inequality V™ > V™ when there is at least
a single state 2’ where V7™ (z) > V™ (x); similarly, we use Q™ > Q™ when there is a
single state-action pair (2',a’) for which Q™ (', a’) > Q™ (', ).

The following proposition shows that one of these relations implies the other one.

Proposition 2.1. Given two policies m, 7', V™ > V™ = Q™ > Q" and V™ >
VT = Q" > Q.

Proof. Suppose that V7™(z) > V™ (z) for all z € X. We write the action-value
functions Q™ and Q™ in terms of the value function V™ and V™ using (2.5). For any
(x,a) € X, we have

Q™ (x,a) =r(z,a) + V/P(dx'hﬁ, a)V™(dz")
> r(z,a) + W/P(dx’|x, a)V™ (dz') = Q" (z, a).

So whenever V™ (z) > V™ (z), we also have Q™(z,a) > Q™ (2, a).

For the strict inequality, the proof is essentially the same. A subtle point worth
paying attention is that the strict inequality holds only for those state-action pairs
(2, a) such that the support of P(-|z, a) overlaps with X’ = {2’ : V™(z') > V™ (2/) }.

O

The direction of this relationship is only one way: we have V7" > V™ = Q™ > Q™ ,
but Q™ > Q™ % V7™ > V™. Despite this, when we talk about the optimal policies Ty
and 77, which satisfy V™ > V™ and Q™2 > Q™ for any policy ' by the definition of
optimality, we are in a favourable situation that they have the same value function,
as the next result shows.

Proposition 2.2. Let 7y, < argmaz,cq V"™ and 75 < argmaz,c; Q. We have
VT =V,

Proof. We prove this result by showing that V™ > V™ and V™ < V™, which
together imply that V™ = V™. We prove two statements:
Statement a) For all = € X, we have V™ (z) > V™(x).

This is the consequence of 7§, being the maximizer 7y, < argmax_ . V7". This
means that V™ = max,cn V™ > V™, for any policy 7', including 7’ = 7. Therefore,
V™ (x) > V™e(x) for any z € X.



2.1. BELLMAN EQUATIONS 41

Statement b) For all z € X, we have V™ (z) < V™ (z).
First note that by the maximizer proper of 77, we have Q™ = max,e Q" > Q™
for any policy 7/, including 7’ = 7j,. Therefore,

Q" (x,a) > Q™ (z,a),

for all (z,a) € X x A.

For the moment assume that V™ > V™, that is, the value function of the optimal
policy 7}, obtained by maximizing V7" is strictly better than the value function of
the optimal policy 7, obtained by maximizing Q™. We use Proposition 2.1 with
the choice of 7 = 7}, and 7’ = 77, to get that if V™ > V™, we also have Q™ >
Q™. Under this assumption, there exists an (z,a) € X x A such that Q™ (z,a) >
Q™ (x,a). These two statements about the order of Q™ (z,a) and Q™ (x,a) show
that there exists an (z,a) € X x A in which

Qﬂé(m, a) > Q”?k/(x7 a) > Q”*Q(m, a).

This is impossible, so the statement V™ > V™ is not true. Hence, there does not
exist an x € X with V™V (z) > V™@(x). This is logically the same as stating that for
all z € X, we have V™ (z) < V™@(x). This is Statement (b).

The consequence of Statements (a) and (b) is that for all x € X, we have
V™ (x) = V™ (z), which is the desired conclusion. O

The result is that we can define the optimal policy as the one that satisfies
T < argmax, . Q" or the one that satisfies 7* < argmax_ . V", and they both
have the same value function.

We have the Bellman optimality equation for the action-value functions, similar
to (2.13). For any (z,a) € X x A,

Q*(x,a) =r(z,a) + v/P(dx']x, a) max Q* (2, d). (2.14)

Similar to V*, it can be shown that such a @* exists and is unique. Moreover, the
relation of the solution Q* of this equation and the action-value function Q™ of the
optimal policy is the same as the relation of V* and V™ : we have that Q* = Q™ .

Exercise 2.6 (xx). Show that the other direction of Proposition 2.1 does not hold.
That is, if for two policies m and 7' we have Q™ > Q™ , we may not have V7 > V™.
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2.2 From Optimal Value Function to Optimal
Policy through Greedy Policy

If we know the optimal value functions V* or QQ*, we can compute the optimal policy
7 relatively easily. We can pick a deterministic optimal policy 7* : X — A in the
following manner: For any x € X, the optimal policy is®

() = argmax Q*(z, a)
acA

= argmax {r(m, a) + V/P(dx’]:c, a)V*(:U’)} : (2.15)

acA

Let us discuss this to gain a better understanding. Suppose that the agent is at
state . To act optimally, it needs to act optimaly both at the current time step (Now)
and at any time steps afterwards (Future). If at either Now or Future, it doesn’t
act optimally, the decision would not be optimal, as it can improve its decisions at
Now or the Future to obtain a higher value. Suppose that we know that the agent is
going to act optimally in the Future. This means that when it gets to the next state
X' ~P(-]x,a), given its choice of action a at z, it follows the optimal policy 7*. The
value of following the optimal policy is V*(X’) = V™ (X’). Since we do not know
where the agent will be at the next time step, and our performance criteria is the
expected return, the performance of acting optimally in the Future, given its current
choice of action a, is [ P(dz'|z,a)V*(2’), the expected value of the optimal value
function at the next states. As we are dealing with discounted tasks, the performance
of the agent at the current state x is going to be r(z,a) + v [ P(d2’|z, a)V*(z'). To
act optimally Now, the agent should choose an action that maximizes this value,
which is exactly what we have above in (2.15). Of course, this is the same action
that maximizes the RHS of (2.13).

The mapping that selects an action by choosing the maximizer of the (action-)
value function is called the greedy policy. For an action-value function @) € B(X x A)
(not necessarily the optimal one or even for any particular policy), the greedy policy
gt X X B(X x A) = A is defined as

my(2; Q) = argmax Q(x, a). (2.16)
acA

3This is the consequence of Proposition 2.6, which we shall prove.
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Likewise, for a value function V' € B(X), the greedy policy is*

mg(x; V) = argmax {r(x, a) + 7/P(d$/|$, a)V(x')} . (2.17)
acA

When we do not explicitly state the dependence on z, the symbols 7, (V') and 7,(Q)

denote functions from X" to A. Clearly, 7,(V*) = m,(Q*) = 7*.

The intuition behind the greedy policy is that it chooses the action only based
on the local information. It does not compute the value of all possible future actions
and picks the action sequence that maximizes the expected return. Instead, it only
looks one step ahead (for V') or even no-step ahead (for @)) in order to pick the action.
This is a myopic action selection mechanism. Nevertheless, if we pass V* or Q* to
the greedy policy, the selected action is going to be the optimal one. This is because
the optimal value functions encode the information about the future, so we do not
need to explicitly consider all possible futures.

Exercise 2.7. (Continuation of Ezercise 1.1) Consider a 2-state MDP with two
actions a1 and as that have the following probability transition kernels:

0.9 0.1 0.8 0.2
Pl a) = {0.2 0.8]’ Pl a2) = {0.1 0.9}'

Assume that the reward only depends on the state (so r(x,a) =r(x)) and at state x;
is zero and at state xy is equal to 1, that is, r(x) = [0;1]. Let v =1/2. Answer the
following questions:

e Consider m = |ay,a1] and my = [ag, as] and calculate Q™ and Q™.
o What are my(x; Q™) and my(x; Q™) ? Are they the same as m and 7y ?
e If they are different, calculate Q™9™ aqnd Qmo(®Q™) 2

o Suppose Q™ is perturbed to Q™ + A where A € B(X x A). Notice that for
small perturbations A, m,(x; Q™) and w,(x; Q™ + A) are the same. How much
A can change before these two greedy policies are different? FExpress the change
as a function of supremum norm: ||Q| = max(.q |A(z,a)|.®

2.3 Bellman Operators

The Bellman equations can be seen as the fixed point equation of certain operators

known as the Bellman operators. An operator, or a mapping, is a transformation Bellman

4If there are more than one maximizer, any of them can be chosen.

tors

opera-
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from one vector space to another vector space.” The Bellman operators are mapping
from the space of value functions (or action-value function) to the space of value
functions (or action-value functions). They are formally defined as follows.

Definition 2.1 (Bellman Operators for policy 7). Given a policy 7 : X — M(A),
the Bellman operators T™ : B(X) — B(X) and T™ : B(X x A) — B(X x A) are
defined as the mappings

(T™V)(z) & r™(z) + v/P(d:U’lx, a)m(dalx)V ('), Vo e X

(T™Q)(z,a) = r(x,a) + ’y/P(dx’\x,a)w(da’|x’)Q(m’,a’), V(z,a) € X x A.

When the Bellman operator T is applied to a function V', the result is another
function 77V. When we write (77V)(z), this means that we are evaluating the
resulting function (77V') at the state x € X, so its value is a real number. Here we are
overloading the same notation to refer to two different operators. Its interpretation
should be clear from the context and whether the function they are applied to is of
the dimension of the value function or the action-value function.

If the policy is deterministic, the Bellman operators become

(T™V)(z) & r™(z) + W/P(dx’\x,w(x))‘/(a:’), Vo e X

(T™Q)(z,a) = r(x,a) + 7/?(dx’|x,a)@(x’,7r(:c')), V(z,a) € X x A.

We can write the Bellman operator compactly as the following mappings:
TV V= 1"+ ~4P"V,
T"Q : Q —r+~P"Q.
Comparing the Bellman equations (2.3) and (2.6) with the definition of the Bell-

man operator, we observe that the Bellman equations are in fact the fixed point
equation defined based on the Bellman operators, that is,

V7r — Tﬂ'Vﬂ"
Qﬂ' — T’TI'Q’TI"
This is a compact form of Bellman equations, as we have seen before in (2.4) and (2.7).
We can define the Bellman optimality operators similarly.

5The operators are reviewed in Appendix A.3.1. Recall that if L : Z — Z is an operator (or
mapping) from a space Z to Z, the point z satisfying Lz = z is called the fixed point of L. Refer
to Definition A.7 in Appendix A.3.2.
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Definition 2.2 (Bellman Optimality Operators). The Bellman operators T* : B(X') —
B(X) and T* : B(X x A) = B(X x A) are defined as the mappings

(T*V)(z) £ max {r(x, a) + W/P(d:ﬂx,a)‘/(x’)} : Vo e X

acA

(T*Q)(z,a) £ r(z,a) + 7/?(dx’|x,a) glgicQ(x’,a’), V(z,a) € X x A.

Remark 2.1. We often use maxq,c4 in the definition of the Bellman optimality
operator and the Bellman optimality equation. But we could also have sup,¢ 4 instead.
The supremum of a function within a set is the least upper bound of the function,
and may or may not belong to A. As a simple example, if f(a) = a and the domain
is (0,1), then sup,eq) f(a) = 1, and is attained at a* = 1, but a* = 1 does not
belong to (0,1), so the mazimum does not exist.

Comparing with the Bellman optimality equations (2.13) and (2.14), we see that
V* and Q* can be written as the solution of the fixed-point equations defined based
on these operators, i.e.,

V* — T*V*,

The maximization in the definition of the Bellman optimality operator for V' is
over the action space A. We can also write as the maximization over the space
of stochastic or deterministic policies, and the result would be the same. Recall
from (1.12) that the space of stochastic policies isII = {7 : 7 (:|]z) € M(A),Vz € X }.
The space of determinstic policies is defined as

Myt = {7 : 7(x) € A, Vo € X} = A", (2.18)

We have that for all x € X,

(T*V)(x) = sup {r(x, a) + 7/73(da:’\x, a)V(x')}

acA

= s {0+ [P avin)

Wendet

= sup {r(x, a) + 7 / P(de|z, a)V(x')} .

mell
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The reason the second equality holds is that [14e is the Cartesian product of A,
so the maximizing action a*(z) over each dimension z € X can be combined to define
a function 7 = [[,cp a* () € Ilget.

To see why the last equality holds, let us focus only on a single state. The claim
is that for any function of actions f € B(.A), which in our case is the quantity within
the brackets (f(a) = r(x,a) + v [ P(d2'|z,a)V ('), we have

sup /,u(da)f(a) = max f(a). (2.19)
HEM(A) acA

To show this, we first show that the left-hand side (LHS) of (2.19) is greater than
or equal to its RHS, and then we show that the RHS is greater than or equal to the
LHS. Together they show the equality.

The LHS>RHS because we can define i = ppiact as a Dirac’s delta function
at one of the maximizers a* < argmax,. 4 f(a) (S0 ppirac(@) = d(a — a*), and the
value of the RHS would be the same. Because of the optimizer property, the value
of sup,c pqa) J #(da) f(a) is larger than the value of [ u(da)f(a) for any p, including
UDirac- 1L his shows that

sup [ uda)f(a) = [ 8o - a")(a)da = fla") = max fla)
neEM(A) acA

The LHS<LHS because as f(a) < f(a*) for any a € A, the integral (or expectation)
of f w.r.t. any distribution p is not going to be greater than f(a*). That is, for any
distribution 1 € M(A), including the maximizer of sup,c 4y [ #£(da) f(a), we have

/ u(da) f(a) < / u(da) f(a®) = f(a”) / u(da) = f(a*) = max f(a),

acA

so it is not possible to find a distribution u such as that the LHS is strictly greater
than the RHS.
All these, in summary, show that

TV = sup TV =supT™V. (2.20)

wGHdCt 7T€H

Therefore, the Bellman optimality operator is the supremum of the Bellman op-
erator T7 over all stochastic or deterministic policies. A consequence of this result
is that for any policy m € II and any function V', we have

TV > T"V. (2.21)

We shall define some extensions of the Bellman operators later. Next, we focus
on studying some important properties of the Bellman operators.
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Exercise 2.8 (x). (Continuation of Exercises 1.1 and 2.7) Consider a 2-state and
2-action MDP defined in Exercise 2.7. Let V = [1;1]. Computer T™V and T*V .

Exercise 2.9 (x). Recall the definition of the greedy policy (2.17). Prove that
V)V =T*V.
2.3.1 Sequence of the Bellman Operators ()

Suppose that we have two policies m; and m5. What is the meaning of the operator
T™T7™275 To understand what this operator does, consider a value function V', and
see what the effect of 7™7T™ on V is. Denote 7™V by U. We have

(T™T™V) () = (T™U)(z) = ™ (2) + 7 / P (de|r)U(2).
The function U at state z € X is
U(z) = (T™V)(2) = ™ (2) + 4 / P (dy|2)V (y).

Combining these two equations, we get
ERTV)a) = o)+ [ PRk [ [P lav )]

= (1) / P (de|a)r™(2) + o / P (def)P™ (dy]2)V (1)
= 1 (a) (PR (2) + A2 (PRRV ) 1),

where in the last line we used the definition of P™ ™2 in Section 1.2.1 and the notation
of Pf in Definition 1.4. Therefore, the function T™7T™V is

TV = p™ 4 4Py 4 2Py,
and the operator 777 : B(X) — B(X) is
TT™ Vs 7™ y P2 4 2P
More generally, for a sequence of policies 7, ..., m,,, we have

T7T1T7T2 o Tﬂ'mv — rﬂ'l + ,Ypﬂlrﬂg 4 727)7r1:7r27,7r3 S rymflfpﬁliﬂanlrﬂ'm 4 ,ymr])ﬂ’l:ﬂmv

— ka—lpwlmk,lrwk + fymfpﬂ'llﬂ'm V,
k=1

5You can skip this section in your first reading without interrupting the flow.
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with the understanding that P™ 7™ = I, the identity operator.

This expression has an interesting interpretation: the function 7777 ... T™V is
the value function of following the non-stationary policy @ = (my,...,7,) in a finite
horizon MDP with the terminal reward of V. To see this, note that (P™7-1)(-|z) is
the distribution of following the sequence of policies 7y, ..., m_1, starting from the
initial state . The function P™ ™ -177k is the expected value of the reward function
r™  averaged according to the distribution of the agent after following 7y, ..., m_1,
that is P™ 7 -1, The final term P™ ™V corresponds to following the sequence of
policies 7 and receiving the terminal reward of V. The summation takes the dis-
counted sum of these values.

When all the policies are the same and equal to 7, thatismy =1 =--- =m,, = 7,
we have
(Tﬂ')(m)v _ Zﬁykfl(/])ﬂ')kfl/rﬂ' + ,.)/mpfrlsﬂ’mv (222)
k=1

The effect of this m-step Bellman operator on a value function V', when evaluated
at state x, is

((T)™V) (@) =B | S 4™ Ry 9™V (X)X = 2

When V' = 0, the function (77)™0 is the same as the value function of a finite
horizon MDP with the episode length m, as defined in (1.8). Or likewise, the value
function V™ for the m-step finite horizon MDP is (T7)™=Dp™.

We can combine the m-step Bellman operators to get new operators. One way
is by linearly combining them. Consider the weight sequence w = (wq, ws, ... ) with
the property that > .., w; = 1 and w; > 0 for all i. We define

Tr 2w, (T7)™. (2.23)
m2>1

The special case of w,, = (1 — A)A* with A\ € [0,1) is commonly used and takes
the form of

TF = (1= X)) A1), (2.24)

Another choice is

L =
- m=1,....H
0 m>H
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Figure 2.1: A few examples of the order relation between values: V3 < V; and
V3 < V4, but neither V5, < Vi, nor V; < V5.

We can see that V7™ is a fixed point of (77)(™ too, that is, (T™)™V™ = V7. It
is a fixed point of 777, including 77, as well. This can be seen by noting that if two
operators L and Lo have the same fixed points, their weighted addition also has the
same fixed point. This observation is interesting because it suggests that if we want
to compute the fixed point of the Bellman operator, we may be able to use the fixed

point of another operator, for example 77, instead.

2.4 Properties of the Bellman Operators

The Bellman operators have some interesting and important properties. These prop-
erties are crucially used in some proofs as basic as the existence and uniqueness of
the solution for the Bellman equations. They are used, directly or indirectly, in many
RL/Planning algorithms too. The properties that matters for us the most are

e Monotonicity
e Contraction

We shall define what these mean next.

2.4.1 Monotonicity

For two functions Vi, Va € B(X), we use V; < V4 if and only if Vi (z) < Vi(z) for all
x € X. This is the same notation as we used in Section 2.1.2 for comparing the value
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of two policies (V™ > V™), except that here we extend it to any arbitrary function
defined over X, as opposed to the value function of a particular policy. Figures 2.1
depicts an example.

The monotonicity of the Bellman operator means that if V; < V5, and we apply
the Bellman operator to both sides, we get 7™V, < T™V5, i.e., the Bellman operator
does not change the order relationship. The next result shows that this is indeed
true for both 7™ and T™.

Lemma 2.3 (Monotonicity). Fiz a policy w. If V1,Va € B(X), and Vi < V,, then
we have

TV < TV,
T*Vy < T*Va. (2.25)

Proof. Let us expand T7V;. As Vi(2') < Va(2!) for any 2/ € X, for any x € X, we
get that

(TVi)(a) = 7(a) + 7 [ PR(de'le) (&)
<Va(a')

<r7(a)+ [ Pr@ee)Vale') = (T7V) ),
Therefore, T™V; < T™V,. This is the first claim.

For the Bellman optimality operator, we follow almost the same argument. For
any r € X, we have

(T*V1)(z) = max < r(z,a) + V/’P(dx'b:, a) Vi(z')
acA ——
<Va(a')

< max{re.a) 47 [ Pl i)} = (1))

Therefore, T*V; < T*V5. O

Sometimes expanding the definition of the Bellman operator is all that you
need to get started in the proof.
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Figure 2.2: When V; < V5, we also have T*V; < TV,

Figure 2.2 graphically shows the monotonicity property for 7%. A similar graph
would hold for T™. Note that Vi or V5 do not have to be smaller than V* as they
are arbitrary value functions, and not the value of a policy. As such, T*V; is not
necessarily smaller than V* either, but it just happens to be in this depiction.”

Exercise 2.10 (x). (Continuation of Exercises 1.1) Consider a 2-state MDP defined
in Ezxercise 1.1. Let Vi = [1;0] and V5 = [2;3]. Show that T™V; < T™Vs.

Exercise 2.11 (x). Prove that the Bellman operators T™ : B(X x A) — B(X x A)
and T* : B(X x A) = B(X x A) applied on Q) satisfy the monotonicity property.

Exercise 2.12 (x % x). Suppose that the Bellman operator is defined as

(TraV)(a) 2 77(a) [ Pr(@ele)V (@)
for any x € X. Answer the following questions:

a) Is operator TT .. monotonic? If yes, prove it. If not, what assumptions do we
mult Y
need to make in order to guarantee its monotonicity?

(b) What notion of long-term reward this operator corresponds to?

“If it happens that for a value function V', we have V < T*V, we can prove that V and T*V
are both smaller or equal to V*. This is the case in this figure. We shall show such a result, but in
the different direction of the inequality, in Section 3.5.
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Exercise 2.13 (x x %). Suppose that the Bellman operator is defined as

TV 2 min {1707 [ Priasvi)).
for any x € X. Answer the following questions:

(a) Is operator T . monotonic? If yes, prove it. If not, what assumptions do we

need to make in order to guarantee its monotonicity?

(b) What notion of long-term reward this operator corresponds to?

2.4.2 Contraction

The Bellman operators for discounted problems are contraction mappings.® This
means that when we apply the Bellman operators to functions V; and V5, the distance
between TV, and TV, will be less than the distance between V; and V,. To make this
precise, we need to define a notion of distance between value functions and specify
how much they get closer after the application of the Bellman operators.

We often use the supremum norm of value functions to define the distance between
them (see Example A.5). Let us write them down here: For V € B(X) and @ €
B(X x A), their supremum norms are

Vo = sup [V (z)],

zeX

Qe = sup  [Q(z,a)].

(z,a)eXxA

These norms define distances between two value functions V; and V; too, doo (Vi, Vo) =
|Vi — V4]| ., and similarly for the action-value functions.
We can show that the Bellman operators 7™ and 7™ are contraction mappings.

Lemma 2.4 (Contraction). For any 7, the Bellman operator T™ is a ~y-contraction
mapping. Moreover, the Bellman operator T is a y-contraction mapping. That is,
for any Vi, Vy € B(X) or (Q1,Q2 € B(X x A)) and T being either T™ or T*, we have

ITVi = TVal oo <7 [IV2 = Vall

1TQ1 — TQ:2| . < 7I[|Q1 — Q2 - (2.26)

8Refer to Appendix A.3, and specifically Appendix A.3.2, for a brief introduction on contraction
mapping, why they are important, and the statement of the contraction mapping (or Banach fixed
point) theorem (Theorem A.1).
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Proof. We show the contraction property for the Bellman operators applied on
action-value function, i.e. 77 : B(X x A) — B(X x A) and T* : B(X x A) —
B(X x A). The proof for the value function V' is similar.

Consider two action-value functions Q1,Q2 € B(X x A). Let the metric be
do(Q1,Q2) = ||@Q1 — Q2]| .. We show the contraction w.r.t. this metric.

We start with the proof for T™. For any (z,a) € X x A, we have

(T™Q1)(z,a) — (T7Q:)(z,a)| = {r(m,a) + 'y/P(d:c’|x,a)w(da’\x’)@l(x’,a’)} —

[r(x,a) 4o / P(d:c’|a:,a)ﬂ(da’]:c’)QQ(x’,a’)} ‘

. ‘ / P |, ) (dd|a’) (Qr (', ) — Qs(a, a’))' .
(2.27)
We are going to upper bound the RHS. Since we will see similar arguments

frequently, let us do each step of it in detail. We have an integral of the form

| [ P(dz)f(z)| (or a summation |-, P(x)f(x)| for a countable state space). This
can be upper bounded as

[ rani

< [1P@of@)| = [ P@) 5@ < [ Plds)sup] )
—sup f(@)] [ Plde) = 1.

reX

where in the last equality we used the fact that for a probability distribution P, we
have [ P(dz) = 1.
In our case, we get that

urmgwﬂwwrwauﬂﬂ:ﬂfpwfmﬂMMMﬂx@@ww—@xﬂw»
<y [ Plarlaan(adls) @ o) - Qale', )

<7101 = Qull. [ Pz, ae(dale’
O - Ol (2.28)
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This inequality holds for any (z,a) € X x A, so it holds for its supremum over
X x A too, that is,

I(T7Q1) = (T7Qa)] o <7 [1@1 = @2l -

This shows that T™ is a y-contraction.

Showing the contraction property of 7™ is similar. We consider two action-value
functions @1, Q2 € B(X x A). We get

Q) ~ (T Qa)(w0) = 7 | [ Plarlon) (ma Qo' a) - maxQule'. o) )|

max Q1 (2, a’) — max Q(2',ad’)| .

< 7/P(d:ﬂ’|x,a) sup

sex |aleA a'€A
(2.29)
We have that for two functions fi, fo : A — R,
— < — .
max f1(a) — max fo(a)| < max| i(a)  fola)
Therefore, we get that the RHS of (2.29) is upper bounded by
(2.29) < v/P(da:/\a:,a) sup max Q1 (2, a’) — Qo(2', )]
zex /€A
—y s |Quln,0) - Que.a)| [ P(dr]ea)
(z,a)eX XA

=7[Q1 — Q2| -

This proves the second claim. O

Remark 2.2. It is important to note that the Bellman operators are ~y-contraction
w.r.t. the supremum norm. This may not hold for other norms, such as the Li(v)
or Lyo(v), defined in (A.1). For example, it is not generally true for all MDPs and
for any choice of distribution v that [TV, — TVall,, < v |[Vi = Vally,,. As we will see
later, this has important consequences when we talk about appromzmatmg the value
function using a function approximators.
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A commonly used proof and analysis strategy when we have terms in the form
of TQ)y — T'Qy (or similar with V') is to get rid of the common terms (r) and
try to move @1 and )y close together, as is done in (2.27). Depending on the
application, we may use some form of upper bounding, such as using Hoélder
inequality or Cauchy-Schwarz inequality, as is done in (2.28). Some commonly
used inequalities are summarized in Appendix (A.8).

The m-step Bellman operator (2.22) is also a contraction, but with the contraction
factor of ™. We prove it using more compact notations:

(Tﬂ)(m)‘/l . (TW)(m)V'Q _ ,yk—l(PTr)k—l,,ﬂr _’_,ympﬂlnrm‘/l .

NE

k=1

,kal (Pﬂ)k‘*lrﬂ‘ 4 ,ymt])ﬂl:ﬂ‘m ‘/2
Lk=1 |

= AP (V) — V2),

NE

i

Taking the supremum norm from both sides and noticing that P™™ is a stochastic
kernel, thus its supremum norm is 1, get us to

(T ™V = (T ™ V|| <A™ Vi — Val | -

Exercise 2.14 (x). Write the proof of Lemma 2.4 for the state value function, that
is, show that ||TVy = TVa||, < v ||Vi — Vol for T e {T*,T*}.

Exercise 2.15 (Both x and xx). Consider Ezercise 2.10, in which P™ = [ 83 8; }

and r™ = [0; 1], with the choice of discount factor v = 0.9.

Part I) (x) Calculate |T™V, — T™Vs||, and [|[Vi — Va||, for each of these cases,

|7V - T Lo
e ) and compare it with

the v of the v-contraction property of the Bellman operator.

compute the empirical ratio of contraction (i.e.,

o Vi =[1;0] and V5 = [2;3].
e Vi =1[1;1] and Vo = [—1; —1].

o Vi =[-1;2] and Vo = [1; 2]
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Part II) (»x) Why are the empirical rates different? Justify it using the property
of PT.

Exercise 2.16 (xx). Prove that for two functions fi, fo : A — R, we have
max fi(a) — max fo(a)| < max|fi(a) - f2(a)l

Exercise 2.17 (x x). The Bellman operator is y-contractive w.r.t. the supremum
norm. Show that this may not hold for other norms, such as the Li-norm. To prove
this for T, show that

IT7V1 = T™Val|, < C Vi = Vol

for some C' that might be larger than 1. Tip: For simplicity, assume the state space
X is finite.

Exercise 2.18 (x ). Consider the Bellman operator T{ (2.24). Assume that \ €
[0,1). What is its contraction factor? Is it smaller or larger than ~v?

Exercise 2.19 (x x). Consider the Bellman operator Ty defined in Ezercise 2.12.
Assume the assumption that makes the operator monotonic. Is it also a contraction
operator? What conditions do you need for that to hold? And what is the contraction
factor?

2.5 Some Consequences of Monotonicity and
Contraction

We have shown that the Bellman operators for a discounted MDP are both monotonic
(Lemma 2.3) and y-contraction w.r.t. the supremum norm (Lemma 2.4). These
properties have important consequences, some of which we study here. One of the
most important ones is that each of these operators has a unique fixed point, which
in turn implies that each Bellman equations has a unique solution.

Table 2.1 briefly summarizes all the results of this section and indicates whether
monotonicity or contraction properties of the Bellman operators have been used in
the proofs of those results.



2.5. SOME CONSEQUENCES OF MONOTONICITY AND CONTRACTION 57

Result Monotonicity Contraction
Uniqueness of Fixed Points (Theorem 2.5) X v
Error Upper Bounds (Propositions 2.7 & 2.8) X v
Fixed point of T™ is Optimal Value (Proposition 2.9) v v
Stationary Policies are All You Need (Proposition 2.10) v v

Table 2.1: The use of Monotonicity and Contraction Properties in the proof of various
results

2.5.1 Uniqueness of Fixed Points

Theorem 2.5 (Uniqueness of Fixed Points). The operators T™ and T* have unique
fized points, denoted by V™ (Q7) and V* (Q*), i.e.,

VTI' — T’TI'V’TI'; Qﬂ' — Tﬂ'Qﬂ"

Moreover, they can be computed from any Vy € B(X) or Qo € B(X x.A), by iteratively
computing

Vig1 < T™Viy Qi < T7Qy,
Vig1 < T"Vis Qupr < T7Qy,

for k=0,1,.... We have that Vj, = V™ and Q — Q™ (for T™) and V;, — V* and
Qr — QF (for T*).

Proof. Consider the space of bounded functions B(X) with the metric d based on
the supremum norm, i.e., doo(V1, Vo) = ||[Vi — V3|, = sup,ecx |Vi(z) — Va(x)|. The
space (B(X),d) is a complete metric space.

Lemma 2.4 shows that for any m, the operator T™ is a y-contraction. The same
lemma shows that T™ has the same property too.

By the Banach fixed point theorem (Theorem A.1), each of these operators has a
unique fixed point. Moreover, any sequence (V) with Vi € B(X') and Viyq < T7V}
(k=0,1,...) is convergent, which means that limj_, ||Vx; — V|| = 0. The same is
true for the sequence generated by the repeated application of T™, with appropriate
modifications. N

This is an important result not only because it establishes the uniqueness of
the fixed points, but also because it suggests a way to compute V™ and V* by the
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repeated application of the Bellman operators. This procedure will be one of the
main approaches to find the value function (either for a policy 7 or the optimal one).
It is called Value Iteration. We shall define and study it later in Chapter 3.

Remark 2.3. In the proof of the result, we used the completeness property of B(X),
so that we can use the Banach fixed point theorem. We do not prove its completeness
property (or even define what it actually means). The completeness of B(X) is the
direct implication of Theorem 43.6 of Munkres [2018], under X being a topological
space and R being a complete space, which it is.

In this proof, we only used the contraction property of the Bellman operators,
and not their monotonicity. We will use the monotonicity later.

Exercise 2.20 (x). Consider the MDP defined in Ezercise 1.1 and Exercise 2.7.
Compute Vi, Vo, V3 (and if you like, a few more steps) of Theorem 2.5, for both TT™
(based on Ezercise 1.1) and T* (based on Ezxercise 2.7).

The next result shows that the greedy policy of the optimal value function has
the value of V*. This partially justifies the use of the greedy policy.

Proposition 2.6 (Proposition 2.1.1(c) of Bertsekas 2018). We have TTV* = T*V*
if and only if V7™ = V™,

Proof. We first prove T7"V* = T*V* = V™ = V*. Let us first assume that T7V* =
T*V*. We try to prove that V™ = V*. As V* is the solution of the Bellman optimality
equation, we have T*V* = V*. Therefore,

TV =TV =V".

This shows that V* is a fixed point of T™. The fixed point of T™, however, is unique
(Theorem 2.5) and is equal to V™. So V™ and V* should be the same, i.e., V™ = V*.
To prove the other direction (V™ = V* = T™V* = T*V*), we apply T™ to both
sides of V* = V™ to get
TVvs=T1T"V".

As V™ is the solution of the Bellman equation for policy 7, we have T7V"™ = V7.
Therefore,

TVve=1T"Vv"=V".
By assumption, V™ = V*. So we have T"V* = V™ = V*. On the other hand, we
have V* =T*V*, so

Tﬂv* — V* _ T*V*,
which is the desired result. O
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The same holds for ) too, i.e., TTQ* = T*Q* < Q™ = Q*.
Exercise 2.21 (x). Prove that T™Q* = T*Q* if and only if Q™ = Q*.

This proposition shows that if T7V™ = T*V* for some policy 7, the value function
V™ of that policy is the same as the fixed point of 7™, which is V*. Note that we
have not yet shown that the fixed point of T™* is an optimal value function, in the
sense that it is 7 <= argmax, .y V™ (x) (for all x € X') over the space of all stationary
policies II, or even more generally, over the set of all non-stationary policies. But it
is indeed true, as we shall see in Section 2.5.3.

To see the connection to the greedy policy (2.17) more clearly, note that given
any V', the greedy policy selects

argmax {r(aj, a) + 7/?(dx'|a¢, a)V(x')} :
acA

So the Bellman operator of the greedy policy of V' being applied to V' (i.e., T™(V)V/)
is

acA

(T™V)V)(z) = max {r(x, a) + v / P(de’ |z, a)V(x’)} . (2.30)

Let us compare it with 7™ being applied to V. We have

(T*V)(z) = max {T(:c, a) + 7/?(dx’|x, a)V(:U')} : (2.31)
ac

Comparing the RHS of (2.30) and (2.31), we observe that both are indeed the same.

This shows that

TV = T*V. (2.32)

In particular, if V = V*, we have T7(V))V* = T*V*. This proposition then states
that the value of m,(V*), that is V™(V") is the same as V*. This means that if we
find V*, we can compute its greedy policy m,(V*), and the greedy policy would have
the value of V* (which so far we do not know if it is the same as the optimal value
function, but it is).

Its consequence is that we can find the optimal value function V*, and get the
optimal policy by simply computing its greedy policy. This is the basis of many
algorithms in Planning and RL, which are sometimes referred to as the value-based
methods, in which they aim to find V* that is either exactly equal to V*, or a close
approximation thereof, and then use the greedy policy 7T£,(‘A/*)7 or a perturbation of
it, as the policy of the agent. We start about the methods in Chapter 3. We next
discuss the consequence of V* being only an approximation.
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Exercise 2.22 (x). Show that for any m € Il and any value function V', we have
TV < T™WV.
Hint: Look at (2.21).

Exercise 2.23 (x*). State and prove similar results to Theorem 2.5 for TT .. (Ex-
ercise 2.12) and TT .~ (Ezercise 2.13).

2.5.2 FError Bounds

A consequence of the uniqueness property of the Bellman operators is that if we find
a function V' that satisfies the Bellman equation, that is V. =TV (or V = T*V),
we know that V' = V7 (or V = V*). What happens if we find a function V' that only
approximately satisfies the Bellman equations? Suppose we only have V =~ TV (or
V &~ T*V). Can we say anything about these approximate solutions to the Bellman
equations, and how close they are to V™ (or V*)?

Answering this question is important because, in practice, we may not be able to
solve the Bellman equations exactly, but only approximately. There are several rea-
sons for the solution to be only an approximation. They can broadly be categorized
as computational, representational, and statistical. The finiteness of computational
budget prevents our algorithms to be run forever, and for many algorithms, that
finiteness limits how close they can get to the solution of the Bellman equations.
Moreover, the use of a function approximator to represent the value function may
introduce an error on how well we approximate the true value function. At the very
least, if the true value function does not belong to the space of functions representable
by the function approximator, we cannot hope to learn the true value function pre-
cisely. Furthermore, whenever we use data to compute the value function, as in the
RL setting, we face statistical errors. We discuss these in more detail in later chap-
ters. For now, we only assume that V ~ T™V (or V ~ T*V) and ask how close the
approximate value function V' is to V™ (or V*).

It turns out that we can relate the closeness of V' to V™ based on the size of
BR™(V) £ TV —V or BR*(V) £ T*V — V. The functions BR™(V) € B(X) and
BR*(V) € B(&X) are called the Bellman Residuals. The next result shows an upper
bound on the error in approximating V* by V' based on the norm of the Bellman
residual BR*(V).

Proposition 2.7. For any V € B(X) or Q € B(X x A), we have

|V -1V, Q- Tl

VoV <

1Q — Q7| <
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Proof. We prove the result for V. We add and subtract T*V to V — V*, take the
supremum norm, and use the triangle inequality as follows:

V-V=V-T"V4+T"V -V*
= V=V =IV-TV+TV -V
<[V =TV + TV =V

Let us focus on the term ||[T*V — V*|| .. We make two observations: (1) V* =
T*V*, and (2) the Bellman optimality operator is a y-contraction w.r.t. the supre-
mum norm. Thus,

[TV =Vl = TV =TV o <AV =Vl .

Therefore,
IV =Vl <V =TV +7 V-V,

Re-arranging this, we get that
A=V =V <IV-TV],,
which is the desired result. The proof for the second part is the same. O

The norm of the Bellman Residual is called the Bellman Error. Here we use the
supremum norm to quantify its size, but we could also define it w.r.t. other norms.
In that case, however, we do not get the same upper bound, as a crucial step in the
proof is the y-contraction of the Bellman operator w.r.t. the supremum norm. If
we change the norm, the Bellman operator would not necessarily be a contraction
anymore, as you hopefully showed in Exercise 2.17.

A closer look at both sides of the inequality in this result is worthwhile. Comput-
ing the LHS and RHS of the inequality requires different information or sources of
compute. If we are only given V' and we know the MDP, which means that we know
the transition kernel P, the reward kernel R, and the discount factor v, we can in
principle compute 7%V by computing (7*V)(z) = max,{r(z,a) + vP(-|x,a)V} for
all states x € X. It is clear that this requires querying r and P and compute certain
integrals. As a result, we can also compute ||V — T*V|| . This is all the information
and computation that we need. On the other hand, for computing the LHS, we need
V* too. The function V* is not available to us as a part of the MDP itself. By
spending some computation, we can solve the MDP and obtain V*. Solving an MDP
is the subject of Chapter 3 (and the chapters thereafter, for the approximate case)
and is sometimes feasible, but it is often much more expensive than computing 7*V'.

Bellman error
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These bounds allow us to approximately compute ||V — V*||__, which indicates how
much V is different from the optimal value function V*, without computing V*, and
with only using V' and the ability to query the MDP in order to compute 7*V. The
price we pay is that we only get an upper bound, which may not be tight for all
choices of the value function V.*

Three high-level ideas are used in this proof that sometimes appear in the
proof of these kinds of upper bounds involving value functions and the Bellman
operator.

The first is to add and subtract equal terms (£7*V in this proof) in order to
get terms in familiar or intended form (BR*(V') £ T*V — V here). The reason
we do this is as follows: since we intended to have an upper bound in terms of
T*V —V but we have V' — V* on the LHS, we subtract 7%V to get the term
V —T*V on the LHS, which is what we want to see on the RHS. Of course,
subtracting T*V changes the LHS, so in order not to change the LHS, we have
to add T*V too, so that overall we add 0 = —T*V + T*V to the LHS. The
addition of T*V means that we are now left with the term 7%V — V* which
has to be dealt with.

The second idea is to benefit from the fixed-point property of the Bellman
operator, which states that V* = T*V*. This helps us to convert T*V — V*,
which is not “balanced” in terms of the application of the Bellman operator,
to T*V — T*V*, which is balanced.

The third idea is to benefit from the contraction property of the Bellman
operator, which is applicable because we now have T*V — T*V*.

Exercise 2.24 (x). Why don’t we get the same result if we change the norm from
the supremum norm to the {y-norm or other {y-norms (with p < 00), e.g., |V|, =

V2 wex |V(2)|? (for countable state space), see Example A.3.

We also have an essentially the same result for the Policy Evaluation case. We
can upper bound the supremum norm of V' — TV by a function of the norm of the
Bellman residual BR™ (V).

9Computing T*V itself, even if we know r and P, may not be computationally cheap or even
feasible. This is usually an issue when the state and action spaces are large. Yet, it is still cheaper
than computing V*.
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Proposition 2.8. For any V € B(X) or Q € B(X x A), and any © € 11, we have

V=TVl

. . 1@ — TRl
V-V ||oo§?7 Q- Q7| < ——=.

l—x
Proof. This result can be proven essentially the same way as in the proof of Propo-
sition 2.7. Here, we prove it differently.

We add and subtract 77V, use the fact that V™ is the fixed point of the Bellman
operator (V™ =T7V™), and rearrange both sides to get that

V-V =V-TV4TV-V"
= (V=T"V)+ (T"V = T"V")
= (V= T"V) +~P"(V — V")
= (L= PV V") =V —T"V. (2.33)

As ||7P™||, = v < 1 is smaller than 1, Lemma A.2 in Appendix A.4 shows that
the matrix I — «4P™ is non-singular, hence it is invertible. Therefore, we can write
the error in value function V — V7™ as a linear transformation of the Bellman residual

V-T"V:
V-VT=0—-4P") YV -T"V). (2.34)
By taking the supremum norm of both sides, we get
IV =Vl =[[@=P) 'V =TV)||, < [[@T=P) | IV =TV,
The inequality is because of the sub-multiplicativity of vector-induced matrix (or

operator) norm: |[|[AB|[, < [|A]|, [|B]|, (see (A.12) in Appendix A.4; or (A.8) in
Appendix A.3.1). We use the other part of Lemma A.2 to conclude that

1 1
I—~P7)7 M| < = :
1= = Ty, T3

These together show that

[V =TVl

IV =V, < =,
Y

as desired. 0
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Remark 2.4. We can write the equality V —V™ = (I —~P™)"H(V —T™V) (2.34) in
a more compact form of

1
V= VT = (=P = TTV) = g BRIV, (2.35)

where we used the definition of the discounted future-state distribution (2.11).

Exercise 2.25 (%). Prove Proposition 2.8 using a similar technique to Proposi-
tion 2.7.

Are these upper bounds tight? They are tight in the sense that for some choices
of the MDP and the value function V', the inequalities in Proposition 2.7 and 2.8
become equalities. This means that for that choice of the MDP and those particular
value functions, the RHS in each of those results is exactly the same as the LHS, and
there is no gap between them. This does not, however, mean that for a particular
MDP and a particular function V| if we compute the RHS, the LHS would also be
exactly the same, or just slightly smaller. The RHS can indeed be significantly larger
than the LHS. How much larger can it be? We do not characterize the size of this
gap, but we have an exercise for you to investigate it."

Let us define the error bound tightness coefficient as the ratio of the upper bound
in these results to the actual value of the quantity of interest (LHS) for a particular
value of V:

HVflT“VHoo
EB-subopt™ (V) = m (2.36)
We also define
EB-subopt™ = sup EB-subopt™ (V). (2.37)

VeB(X)
The definitions of EB-subopt® (V') and EB-subopt™ (cf. Proposition 2.7) are similar.

Exercise 2.26 (Error Bound Tightness). The goal of this exercise to study the tight-

ness of the error bound in Proposition 2.8.

Part I) (%) Consider Exercise 2.10, in which P™ = [ 83 8; } and r™ = [0;1],
with the choice of discount factor v = 0.9. As the reference, the value function for
this problem is V™ = [2.432,5.135]. Compute EB-subopt™ (V') for the following value

functions:
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e V1 =[1;0]
o V5 =1[0;1]
o ‘/3:[1,1]

e Vy=V"+[1;0]
o Vs=V7"+0:1]
o Vo =V"+[1;1]

e Can you find a V with a larger EB-subopt™ (V') than any of the previous exam-

ples?
1.0 0.0 ,
Part II) (x) Choose P™ = 0.0 1.0 and repeat the same exercise.
Part III) (x) Choose P™ = 88; 88? } and repeat the same exercise.

Part IV) (x*x) As the previous parts show, the value of EB-subopt™ (V') depends
on both V' and the MDP. Show that there exists a value function V' such that

EB-subopt™ (V') > +
-7

where Ay s the smallest eigenvalue of PT. Specify such a V explicitly.

Part V) (x*x) (or maybe (xxxx) ) Is the lower bound on EB-subopt™ (V') of
the previous part tight? If it is, prove it. If it is not, can you come up with a tighter
lower bound, or even better, have an equality expression for EB-subopt™.

Part VI) (xxx) (or maybe (x*xx)) Answer the same question for EB-subopt™ (V)
and EB-subopt”.

Y

2.5.3 Fixed Point of 7" is the Optimal Value Function

Next we show that the fixed point of T* is indeed the optimal value function within
the space of stationary policies II. We use the monotonicity of 7™, in addition to its
contraction property, to prove this result.

Proposition 2.9 (Proposition 2.1.2 of Bertsekas 2018). Let V* be the fized point of
T, i.e., V¥ =T*V*. The function V* is the optimal value function in the space of
stationary policies, that is,

V*(z) =sup V" (x), Ve e X.

mell
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Proof. We first show that V*(x) < sup,.q V™ (z) (for all x € X'). We then show the
opposite direction, that is, sup,c; V7™ (z) < V*(z). These two combined prove the
statement.

For the first direction, we use Proposition 2.8 with the choice of V' = V*. We get
that for any 7 € II,

V=TVl
1—~ '
Let € > 0. Choose a policy a 7. € II such that
VF =TV < (1 =)

V=V < (2.38)

This is possible because we have

Vo)) =sup i) 4y [Py @) |
acA
so it is sufficient to pick a 7. that solves the optimization problem up to (1 — v)e-
accuracy of the supremum at each state x (if we find the maximizer, then ¢ = 0).
For policy 7, (2.38) shows that

HV* - Vﬂe”oo S €.
This means that
V*(z) <V™(x) +e, Vo e X.
Notice that V7™ (x) < sup,.q V™ (z) (as m. € II). We take ¢ — 0 to get that
V*(z) <lim{V™(x) + e} < lim {Sup V™ (x) + 5} = sup V"™ (z) Ve e X. (2.39)
e—0 e—0 well mell

This shows that V*, the fixed point of 7™, is smaller or equal to the optimal value
function within the space of stationary policies.

To show the other direction, consider any 7 € II. By the definition of 7™ and T™,
for any V € B(X), we have that for any z € X,1°

(T™V)(z) = / ~(dalz) {r(:}c,a)—f—v / P(dm’|x,a)V(m’)}
< sup {r(w,a) +7/P(dx’|x,a)V(:p’)}

acA
— (T"V)().

10Tf this is not clear, see the discussion around (2.19). This is (2.21).
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In particular, with the choice of V' = V* we have T™V* < T*V*. As T*V* = V*,
we have

TV < V™ (2.40)
We use the monotonicity of 77 (Lemma 2.3) to conclude that
T7T<T7rv*) S Tﬂv*’
which by (2.40) shows that
(TT)*V* < V™
We repeat this argument for k& times to get that
(T™FV* < V™,

As k — oo, Theorem 2.5 shows that (T™)*V* converges to V™ (the choice of V*
is indeed irrelevant). Therefore,

V™ = lim (T™)"V* < V*.

k—o0

As this holds for any 7 € II, we take the supremum over 7 € II to get

sup V"™ < V™ (2.41)
well

The inequalities (2.39) and (2.41) together show that

Vi =sup V",
well
which is the desired result. O
Exercise 2.27 (% x xx). Recall the Bellman operator TT .. of Exercise 2.12, defined

for a specific policy 7, and extend it to its optimality version T .. : B(X) — B(X),
defined as

(TF V) (7, a) = max{r(z,a) /P(dx'|x,a)V(x')},
for any x € X. Answer the following questions:
(a) Specify the conditions that makes this operator monotonic and contractive.

(b) Is the fized point V* of T .. the optimal value function in the space of stationary
policies, that is,
V*(z) = sup V" (z), Vo e X.

mell
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2.5.3.1 Optimality Over the Space of Non-stationary Policies (%)

Consider a non-stationary policy (Definition 1.2) in the form of 7 = (7, ma, ... ) with
each m; being a Markov policy. Following 7 means that at the first time step, the
agent chooses action from 71, and at the second time step, the agent chooses action
from 79, and so on. Is it possible that following such a non-stationary policy leads to
higher expected return compared to following any single stationary Markov policy ,
including the optimal one 7* - argmax_ . V™ (1.19) within the space of stationary
Markov policies II? In this section, we show that for discounted MDPs, it suffices to
search in the space of stationary policies, as there is no non-stationary policy with a
higher expected return.

Let us introduce some notations. Let II denote the space of all non-stationary
policies, so 7 € II. More formally,

N={7=(m,m...) T : X = MA),t=1,2,...}.

Any stationary policy # = (m,7,...) with 7 : X — M(A) is a member of II too, so
I1 is a (proper) subset of II.

The expected return of following (7, 7o, ..., m) and terminating at time k with
the terminal reward of V{, which we denote by V™™ (cf. Remark 1.2), is

Ve = e TRV,

as argued in Section 2.3.1. If we let & — oo, this would be the value of following the
infinite sequence of 7 = (7, m,...), i.e.,
V™ = lim inf V™7,
k—o0
When k£ — oo, the choice of V does not matter, as the terminal reward Vj is
discounted by limy_,. v¥ = 0.

Define the optimal value function within the space of non-stationary policies as
V.

Vit =sup V™.
#rell

The following result shows that the optimal value function within the space of
stationary policies, V*, is the same as the optimal value function within the space of
non-stationary policies, V*.¢

Proposition 2.10. We have V* =V,
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Proof. Since the space of stationary policies is a subset of the space of non-stationary
policies, we have

V*=supV™ <supV™ =VT, (2.42)

well mell

where the equality of V* and sup,.; V™ is because of Proposition 2.9.
Now consider an arbitrary sequence (7, ..., 7), and any value function Vy. By
the optimality property of T, cf. (2.21), we have that

TV < T*Vj.
By the monotonicity of T™ -1, we get that
T2 TRV < T 1TV,
Again, by the optimality property of T*, we have
T T*Vy < T*T*Vy = (T*)?V,,.

Together, they show that
T T™Vy < (T%)*V.

Repeating this argument, we get that
TriT Tﬂ'k‘/'o < (T*)k%

By letting & — oo, the LHS converges to V™, and the RHS converges to V* by
Theorem 2.5 (thanks to the contraction property of the Bellman operator), i.e.,

VT =liminf T™T™ - .. T™V, < lim (T%)*V, = V*.

k—o0 k—o0

This is true for any 7 € II, so we have

sup V7T < V™ (2.43)

mell

By (2.42) and (2.43) we get the desired result. O
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Result Formula
Value Function (2.12) VT = ﬁpgr”
Value Error (2.35) V-VT= ﬁpQBR”(V).
Performance Difference (3.3) V™ — V7™ = ﬁpfy" s
Policy Gradient (6.29) VoV™ (z) = ﬁEprga (@), A~ (1) [V l0g T (A[X) Q™ (X, A)]

Table 2.2: Relation between the discounted future-state distribution and some value
function-related quantities. Bellman Residual: BR™(V) = T™V — V. Advantage of
7 wrt. m AT (1) = A™(2, 7' (2)) = Q" (x, 7' (x)) — V™ (z).

2.6 Discounted Future-State Distribution and
Value-Related Quantities

The discounted future-state distribution p7 naturally appears in several results re-
lated to the value function. So far, we have encountered its use in representing the
value function of a policy 7 as the product of pJ and the reward function of the
policy r™ (2.12) in Section 2.1.1.1, and how the error between V' and V™ is related
to the Bellman error BR™(V') in Section 2.5.2. We shall see some other results in
the rest of this book. Table 2.2 summarizes those results.

Chapter Summary

Summarize the main points that the reader needs to remember from this chap-
ter.

Notes and Remarks

a This robustness of the greedy (and optimal) policy to the changes in the value func-
tion is called action-gap phenomenon and is formally studied by Farahmand [2011a].

b We do not know if there has been many, or in fact any, studies to characterize the
tightness/looseness of these error bounds.

¢ This result is from the discussion in Section 2.1 of Bertsekas [2018].



Chapter 3

Planning with a Known Model

Chapter Introduction

This chapter introduces the main Planning algorithms: Value Iteration, Policy
Iteration, and Linear Programming. These algorithms assume that the MDP
is known, and compute the (optimal) value function and the optimal policy.
By the end of this chapter, at the very least, you need to remember the Value
Iteration and Policy Iteration algorithms. You need to understand why the
Value Iteration, Policy Iteration, and Linear Programming algorithms work.
And you need to be able to apply the Value Iteration and Policy Iteration
algorithms to solve an MDP.

Our goal is to design an RL agent act optimally (or close to optimally) in an
environment.! So far we have defined the value function, policy, and studied some
of their important properties. We have not presented any mechanism to find the
optimal policy though. This chapter provides general approaches for finding the
optimal policy. The underlying assumption here is that the MDP is known, i.e.,
we know both R and P. We cal this the Planning setting, as you may recall from
Section 1.4.

The assumption of knowing the MDP does not hold in the RL setting, in which the
agent has only access to data coming from interaction with the environment, but not
R and P. Designing methods for finding the optimal policy given that knowledge,
however, provides the foundation for developing methods for the RL setting. We
shall see that many methods that can handle the RL setting, which we shall start

LChapter’s Version: 0.12 (2025 September 21). Partially revised up to the beginning of Sec-
tion 3.4.2.
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developing from Chapter 4, are sample-based variants of the methods in this chapter.
The methods for finding the optimal policy 7* can be roughly divided to three
categories:

e Value-based
e Direct policy search
e Hybrid methods

The first category tries to find V* or Q* first, and then use it to compute the
optimal policy. This is often done by simply computing the greedy policy 7, w.r.t.
the approximation of the optimal value function. As we discussed in Section 2.2 and
formally proved in Proposition 2.6, this is a sensible approach.

The methods in the second category directly search in the space of policies without
explicitly constructing the optimal value function. The boundaries between these two
categories are not clear cut, however, as some of the direct policy search methods
implicitly use a quantity that has the same interpretation as the value function.

And then there are hybrid methods that use the explicitly constructed value
function to guide an explicit search in the policy space.

In this chapter, our focus will be on the value-based methods. We talk about
policy search ones in Chapter 6.

Most of methods described in this chapter are considered as dynamic programming
(DP) methods. These methods benefit from the structure of the MDP, such as the
recursive structure encoded in the Bellman equation, in order to compute the value
function.?®

3.1 Policy Evaluation vs. Control Problems

We make a distinction between two types of problems that we often solve:
e Policy Evaluation (PE)
e Control

The problem of policy evaluation refers to the problem of computing the value
function of a given policy 7. This is not the ultimate goal of an RL agent, finding the
optimal policy is, but is often needed as an intermediate step in finding the optimal
policy. The problem of control refers to the problem of finding the optimal value
function V* or Q* or optimal policy 7*.
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3.2 Policy Evaluation: Two Initial Attempts
Problem Statement: Given an MDP (X, A, P,R,~) and a policy 7, compute V7
or Q™.

3.2.1 A Naive Solution

Let us start from a naive solution. For simplicity, we assume finite X x A. To
compute V™ at a state x € X, we refer to its definition:

Z VTR|Xy =

t=1

Vi(z)=E

This expectation is w.r.t. the sequence of r.v. (X; = x, A1, X1, Xo, Ag, Rs, ... ) with
Ay ~ (-] Xy), Xep1 ~ P(+| X4, Ar), and Ry ~ R(+| Xy, Ar). Depending on the draw
of each r.v., we get different sequences. We can represent all possibilities in a tree
structure, partially depicted in Figure 3.1.

In principle, we can compute the probability of being in each state. For example,
at time ¢ = 2, the probability of the agent being in state z’ and choosing action a’ is

> w(alz)P (' |z, a)m(d|’).
acA
The expected reward that the agent receives at time ¢ = 2 is then

> wlalz)P (|2, a)r(d |2 )r(2, o).

! Al
a,x’,a

We can continue the expansion to compute the expected reward at other time steps
too, and eventually add them in a discounted way to compute the value V7™ (z).

Nevertheless, this is not a satisfactory solution as the size of the tree grows
exponentially fast. Also for continuing problem, the depth of the tree is going to be
infinity.

Exercise 3.1 (x). What is the size of the tree by the time that we get to X; (t > 1)?

Exercise 3.2 (x*). Suppose that we expand the tree only up to horizon H < oo, and
use it to compute an H-truncated approzimation Vi of V™, defined as

H
Vi(z) =E nyt_lRt|X1 =z

t=1
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/EX\lx
A1N7T |X1_I)

O OO&NI%M

.... ceee. A2rm(|Xz)

Figure 3.1: All future possibilities starting from state X; = x up to depth 2.

Assume that |r(z,a)| < Rpee for all (z,a) € X x A. Provide an upper bound on
V7 () = V()]

Exercise 3.3 (xx). Write a program that takes an MDP and compute Vjj for various
values of H = 1,2,... by expanding the tree of all future possibilities. Consider the
2-state MDP of Fxercise 1.1 as a concrete example.

3.2.2 Linear System of Equations

A much better way to compute V7 is to benefit from the recursive structure of the
value function, represented by the Bellman equation V™ = T7V7". In the discrete
state-action case, the Bellman equation defines a set of n = |X| equations with |X|
unknowns (V(x1),...,V(x,)) and has the form of

V() =r"(z) +7 ) P(|a)V ('),

for each € X. As the solution of the Bellman equation is unique (Theorem 2.5),
the solution V' of these equations would be the same as V7.

How can we solve this set of equations? As the Bellman equation for a policy 7
is a linear system of equations, we can simply use any standard solver to compute
V = V7. To see the linearity more clearly, we re-arrange the equation to get

—7 ) P )V (') = r(2), (3.1)

or more compactly in the matrix form as

(I—~P™)WV =77, (3.2)
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where I is an n X n-identity matrix, and P™ is overloaded to denote an n xn stochastic
matrix with [P7]; ; = P7(x;|x;) (1.2). This has the same form as

Anxnxnxl - bn><17

commonly used to represent a linear system of equations.

If the size of the state space n is not very large (say, a few thousands or so), we
can easily solve this linear system of equations by computing the inverse of A and
writing it as z = A7'b, that is, we solve V = (I — vP™)~1p™.

When the state space is very large, computing the matrix inverse does not scale
very well. We can use linear solvers, especially those that are somewhat specialized
to the properties of the value function.?

We remark that to solve the control problem of finding V*, we need to solve
V = T*V, whose unique solution is V*. This would be n equations in the form of

Vix) = max {r(x, a)+ Z P(a|z, a)V(x')} :

' eX

These equations, however, are not linear in V' anymore, and the use of a linear solver
is not feasible. We shall see later that we can formulate it as a linear program (LP)
instead.

Exercise 3.4 (x). Write down A, x, and b in terms P™, r™, 7, and V. What is the
form of A if the MDP is deterministic?

Exercise 3.5 (x). Write down the linear system of equations needed for finding Q.
How many equations do we have?

Exercise 3.6 (xx). The inversion (I—~P™)~! needed in V = (I1—~+P™)"'r™ requires
(I —~P7) to be invertible. Prove that it is.

Exercise 3.7 (xx). What solvers for linear systems of equations do you know? De-
scribe one or two in some detail. What is the computational complexity of getting to
e-approximate solution for the solver?

Exercise 3.8 (xx). Write a program that takes an MDP and compute V™ by solving
(I—~P™)V =1r" through

20ne such solver is called Value Iteration, which we shall describe soon. Note that VI used for
evaluating 7 can be interpreted as implementing the Jacobi iteration method for solving a linear
system of equations, so it is an example of a linear solver itself.
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e inversion of (I —vP™) and multiplying it to r™

e using a standard linear system of equations solver (specify what solver you have
used).

As a concrete example, consider the 2-state MDP of Exercise 1.1. Also study how
the size of the MDP affects the time to solve the equation. To get a meaningful clock
time results, you need a much larger MDP.

Exercise 3.9 (x x x). (Project Idea? Open ended) Identify and implement a novel
solver that we often do not use in DP. Can we find a sample-based version of it?

3.3 Value Iteration

One of the main approaches to find the value function is called Value Iteration
(VI), which we briefly encountered in Section 2.5.1. It is a direct consequence of
Theorem 2.5, in which we showed that the fixed point of the Bellman operators
are unique, and they can be computed by the iterative application of the Bellman
operator. The VI can be used for both PE and Control problems. We start with its
description for the PE problem.

Starting from V € B(X), a bounded function over the state space, we compute
the sequence of functions (V})r>0 by

Visr < T™V4. (3.3)

Theorem 2.5 shows that
lim ||V} — V”HOO = 0.
k—oo

This entails the pointwise convergence of V}, to V™ too, i.e., for any x € X', we have
that Vi(xz) — V™(z). As the initial value function V4, we may simply choose V = 0,
but other choices are possible too. The procedure to compute Q™ is very similar,
with the difference that we start from Qo € B(X x A) and iteratively compute
Qr+1 < T™Qy. This procedure is called the Value Iteration algorithm, and is one of
the fundamental algorithms for planning. We shall see that many RL algorithms are
essentially the sample-based variants of VI too.

Exercise 3.10 (x). Assume that we have a finite state-action MDP.
(a) Write down VI for the computation of V™ and Q.

(a) What is the computational cost of each iteration of VI, in terms of basic arith-
metic operations? You can assume that we have n = |X| and m = | A|.



3.3. VALUE ITERATION 7

3.3.1 Value Iteration for Control

We may use VI to compute V* or Q*. The procedure is very similar to (3.3), with
the difference that we apply the Bellman optimality operator instead, i.e.,

Vigr < TV,

Theorem 2.5 guarantees that Vi, — V* (or Qr — Q).

The value functions V; or @Q; generated throughout VI procedure have corre-
sponding greedy policies 7, (+; Vi) (2.17) or my(+; Q) (2.16). As these value functions
converge to the optimal value functions, their greedy policies also converge to an
optimal policy. This is because the greedy policy of the optimal value function is
an optimal policy (Proposition 2.6). This suggests that we can use V} to obtain a
policy that is close to an optimal policy, and we can hope that as k grows, the greedy
becomes closer to an optimal policy. We shall show this formally later.

We make a few remarks.

The update rule of the VI method (3.3)-(3.4) uses the current approximation of
the value function, V}, to compute a better approximation of the true value function
(V™ for PE; V* for Control). We say that VI bootstraps the current approximation to
get a better one. The use of an existing approximation to get better ones, especially in
this specific form where a Bellman operator or an approximation thereof is involved,
is called bootstrapping in the RL literature.

We could also define the VI based on the m-step Bellman operator (2.22), or
more generally, (2.23) with its special case (2.24). For example, we can have

Vi1 < (T™)™ /T JTT V.

Remark 3.1. Sutton and Barto [2018] call the iteration (3.3) used for solving the PE
problem “Iterative Policy Evaluation”, and reserve Value Iteration for the procedure
used to compute V* or Q* (3.4). I use VI for both procedures because the essence of
both is the iterative application of the Bellman operator on the current approzrimation
of the value function. It does not matter whether the Bellman operator is T™ or T,
and whether the value function is V™ or V*. Which one we are referring to should
be clear from the context, and if not, we can always use VI for PE or VI for Control
to distinguish them.

Exercise 3.11 (%). Write a program that accepts an MDP and performs Value It-
eration.

bootstrapping
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Remark 3.2. If each step of VI is not performed ezxactly, we have an approximate
value iteration. This means that instead of performing Vi1 < TV, we find a Vi
such that Viiq = TV).. This sequence Vi, may not converge to the true value function
(V™ or V*) anymore. We discuss this further in Section 5.2.2.

3.3.2 Value Iteration as an Operator Splitting (7)

In this section we show that the Value Iteration algorithm for PE can be interpreted
as an instance of a matrix/operator splitting method. This is not only a new per-
spective on what VI is, but can also allow us to design more efficient variants of VI,
which we do later in Chapter ?7.

Let us first describe the matrix splitting approach. Consider the linear system

Az =0,
with a nonsingular A € R%? and z,b € R?. We split A to
A=M—-N

for some choices of M, N € R (assume that M is nonsingular). As a simple
example, consider M = (1 — A)I and N = I — AA with A > 0. We shall give some
more concrete examples soon. This is called matrix (or operator) splitting.> The
vector z satisfying Az = b also satisfies

Mz=Nz+b. (3.5)

To find a z that solves this equation, the matriz splitting-based iterative method,
commonly used in numerical linear algebra, computes the new approximation zp,q
given the current z; by solving

MZk+1 = NZk; + b,
or equivalently,
Zes1 = M1 (Nz, + b).

If the matrix (operator) M is (1 — A)I, the inversion M~ is very easy to compute.
For other choices, it may or may not be. This iteration can converge to the solution
z of the linear system of equations, with a rate that depends on M and N.

3We describe the idea using finite dimensional matrices and vectors, but more generally, A, M,
and N can be linear operators and z a general infinite dimensional vector (a function). That is why
we can call the method operator splitting too.



3.3. VALUE ITERATION 79

How does the choice of M and N affect the convergence rate? Let us analyze its
convergence behaviour. Denote the error by e; £ z, — z. As the solution of (3.5)
satisfies

z=M*(Nz+b),

we have
Crp1 = Zpp1 —2 =M YNz +b) — MY (Nz+b) = M 'N(z, — 2) = M ' Ney,

so the dynamics of the error is

ex =M 'Nep 1 = (M 'N)ep g =---= (M 'N)ke,. (3.6)
Let G = M~!'N. The norm of the sequence (ey)r>1 can be upper bounded as

lexll = [[G*eal| < 1G¥]|lleall < I1G1* ol (3.7)
The errors are (norm-) convergent if
IGI = 1IM~'N| <1,

for some choice of norm. More generally, the necessary and sufficient condition
for convergence is that the spectral radius p(G), the maximum absolute value of
eigenvalues of G, is smaller than 1, see e.g., Theorem 4.1 of Saad [2003] or Theorem
11.2.1 of Golub and Van Loan [2013].* The convergence is faster if the spectral radius
(or norm) is closer to zero.

The success of this iterative procedure as a way to solve the linear system of
equation depends on two factors

e How we choose M and N such that the norm (or spectral radius) is as small
as possible.

e How to choose M such that solving the equation Mz;,; = Nz + b is not very
expensive.

The first factor affects how many iterations we need in order to get close to the
solution. If the spectral radius is smaller, the number of iterations is smaller too.
The second factor determines the computational cost of each iteration. Overall, they
determine the total computational cost of solving the problem.

4For any matrix norm, we have p(G) < |G/, so the condition on the norm is sufficient, but not
necessary. Our analysis will be norm-based.
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Let us consider two cases in terms of the computation needed to compute M !
and the spectral radius of M~'N. The first one is when M is an identity matrix
I and N =1— A. In this case, the iteration becomes zyy1 = (I — A)z, +b. The
computation of M~! = I is clearly very cheap — no computation is needed. The
convergence rate depends on the spectral radius of M~'N = N = (I — A). So if
p(I — A) < 1, the iterative process is convergent. As another example on the other
side of the tradeoff between these factors, consider M = A and N = 0. One iteration
of this procedure is enough to find the solution z. This can be seen by the spectral
radius p(M~*N) = p(0) = 0 too. The cost of computing the inverse of M = A,
however, is expensive. Solving one iteration of this procedure cost essentially the
same as solving the original problem. There are other choices between these two
extremes.

For example, if we decompose A by its diagonal part D, its strictly lower trian-
gular part —L, and its strictly upper triangular part —U (so A= D — L — U), then
the choice of M = D and N = L+ U leads to what is known as the Jacobi iteration.
Clearly, the computation of M~! = D! is easy. If we select M = D—L and N =U
(or M =D —U and N = U), we get the forward (or backward) Gauss-Seidel itera-
tion. In all these cases, solving Mz, = Nz,_1 + b is easy. The convergence of these
methods can be established too. For instance, if A is strictly diagonally dominated,
the Jacobi iteration is convergent (Theorem 11.2.2 of Golub and Van Loan [2013]).
These examples, as well as other choices available in the numerical linear algebra lit-
erature such as the Successive Over Relaxation method, show that there are multiple
ways to split A to M and N, each with their own convergence properties.

After this review of matrix splitting, we are ready to make the connection between
splitting-based iterative methods and VI for PE. By setting

A=1-—~P7,

we see that equation AV™ = r7™ is indeed the Bellman equation for policy 7 (3.2).
The VI for PE, which is

Vi1 =P Vi +r" = (1) A=A Ve +7r7
M N

corresponds to the choice of M =1 and N = P™. The convergence rate of this
procedure is determined by

p(M™IN) = p(yP™) =y < 1,
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where we used the fact that the largest eigenvalue of a stochastic matrix/operator P™
is 1. Of course, this is the same VI convergence rate that we have obtained before.

This discussion shows that VI belongs to the family of splitting-based iterative
methods. And it brings up the question of whether it is possible to split A differently
so that the resulting VI-like procedure has better convergence properties. We give a
particular answer to this question in Chapter 77.¢

3.3.3 Value Iteration as a Dynamical System (%)

3.4 Policy Iteration

A different approach to compute the optimal policy 7* is based on the iterative
application of the following two steps:

e (Policy Evaluation) Given a policy 7, compute V™ (or Q™).

e (Policy Improvement) Find a new policy ., that is better than my, i.e.,
V™41 > V™ (with a strict inequality in at least one state, unless at con-
vergence).

The policy evaluation step is clear. We can use any method, such as solving a
linear system of equation or VI (PE) to compute the value of a policy my.

To perform the policy improvement step, we have to find a policy that is better
than the current one. A commonly used approach is to use the greedy policy of the
value function of 7. That is, given a value function ™, we set the new policy as

Th1(2) <= my(z; Q™) = argmax Q™ (z, a), Ve e X.
acA
If we are given V7™, we set myyq = my (V™).
To gain an intuition on why the greedy policy is an improved policy, assume that
at state x, we act according to m,(x; Q™), and afterwards, we follow 7. The value
of this new policy is

Q™ (x,my(2; Q™)) = Q™ (x, argmax Q™(z,a)) = max Q™ (z, a).

Comparing max,e 4 Q™ (x,a) with the value of following the current policy at state
x, which is V™ (z) = Q™ (x, mx(z)), we get that

Q™ (7 (5 Q™)) = max Q™ (z, @) > V7™ (x). (33)



Policy Iteration

82 CHAPTER 3. PLANNING WITH A KNOWN MODEL

Algorithm 3.1 Policy Iteration

1: Initialize 7y arbitrarily

2: k+ 0

3: repeat

4: Q™ « solution of ) = T7 Q) > Policy Evaluation: compute Q7*
5: Try1 < policy s.t. TT+1Q™ = T*Q™k > Policy Improvement
6: k+—k+1

7 until 7, = 7y

So this new policy is equal to or better than m; at state x. We shall prove that
if we choose greedy policy at all states, the value function would satisfy a similar
inequality at all states.

The policy improvement step in the procedure described at the beginning of this
section only required the new policy 7,1 to be such that its value is higher than the
previous policy’s, that is, V™+1 > V™ _ The Policy Iteration (PI) algorithm refers
to the specific case that we pick the new policy 7,41 as the greedy policy m,(Q™).

As the value function of 7 is the unique fixed point of 7™ (Theorem 2.5), and
the greedy policy m,(Q™) satisfies T™+1 Q™ = T*Q™ (see (2.32)), we can summarize
each iteration of the Policy Iteration algorithm as

e (Policy Evaluation) Given 7, compute Q™ that is, find a @ that satisfies
Q=T"Q.

e (Policy Improvement) Obtain 71 as a policy that satisfies T™++1Q™ = T*Q7x.

Algorithm 3.1 summarizes the high-level steps of the PI algorithm. This algorithm
has a loop over k. An important question is whether this loop ever stops, and if it
stops, what the output policy would be. We get to these questions next.

Remark 3.3. We also have approximate policy iteration algorithms too, in which
we allow some level of approximations. The approzimation can be either at the policy
evaluation step (we only find Q ~ T™Q), or the policy improvement step (we only
find T™+1Q™ ~ T*Q™ ), or both.

Remark 3.4. The policy improvement step does not need to be done through com-
puting the greedy policy my+1 < 7,(Qr). There are other mechanisms that generate
an improved policy, or a sequence of policies, and still converge to an improved and
even optimal policy. We will visit a family of them in Chapter 6.

Exercise 3.12 (x). Write down the Policy Iteration algorithm based on V™.
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Exercise 3.13 (x). Write a program that accepts an MDP and performs Policy
Iteration.

3.4.1 Convergence of Policy Iteration

*

The PI algorithm converges to 7*, and in practice, the convergence is often fast.
In this section, we establish its convergence and show that for finite MDPs, the
algorithm stops in a finite time. Our proof, however, only shows the eventuality of
convergence, and not how fast PI converges. That is the topic of the next section.

The following result is sometimes called the policy improvement theorem, and is
a crucial part of the convergence proof of the PI algorithm. We can think of it as
extending and formalizing what we have shown in (3.8).

We establish the convergence of the PI algorithm. The following result is some-
times called the policy improvement theorem, and is a crucial part of the convergence
proof of the PI algorithm. We can think of it as extending and formalizing what we
have shown in (3.8).

Theorem 3.1 (Policy Improvement). If for policies © and 7', it holds that T™ Q™ =
T*Q™, we have that Q™ > Q.

Proof. We first show that 77 Q™ > Q™. To see this, first notice that 77 Q™ = T*Q~,
by the assumption. We also have T*Q™ > T™Q", as for any (z,a) € X x A, it holds
that

(. + [ PO 0 max Q7@ ) 2 r(ea) [ P )@ ()

This shows that 77 Q™ = T*Q™ > T™Q™. As T™Q™ = Q™, we conclude that 77 Q™ >
Q.

The second step is to use the just proved T Q™ > Q™ to show that Q™ > Q~.
We apply T™ to both sides of 77 Q™ > Q~, and use the monotonicity property of
the Bellman operator (Lemma 2.3) to get

T(T7Q) 2 T"Q" =T"Q" > Q™.

So we also have (T7)2Q™ > Q7. By repeating this argument, we get that for any
m > 1,

(T™)"Q™ > T"Q™ > Q™. (3.9)
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Take the limit of m — oco. Because of the contraction property of the Bellman
operator T™ (Theorem 2.5), we get that
lim (1T7)™Q™ = Q™. (3.10)

m—00

By combining (3.9) and (3.10), we get that
Q™ = lim (T™)"Q™ > T*Q™ > Q~, (3.11)
m—00
which is the desired result. O

The same result holds for V™ and V™ .

This result shows that by choosing the greedy policy w.r.t. the most recent value
function, we get a new policy that is at least as good as the previous one. Based
on this result, we can show that the PI algorithm converges to an optimal policy.
And if the size of the state-action space is finite (|X x A| < 00), this happens in a
finite number of iterations. We shall state this result soon. The basic idea behind
the proof is that we either can strictly improve the policy, or if we cannot, we are
already at the optimal policy.

Theorem 3.2 (Convergence of the Policy Iteration Algorithm — Proposition 2.4.1
of Bertsekas 2018). Let (mx)k>0 be the sequence generated by the PI algorithm.

e For all k, we have that V™1 > V7 with equality if and only if V™ = V™,
o limy_,o [|[V™ — V¥ =0.

o [f the set of policies is finite, the PI algorithm converges in a finite number of
iterations.

Proof. This theorem states several related results. We prove them consecutively.

The first claim is that V™+ > V7™ with equality if and only if V™ = V*. By
Theorem 3.1, we already know that V™+1 > V7™  So we need to prove that the
equality holds (V™+1 = V™) if and only if V™ = V*. We consider each direction of
the implication separately. First, we consider that the value of two policies m, and
Trr1 are the same: V7™ = V7™ +1 Apply T7++1 on both sides to get that

Tﬂk-»—l Vﬂk — Tﬂk+1v7rk+1‘
As T™+1V7™ = T*V 7k by the definition of the PI algorithm, we get that

Tﬂk+1V7Tk+1 — T*Vﬂk — T*Vﬂk+1’
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where in the last step we used V™+1 = V™ again. By these equalities, we have
TTet1]/Thetl — T*Vﬁk+1‘

As V™ +1 g the value function of w1, it satisfies the Bellman equation 771V Tk+1 =
V™+1. Therefore, we also have

Ve = THY T

This means that V7#+1 is a fixed point of T*. But the fixed point of T™ is unique
and is equal to V* by Theorem 2.5, so we must have that V7™+1 = V*,

Let us now prove the other direction: If V™ = V* then 7 is an optimal policy.
The greedy policy of V™ = V* which is m.q, is still an optimal policy, hence
V7ktt = V* = V7,

To prove the convergence limy_,o [|[V™ — V*|| = 0, recall from (3.11) that we
have

Q1 > TQ™ > Q. (3.12)
By induction,
Qﬂk+1 Z T*Qﬂk Z T*(T*Qﬂ'k,1> Z . 2 (T*>kQ7T0

By the definition of the optimal policy, we have Q™ < @Q* for any 7, including
all policies 7 generated during the iterations of the PI algorithm. So Q™+! is
sandwiched between Q* and (T%)*Q™, i.e.,

Q* > Qmﬁtl > (T*)kQWO.

This entails that [|Q™+ — Q*[|, < [[(T*)*Q™ — Q* " We show that the RHS
converges to zero. By the contraction property of the Bellman optimality operator,
we have that

=0.

o0

lim ||(T%)* Q™ — Q*
k—o0
Therefore, we get that
klim Q™ — Q|| = 0.
—00

This implies the convergence of V7* too.
Finally, if the number of policies is finite, the number of times (3.12) can be a
strict inequality is going to be finite too. O]

5This can be seen by noting that if for three real numbers a,b,c, we have ¢ < b < a, we also
have |a — b| < |a — ¢|.
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This result shows that the PI algorithm converges to the optimal policy in a finite
number of iterations whenever the number of policies is finite. This is the case if
the state space X and the action space A are finite. To see this, note that each
deterministic policy 7 : X — A is of the form m = (a1, aq,...,a1x)) with a;, € A.
Thus, we have a total of |A|l*! different policies, which is finite.

Even though this is finite, it can be very large even for modest problems. For
example, a 10 x 10 grid world problem with 4 actions at each state has 41%° ~ 1.6x10%
possible policies. Surely we do not want to perform that many iterations of an
algorithm before finding the optimal policy.

In practice, however, we observe that the PI algorithm converges much faster, for
example just in a couple of iterations. This suggest that the previous analysis might
be very crude. This is indeed the case, as we prove in the next section.

Exercise 3.14 (x). In the proof of Theorem 3.2, it is claimed that if V™ = V* its
greedy policy w1 is still an optimal policy. Justify this!

3.4.2 Fast Convergence of Policy Iteration (})

Here we show that PI converges much faster than |.A|*! iterations, as was suggested

by the previous analysis. In fact, we can show that PI terminates in

o1 (i5))

iterations, which is a significantly stronger result compared to Theorem 3.2.4

To prove it, we require a new definitions and series of intermediate results. For
the rest of this section, we focus on deterministic policies. As discussed before, there
always exists an optimal deterministic policy.

Let m and 7" be two policies. We define the advantage of #’ w.r.t. 7 as

AT =TTy YT (3.13)
To understand this definition better, let us expand it for a state x:

/

AT (z) = r(x, 7' (z)) + v/P(dx']x, 7' (z))V7(z") — V™ (x).

So at the first step we follow 7/, and then from the next-step onward, we follow 7,
and we compare that value with following 7 from the first step. This is equal to

A7 (@) = Q" (a7 (x)) — V7 (2). (3.14)
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Remark 3.5. There is function called the advantage function of a policy m, which
1s defined as

A™(z,a) = Q" (x,a) — V™ (x).

The advantage function shows how much the value of a particular action at a state
differs from the value of the state. We have that A™(xz,w(x)) =0 (or E[A™(z,A)] =0
with A ~ 7(-|x)). The notation of A™ is commonly used in the RL literature whereas
AT is not. Of course, AT and A™ are related as AT (x) = A™(z,7'(z)).

The following result reveals a relation between V7™ and V™', and their advantage

/

AT

Lemma 3.3 (Performance Difference Lemma). For all pairs of policies T and 7', we

have
VT VT = (I —~P") AT,
Proof. The Bellman equation for 7’ is V™ = r™ +4P™ V™ so by rearranging we get

I — AP W™ =¢™.

As P™ is a stochastic matrix, its max norm is equal to one, i.e., |[P™ ||c = 1. As
a result, we have that ||yP™ || = 7. Lemma A.2 in Appendix A.4 shows that the
matrix (I —~P™) is invertible. Thus, we can write

VT VT = (I —yP") ™ -V (3.15)
Let us expand V7™ as
Vi=T1-V" =1 —+P") HI—yP")V".
Substituting this expanded form in (3.15), we get that
Ve v = (=P ) [ - (- PV

—(I— ,}/Pﬂ' -1 _,',,TI'/ + 773#’v7r _ V7r:|

( )
( )

— (1P :T”’V” _ V“}
( )

where in the last step we used the definition of the advantage A7 (3.13). This is the
desired result. O
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This result is sometimes known as the performance difference lemma. Let us
explain it. Recalling the definition of the discounted future-state distribution (6.26),
this lemma can be written as

o . 1

Vr VT = T AT
It states that the difference between the value functions of policy 7" and 7 is equal to
the expectation of the advantage A;’ w.r.t. the discounted future-state distribution
induced by policy n’. Because AT (z) = A™(x,7'(2)) = Q™ (z, 7'(x)) — V7™ (), this is
the expected value of the difference between “the value of choosing action according
to 7’ for one step and then following 7 afterwards” and “the value of following
from the first step onwards”, with the expectation being taken w.r.t. the discounted
future-state distribution of a 7’-following agent. As a sanity check, if both policies
have the same value, the advantage is zero, and both LHS and RHS are zero.

The next result implies that the sequence (V™) generated by the PI algorithm
gets closer to V* = V™.

Lemma 3.4. Given V™, let ' <— mw,(V™), i.e., ©’ is the greedy policy w.r.t. V™. We
have

Hvﬂ_* _ Vﬂ_/

00 S fYHVﬂ* o Vﬂ-Hoo

Proof. Consider V™ —V™ and add and subtract 77 V7™ and T™ V™. After benefitting
from the fact that V™" =T V™ and V™ =T" V™, we get

VS VT =TTV (T 1Y) = (TTVE TV - TV (3.16)

= (VT =TTV 4 (TTVT =TV ) (T - TV
(3.17)

Let us consider each term within parentheses separately. For the first term, we
have

TTr*vﬂ'* o Tﬂ'*vﬂ' — (,r,ﬂ'* + ,)/Pﬂ*vﬂ'*) o (,r,fr* + ,yrpﬂ'*vfr)
=yP" (VT V7). (3.18)

Likewise, for the last term, we get

TV 7Ty = T (W - V”') . (3.19)
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We now show that we can upper bound the second term, 77 V™ —T™ V™. As «'
is the greedy policy w.r.t. V7™, it satisfies

T™V™ =T*V". (3.20)

Recall that the Bellman optimality operator is the supremum of the Bellman
operators over all policies (see (2.20)), i.e,

TV =supT™V.

mell
This means that for any policy 7", including 7*, we have
V" >T"V™,

So with the choice of 7" = 7*, and by substituting 7*V™ with T™ V7™ (3.20), we get
that

TV TV =T*V" —T" V™ > 0. (3.21)
Plugging (3.18), (3.19), and (3.21) into (3.16), we get
V7r* o V’/r’ < ,}/PT(‘* (VT(* . Vﬂ’) + ,ypw’ (VT( o Vﬂ’) )

By the Policy Improvement theorem (Theorem 3.1), we know that V™ < V™. As
P™ > 0 (element-wise), the value of P™ (V™ — V™) > 0 too. So the last term in the
inequality above is non-positive, which means that

VT VT <P (V- V7).

As the value of the optimal policy is greater than or equal to the value of 7 and
7', we have V™ — V™ >0and V™ — V™ > 0. So we can take the norm from both
sides without any change in the direction of the inequality. We take the supremum
norm, which can be simplified as

S A | W o S e G W L |
oo N, e’

=1

v

Here in the second inequality, we used the property that the vector norm of an
operator (or matrix) transformed vector (i.e., ||Lz||, for an operator L and vector
z) is upper bounded by the operator norm ||L|| multiplied by the vector norm ||z||
(see (A.7) in Appendix A.3.1; or (A.11) in Appendix A.4) and the fact that the
supremum norm of a stochastic operator (matrix) is 1 (A.10). O
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This lemma shows that the sequence (7 ), generated by the PI algorithm satisfies
ve Ve <[V = Vel hence

Ve = v <At v v (3:22)

oo’

that is, the value of the 7, gets closer to the optimal value function with a geometric
rate. A corollary of this result is that we can determine the number of iterations k
required to get a policy 7 such that V™ > V™ — ¢, i.e., following it is at most €
worse than following the optimal policy.

Proposition 3.5. Assume that for all policies 7, |V™| < Viyas. Given an e > 0,
we need to run the PI algorithm for at most

log(#1z)
Ea
iterations in order to guarantee that V™ > V7™ —¢.
Proof. To satisfy V™ > V™ —¢_ it is sufficient to have HV”* — Ve Hoo = e. We have

P VT VR <A VT =V S 2 Vi)

where we evoked Lemma 3.4 (as we did in (3.22)), and benefitted from the fact that
all the value functions are V,..-bounded. This is satisfied if

E ok

Wo
Solving for k, we get that log(w;ax) < klog~, which after some simple manipulations
leads to the desired result. O

This result has a dependency on ¢, albeit a very mild one (logarithmic). In
contrast with Theorem 3.2, it does not show that the PI algorithm ever terminates.
The next result provides such a guarantee.

Theorem 3.6 (Convergence of the Policy Iteration Algorithm — Proposition 2.4.1
of Bertsekas 2018). The PI algorithm terminates after at most

(A= D1 | o (12 )]

iterations.
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Proof. Consider the sequence (my) generated by the PI algorithm. By Lemma 3.3
with the choice of 7 = 7* and ©’ = 7, we have

—ATE = (I —yP™)(V™ — V™).
Since P™ > 0 and because ||P™|| _ = 1, the mapping (I —~P™) > 0. Therefore,
—ATE < (I —AP™) (VT = V™) < VT — VT, (3.23)

We claim that the function —AT* is non-negative. To see this, by its definition,
we have

AT

E=VT TV >0,
which is true because V™ is the optimal value function. This is the same as say-
ing that V™ () — Q™ (x,mx(x)) > 0, which is equivalent to the statement that
Q™ (x,7*(z)) > Q™ (z,m(x))). If this wasn’t true, we could select action accord-
ing to 7 at the first step, and then follow 7* and get a higher value, which would
contradict the optimality of 7*.°

Because of the non-negativity of —AT* we can take the norm of both sides

of (3.23) and keep the same direction of inequality:

Az

_ Tk
o T H_Aw*

o SV =V

By Lemma 3.4 (specifically it consequence (3.22)), Lemma 3.3, and Lemma A.2
in Appendix A.4, we have that

I=Az

o SV =V
= =P T AR)

‘ o0

<

(3.24)

‘oo'

k
v
— AT
o l-42)
As (—A7?) is non-negative, || —Ar? || = max,ex(—Ar)(x). There is at least one
state o € X such that the maximum is attained, and its value is —A72(xg). Let us
focus on that state.

6A more formal proof: We prove by contradiction. Suppose that we have V™ < T7T:V7
instead. We apply 7™ to both sides, and by the monotonicity property of the Bellman operator,
we get T™ V™ < (T™)2V™" | which entails that V™ < (T7#)?V™ . Repeating this argument leads
to the statement that V™ < (T”k)mV”* for any m =1,2,.... We now let m goes to oo, and use
the contraction property of the Bellman operator T7* to obtain VT < lim,, 00 (T ”k‘)mV”* = Ve,
This is a contradiction, as V™ is the optimal value function and cannot be smaller than V7.
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The value of (—ATY) at state zy (notice that here we have 7 and not m) can be
upper bounded by its supremum norm:

(=AZ5) (o) < (=47l = 1A7* [
By the upper bound (3.24) of || A%k, and ||AT%|| = max,cx(—A7)(x), we get
that
Nk
(= A7) (o) = 7= 7(—14153)(330)- (3.25)

Let k* be an integer such that ﬁ

the strict inequality

; < 1. For all £k > k* and A7 (z) > 0, we have

—A?i (.230) < —A;g (ZBQ)

This entails that the action selected by 7 at state zq is different from 7o (zy).
To see this more clearly, note that by (3.14), this is equivalent to the statement that
Q*(zo, mo(x)) < Q*(xo, mx(x)). This can only hold if my(x) and mi(x) are different.

If A7%(x9) = 0, then Q*(xo, mo(z)) = V*(x0), so my is optimal at zo. By (3.25)
and the non-negativity of (—A7Y), the advantage of 7 w.r.t. 7* (A7%) must be zero,
hence 7 () is optimal too.

This argument shows that as soon as k > k*, the policy 7 never chooses mo(xg)
unless it is optimal already. Therefore, at least one suboptimal action is eliminated
after k* iterations of the PI algorithm. We can repeat this argument (starting from
the just obtained 7 as the “new” ) to eliminate one suboptimal action after each
k* iterations. Because there are |X|(|A| — 1) suboptimal actions at most, the PI
continues for at most |X'|(|.A| — 1)k* iterations, after which the remaining actions are
all optimal.

It remains to calculate £*. We solve for its value such that % = 1. This leads

to log (- ;
log(1—7) logli=
k*logy =log(l —v) = k" = v
1=7) og() log(D)
og(-L ,
As log(%) > 1 — 7, if we choose k* = [1 gl(jjy”)w, we get that % <1 O

3.5 Linear Programming

We can find V* by solving a Linear Program (LP). This approach is less commonly
used compared to VI and PI. Later, we mention an approach to find 7* without
computing V* or Q* after all, based on the dual formulation of LP.
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To begin with, consider the set of all V' that satisty V' > T*V | i.e.,
C={V:V>TV}.

This set has an interesting property. For any V' € C, by the monotonicity of T,
we have

V>TV =TV >TTV) = (T*)?V.
Repeating this argument, we get that for any m > 1,
V> (T™V.

We take the limit of m going to infinity and use the contraction property of the

Bellman optimality operator to conclude
V> %%(T*)mv =V~

So any V € C is lower bounded by V*. Or in other words, V* is the function
that is in C, but is less than or equal to any other function in C' in the pointwise
sense, i.e., Vi < Vi < Vi(x) < Vo(x), Vo € X.

Based on this observation, we can devise a procedure to find V*. We find a
member of C' such that it is less than or equal to any other V € C. We can do this
by choosing a strictly positive vector > 0 with the dimension of X (we can think
of p as the probability distribution with a support on X’; though at this stage being
a distribution is not needed), and solving the following constrained optimization
problem:

T
minu 'V,
Vel o

which can be written in an expanded form as

miny 'V,
st. V() > (T"V)(z), Ve e X.

This has a linear objective and a set of |X'| nonlinear constraints. We can convert
each of nonlinear constraints to |.A| linear ones because each

acA

V(x) > max {r(x, a) + WZP(y\x, a)V(y)}
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is equivalent to

V(z) > r(x,a) +7Y Plylr,a)V(y), VacA

Y

Therefore, we can solve the following instead:

miny 'V,
st. V(z) >r(x,a)+ vzp(y\x,a)‘/(y), V(z,a) € X x A.

Y

This is a linear program with |X x A| constraints.

The choice of i, as long as p > 0, does not matter. To see this, suppose that
we find a V = V* as the minimizer. As all V' € C satisfy V' > V*, this means that
for at least a state 2/, we have that V(z/) > V*(2'). But if that is the case, we can
decrease the objective from p'V to p7V* by the amount of

J

u(@)(V (') = V*(2')) > 0.
——

P
>0 >0

So V cannot be strictly larger than V*. If p(z') = 0, however, we could not make
this argument anymore.

Exercise 3.15. What method do we have for solving an LP? What is the computa-
tional cost?

Exercise 3.16. How can we have an LP-like formulation when the state space is
continuous?

Exercise 3.17. What if we started our argument from V < T*V and defined C' =
{V V< T*V } instead of C? Would it work? If so, what changes do we need?

Chapter Summary

Summarize the main points that the reader needs to remember from this chap-
ter.

Notes and Remarks

a What exactly refers to the dynamic programming is not very clear. Bertsekas
and Tsitsiklis [1996] define it as “the mathematical formalization of the tradeoff
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between the immediate and the future cost” (p2), and mention that “the objective
of DP is to calculate numerically the optimal cost-to-go function J*” (p3), which is
essentially the same as V* and Q* in this book. Bertsekas [2018] considers that “DP
is the principal method for analysis of a large and diverse class of sequential decision
problems.” (p2).

Sutton and Barto [2018] states that “The term dynamic programming (DP) refers
to a collection of algorithms that can be used to compute optimal policies given a
perfect model of the environment as a Markov decision process (MDP).” (Chapter 4,
p73). Therefore, their emphasis is on whether the perfect model of the environment
is available or not.

Szepesvari [2010] does not define what DP is, but introduces Value Iteration and
Policy Iteration as DP algorithms.

Richard Bellman, who coined the term DP, began the preface of his book on
DP [Bellman, 1957] by saying that “The purpose of this work is to provide an in-
troduction to the mathematical theory of multi-stage decision processes. Since these
constitute a somewhat formidable set of terms we have coined the term “dynamic
programming” to describe the subject matter.” Since the initial intention was to
have an umbrella term for many concepts and methods, it is not surprising that
coming up with a clear and precise definition is not easy.

Interestingly, Bellman mentions in his autobiography [Bellman, 1984] that since
an influential administrator hated the term research, and presumably mathemat-
ics, he tried to shield his work from them by using a new term. He was initially
“interested in planning, in decision-making, in thinking”, but he decided on using
“programming”, and to get across that “this was dynamic, this was multi-stage, this
was time-varying”, he chose the adjective “dynamic”. This is why he came up with
the term dynamic programming. If not for that administrator, we could perhaps
have multi-stage planning or even dynamic thinking.

In this book, we use DP to refer to methods that benefit from the special recur-
sive structure of the sequential decision-making problem, specifically, the MDP, to
solve it. We reserve it for the methods that assume the knowledge of the problem,
specifically P and R. One can argue that the intention behind the definition was
broad enough to encompass many RL methods as well. We make a distinction be-
tween DP and RL, however, as this is commonly accepted in the community. To be
specific and concrete, we consider Value Iteration (Section 3.3) and Policy Iteration
(Section 3.4), and their non-sample-based variants, as the quintessential DP algo-
rithms. We consider methods such as Temporal Difference (Sections 1.5, 4.4, 4.6) or
Approximate Value Iteration (Sections 5.2.2 and 5.3.2) as approximate DP methods
that are better be thought of as RL methods, with the understanding of their close
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relations. Or perhaps we could consider all of them as RL methods, as they are
methods for solving RL problems after all (see the beginning of Chapter 1), albeit
with different requirement for the information available to them (full knowledge of
the MDP or only samples coming from the environment).

b Referring the problem of finding the optimal value function or policy as the problem
of “control” can be confusing, especially for a reader with a background in control
theory/engineering. Here we use Policy Evaluation vs. Control to emphasize whether
we are interested in computing V™ or Q7 vs. V* or Q* or 7*, or approximation thereof.

¢ The idea of using matrix splitting to analyze or design variants of Value Iteration
have been explored in the literature.

Kushner and Kleinman [1971] is one of the earliest papers that mentions the
Jacobi and Gauss-Seidel procedures for computing the value function. Porteus [1975]
propose several transformations to the reward and the probability transition matrix
with the goal of improving the computational cost of solving the transformed MDP.
One of the transformations, called pre-inverse transform, has some similarities with
the matrix splitting.

Bacon and Precup [2016] and Chapter 4 of Bacon [2018] provide a matrix splitting
perspective on solving the PE problem given a set of options, which are temporally-
extended actions. They show that the computation of the value function using a
given set of options can be interpreted as a particular choice of matrix splitting.

Discussion of this section follows from our own work [Rakhsha et al., 2022], where
we introduce a new operator splitting approach that leads to accelerated computa-
tion of the value function, for both PE and Control problems. We get back to the
accelerated algorithm when we discuss model-based RL algorithms in Chapter 77.
The goal of acceleration using matrix/operator splitting was also pursued by 7, who
propose using matrix splitting, alongside another technique called matrix deflation,
to effectively remove (deflate) the top dominant eigen-structure of the transition
matrix P. This leads to an accelerated algorithm called Deflated Dynamics Value
Iteration.

d This result is relatively new, compared to when the PI algorithm was introduced [Howard,
1960]. Variants of it have been proven by Ye [2011]; Hansen et al. [2013]; Scherrer
[2016]. We closely follow the results and proofs of Scherrer [2016].



Chapter 4

Learning from a Stream of Data:
Value Function Learning

We consider the setting when the MDP model (P and R) is known in the previous
chapter.! In the RL setting, however, we do not have access to the model. Instead,
we observe data of agent interacting with its environment. The data, in general, is
in the form of data stream

X17A17R17X27A27R2a

with Ay ~ 7(+| X3), Xev1 ~ P(+| Xe, Ar) and Ry ~ R(-| Xy, Ar), as we already described
in Sections 1.1 and 1.3.
Several important questions are:

e How can we learn a value of policy 7
e How can we learn V* or Q* (and consequently, the optimal policy 7*)?

This chapter is about methods for doing these tasks. The methods in this chapter
are often feasible for finite MDPs. Similar high-level ideas work for continuous MDPs,
with some modifications, which we shall cover later in the book.

4.1 Online Estimation of the Mean of a Random
Variable

Let us start from a simple problem of estimating the mean of a random variable,
given samples from it. To be concrete, assume that we are given n real-valued

!Chapter’s Version: 0.05 (2021 February 23).
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r.v. Zy,...,%Z;, all drawn ii.d. from a distribution ». How can we estimate the
expectation m = E[Z] with Z ~ v?
Of course, we can use the sample (or empirical) average:

1 t
i=1

We know that under mild conditions, by the Law of Large Numbers (LLN), m; — m,
almost surely.?

Exercise 4.1 (xx). Assume that Var [Z] = 0®. What is the variance of m;?
Hint: Use the independence assumption between Z; and Z; (for i # j) in your
calculation of the variance.

The naive implementation of m; requires us to store all 73, ..., Z;. This is infea-
sible when ¢ is large. But we can do it online too. To see it, let us write m;y; in
terms of m; and Z;,q:

1 & 1 [|< 1
Mt t+1i:1 i1 ; + Zi t+1[mt+ t41]
1 1
=(1—-—— — 7.
( t+1)mt+t+1 t+1
Let us define ay = ti We can write

mey1 = (1 — ozt)mt + OétZt.

The variable oy is called the learning rate or step size.

With this choice of a4, the estimate m; converges to m as t — oo, as this is
basically computing the empirical mean, whose convergence is ensured by the LLN.
This online procedure is an example of the family of stochastic approzimation (SA)
methods. We shall see more example of it in the rest of this chapter.

We can also choose other ays too. In order to avoid confusion with m;, we use 6,
as our estimate of m = E [Z], and consider an algorithm in the form of

9t+1 = (]_ — Oét)et + atZt- (4]_)

2The condition would be that E[|Z]] < co.
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Note that 6; is a random variable. If o = t%l, we get the previous procedure, and
we know that 0, — E[Z] and has a variance that goes to zero (Exercise 4.1). As
another choice, we consider a fixed learning rate

ay = A,
for a a > 0. In that case, the sequence 6, would be
01&—}-1 = (1 — Oé)‘gt + O(Zt.

Let us try to understand this sequence better by studying its expectation and variance
as a function of time ¢. Take expectation of both sides to get

E [Qt-i—l] =E [(]_ — O{)et + O{Zt]
=(1—-a)E[0]+ aE|[Z]

Denote E [,] by 6, (which is not a r.v. anymore), and write the equation above as
ét—i—l = (1 — Ck)ét + am.

We would like to study the behaviour of 0, as t increases. Assuming that 6y = 0
(so p=0) and 0 < a < 1, we get that

0_1 = am,
0y = (1 — a)am + am,
03 = (1 —a)’am + (1 — a)am + am,

—_

t—

Op=a) (1—a)m= am(1 — (1= o))

=m[l—(1-a)].

p 1—(1—-a)
Therefore, we can conclude that
lim 0, = m.
t—o0

So the update rule leads to a sequence 6, that converges to m in expectation. This
is reassuring, but is not enough. It is imaginable that #; converges in expectation,
but has a large deviation around its mean. Let us compute its variance too.
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As Z; is independent of Zi, ..., Z;_; and 6, is a function of Z1, ..., Z;_1 only, the
random variables 6, and Z; are independent too. We use this to get that

Var [0;41] = Var[(1 — a)b; + aZ;] = (1 — a)*Var [§;] + o*Var [Z;] .

As a quick calculation, we have that Var [6,1] > a?Var [Z;] = a®c?. So for a constant
a, the variance of 6, is not going to converge to zero. In other words, 6; fluctuates
around its mean (in different runs of the data stream; though a similar conclusion
would hold within the same sequence (6;) too).

To compute the variance exactly, denote 8 = (1 — «)? and U; = Var [¢,]. Similar
to the calculation for the expectation, we have that

Uy =0,

U1:Oé20'2
UQ_CYU (1“‘5)

_wzzﬁz_aa (1-8) _ac’l-(—a]

- p 2—«
So
lim Var [0,] oo’ (4.2)
im Var [0,] = . .
t—o0 a t 2 —
To summarize, if we choose a; = ; +1, the estimate Ht converges to m almost
surely. In finite range of ¢, the variance of the estimate is Z-, so it is decreasing as a

function of . On the other hand, if a; = «, the estimate Gt converges to m only in
expectation, but its variance is not going to zero as t grows.

In order to make 6; actually converge in a sense stronger than expectation, we
need oy — 0 with some schedule. Obviously, oy = t%l works, but it is not the only
acceptable one. But any sequence a; going to zero is not working either. It should
not converge to zero too fast, as it would not allow enough adaptation. For example,
if ay =0 forallt=1,2,..., 60, is not updated at all. Even if a; becomes zero only
after a certain tg > 1, we would not converge to the expectation.

One can show that the condition for convergence is that the learning rate (or step
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size) (oy) should satisfy:

Z ay = 00, (4.3)
t=0

Z a? < o0, (4.4)
=0

Exercise 4.2 (x). Does oy = a (constant) satisfy these conditions?

Exercise 4.3 (x). Verify that the sequence oy = satisfies these conditions.

L
t+1
L

Exercise 4.4 (x). Let oy = 5.

For what range of p these conditions are satisfied?

4.2 Online Learning of the Reward Function

Recall the immediate reward problem from Section 1.3: At episode ¢, the agent
starts at state X; ~ p € M(X), chooses action A; ~ 7(-|X;), and receives a reward
of Ry ~ R(:|X¢, Ar). The agent then starts a new independent episode ¢+ 1, and the
process repeats. The goal is to learn how to act optimally.

When the reward function 7 : X x A — R was known, the optimal policy would
be (1.5)

™ (x) < argmaxr(x,a).
acA

What if when we do not know the reward function? In this section, we study this
problem in some detail.

We can use SA to estimate r(z,a). This would simply be the extension of how
we estimated the mean of a single variable Z ~ v to the case when we have many
random variables, each for one of the state-action pairs (r,a) € X x A. Each
r.v. has a distribution R(-|x,a) and its mean is r(z,a) = E[R|X = z, A = a] with
R ~ R(:|z,a) (for all (z,a) € X x A).

Denote 7 : X x A — R as our estimate of r at time ¢. Let us denote the state-
action-indexed sequence oy(x,a) as the step size for (z,a). At time/episode ¢, the
state-action pair (X3, A;) is selected. We update 7;( Xy, A;) as

P (Xp, Ap) = (1 — on(Xy, Ap))7e (X, Ar) + au( Xy, A Ry, (4.5)

and do not change our estimate 7,,1(x, a) from what we had 7,(z,a) for all (z,a) #
(X, Ap). This can be written as having oy (z,a) = 0, i.e.,

Tir1(z,a) = (1 = 0)7y(x,a) + 0 - Ry.
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The SA conditions (4.3)-(4.4) apply here, with the difference that it should be
for each state-action pairs, i.e., for any (z,a) € X x A, we need to have

[e.o]
Z ay(x,a) = oo,
=0

[e.9]

Z aZ(z,a) < oco.
=0

To define oy (x, a), we can use a counter on how many times (z, a) has been picked
up to time t. We define

ne(w a) 2 [{i: (X5, A) = (2,a),i=1,...,t}.

We can then choose oy (r,a) = —* 7- This leads to 7¢(x,a) being a sample mean of

ny(z,a)
all rewards encountered at (z,a).

Note that if the sampling distribution X; ~ p never chooses a particular state
xo or if the policy 7(-|zp) never chooses a particular action ag at a certain state
xg, we cannot form any data-dependent estimate of r(z,a). This is in line with
what condition ) ;2 a;(zo,ap) = oo implies. For this condition to be satisfied, the
minimum requirement is that the state-action pair (zg, ag) is selected infinitely often
(if we only select it a finite number of times, the summation would be finite too).
Without having infinite number of samples from all state-actions pairs, our estimate
7 would not converge to r.

Is this important? If the goal is to have an accurate estimate of r, the answer is
positive. We shall see that we may not care about having an accurate estimate of r,
but we only care about choosing the optimal action. We shall see that they are not
the same goals.

4.2.1 From Reward Estimation to Action Selection

Recall that by selecting a < 7w (z;r) = argmax,. 4 7(x,a), we would choose the
optimal action at state x. In lieu of r, we can use 7; : X x A — R, estimated using
the SA (4.5), and choose the action A; = 7, (X; ) at state X;.

There is a problem with this approach though. The problem is that if 7, is
inaccurate estimate of r, the agent may choose a suboptimal action. It is also possible
that it gets stuck in choosing that action forever, without any chance to improve its
estimate. To see how this might happen, consider a problem where we only have one
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state x; with two actions a; and a,. The reward function is

r(zy,a1) =1,
r(zy,aq) = 2.

Suppose that the reward is deterministic, so whenever the agent chooses action a,
at state xq, it always receive R = 1 (and similar in the other case). Suppose that
the initial estimate of the reward 7(zq,-) = 0.

Assume that in the first episode t = 1, the agent happen to choose a;. So its
estimates would be

fg(xl,al):(l—al)X0+a1x1>0
—

To(21, az) 1(z1,a2) = 0.

The next time the agent encounters x1, if it follows the greedy policy, the selected
action would be a; again, and 73(x1, a;) remains positive. Meanwhile, since ay is not
selected, the value of 73(x1, as) remains equal to zero. As long as the agent follows
the greedy policy, it always chooses action a; and never chooses action as. This
means that the estimate 7(z1, ;) becomes ever more accurate (and asymptotically
converge to r(z1,ay), if the learning rate is selected properly), but 7(z1, as) remains
inaccurate. Of course, this is problematic as the optimal action here is a,.

How can we ensure that the agent learns to eventually choose action as? Let
us answer a slightly different question: How can we ensure that the agent learns a
good estimate of r for all state-action pairs (x,a)? If we have an estimate 7 that is
very accurate for all (z,a) € X x A, we can use it instead of r (this is a sufficient
condition though).

One solution is to force the agent regularly picks actions other than the one
suggested by the greedy policy. If we ensure that all actions are selected infinitely
often, the estimate 7 converges to r. Using the e-greedy policy, which we previously
encountered in (1.21), is a possible approach: For € > 0 and a function 7, we define
. as

(2:7) mg(x;7)  w.p. 1—¢,
(2 7) =
Unif(A) w.p. e.

Here Unif(A) chooses an action from A uniformly.

If ¢ > 0, there is non-zero probability of selecting any of the actions, so asymp-
totically all of them are selected infinitely often. If oy is selected properly, the SA
conditions are satisfied, hence 7 — r uniformly.
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The uniform choice of action in the e-greedy helps the agent explore all actions,
even if the action is seemingly suboptimal. This can be contrasted with the greedy
part of its action select mechanism that exploits the current knowledge about the
reward function, and chooses the action that has the highest estimated reward. Ex-
ploiting our knowledge, encoded by 7 in this context, is a reasonable choice when
our knowledge about the world is accurate. If 7 is exactly equal to r, the optimal
decision is to always exploit it and choose the greedy action. When we have uncer-
tainty about the world, however, we should not be overconfident of our knowledge
and exploit it all the time, but instead explore other available actions, which might
happen to be better.

The tradeoff between exploration and exploitation is a major topic in RL and
is an area of active research. The e-greedy action selection mechanism is a simple
heuristic to balance between them, but it is not the only one, or the optimal one. An-
other heuristic is to select actions according to the Boltzmann (or Gibbs or softmax)
distribution. Given a parameter 7 > 0, and the reward function 7, the probability
of selecting action a at state x is

exp(
Za’GA exp( f(xr’a,) )

This is for finite action spaces. For continuous action spaces, we replace the summa-
tion with an integration.

This distribution assigns more weight to actions with higher estimated value
(i.e., reward). When 7 — 0, the behaviour of this distribution would be the same
as the greedy policy, i.e., both choose the maximizing action. On the other hand,
when 7 — 00, the probability of all actions would be the same, i.e., the distribution
becomes close to a uniform distribution.

We discuss how we can tradeoff the exploration and exploitation in a more sys-
tematic way in a later chapter.

f(ac,a))

m(alz; 7) =

4.3 Monte Carlo Estimation for Policy
Evaluation

The reward learning problem is a special case of value function learning problem when
the episode ends in one time step. Let us devise methods to learn (or estimate) the
value function V™ and Q)™ of a policy, and then the optimal value functions V* and
Q*. In this section, we focus on the policy evaluation problem. We introduce a
technique called Monte Carlo (MC) estimation.
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Recall from Chapter 1 that
V() = E[GT]X, = 4],

with GT £ 37, ., ¥* 'Ry, (1.16). That is, the value function is the conditional expec-
tation of the return. So GT (conditioned on starting from X; = z) plays the same
rule as the r.v. Z in estimating m = E [Z] (Section 4.1), or the reward R ~ R(:|z, a)
in estimating r(z, a) (Section 4.2).

Obtaining a sample from return G7 is easy, at least conceptually. If the agent
starts at state x, and follows m, we can draw one sample of r.v. G™ by comput-
ing the cumulative average of rewards collected during the episode.® Each tra-
jectory is sometimes called a rollout. If we repeat this process from the same
state, we get another draw of r.v. G7. Let us call the value of these samples
G™V(z),G"@(z),...,G"™ (). We can get an estimate V(x) of V™(z) by taking

the sample average:
n

() — LN o)
VT (x) = n;G ().

This procedure gives an estimate for a single state z. We can repeat it for all
states € X to estimate V™. If n — oo, the estimate converges to V™. In the finite
sample regime, the behaviour of the estimate is V™(z) ~ V7 (x) + Op(==).* We
can also use a SA update to compute these values. We show a variation o%/;his idea
when the initial state X; at episode i is selected randomly according to a distribution
p € M(X) in Algorithm 4.1. In this variation, the quality of V,"(z) depends on how
often x is sampled in the first ¢ time steps.

For the SA to converge, we need to choose the learning rate (a;(x)); such that it
satisfies the SA conditions, i.e., for all x € X,

Zat(x) = 00, Zaf(x) < 0. (4.6)

3If the problem is a continuing task, the episode never ends. So we cannot compute the return
this way. That is one of the reasons that I used “conceptual”. We can ignore this problem though,
as there are ways to either approximate it (see Exercise 3.2) or obtain an unbiased estimate of it.
We ignore these issues for now, and assume that the episode terminates in a finite number of time
steps.

4Op indicates that this holds with certain probability. To be more accurate, we can show that

there exists a ¢; > 0 such that for any 0 < § < 1, we have that |V (z) — V7 ()| < 14/ W with
probability at least 1 — 4.
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Algorithm 4.1 Monte Carlo Estimation (Policy Evaluation) (Initial-State Only)
Require: Step size schedule (ay(z))s>1 for all x € X.

1: Initialize V" : X — R arbitrary, e.g., V;" = 0.

2: for each episode ¢t do

3: Initialize X l(t) ~p

4: for each step k of the episode t do
5: Follow 7 to obtain XV, A" R x{ AW RV
6: end for
7. Compute GT) = D kst ~E=1R®.
8: Update
V(X7 (1= (X)) 77 (X0) + an(X1)GT0.
9: end for

For example, if we set a counter

ny(z) =

{Xfi):x : 1§i§t}‘,
we can define ay(x) = #(x)

The procedure of following 7, collecting the rewards, and estimating the value
function using the return is called the Monte Carlo (MC) estimation. Here it is used
to estimate (or predict) the value of a policy 7. As we shall see, we can use the same
idea to find the optimal value function too.

A few remarks are in order.

First, we need each initial state x to be selected infinitely often. As discussed
in Section 4.2, if p(z) = 0, we cannot form an estimate for that state, hence V™ (z)
would be inaccurate.

The error () = |V/"(z) — V™(z)| depends on how many times 2 has been the

initial state by episode t, i.e., ni(z). For au(z) = #@) (the mean estimator), we

can say that ¢;(z) = Op(\/ﬁ). But note that n.(x) is a r.v. itself, so it is not

a deterministic function of ¢. Nonetheless, we can say that n,(z) is concentrated
around tp(z) with a variation in the order of /tp(z).

This version of MC is called initial-state-only MC, because we only update the
estimation of the value function at the initial state. We shall soon describe two
different variations of MC.

Exercise 4.5 (x). Describe an MC algorithm to estimate Q7.
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4.3.1 First-Visit and Every-Visit Monte Carlo Estimators

Given a trajectory Xft), Aﬁt), Rgt), XQ(t), A;t), Rét), e ,XT(,?, Ay(f@), RS;), XSL), ..., We can
compute not only the return GT, but also all other returns G”m(t) from time step
m = 1,2,... (all within the same episode). Each of them would be an unbiased
estimate of V”(Xr(rf)). We can then update not only V”(Xl(t)), but all V”(X,S?)
(m=1,2,...).

We have to be careful here though. If a trajectory visits a particular states
twice (or more) at time steps my, ma,... (all within the same episode), the returns
anl(t), GT., ® ... would be dependent. To see this, consider that we start from state
x at m = 1, return to the same x at m = 2, and then go to other states afterwards.
The returns are

GT:R1+7R2+’Y2R3+"‘,
g:R2+’7R3+"'.

We can see that GT = Ry +vG5. So GT is dependent on 5. Therefore, GT and G
are not two independent samples from the return of following 7. With dependent
samples, we may lose some of the nice properties of having independent samples.
For example, the answer to Exercise 4.1 would be different, and the variance might
decrease, as a function of n, slower than when we have independent samples. How
the behaviour exactly changes depends on how dependent the samples are. It can
also be shown that these samples might be biased too.

Being biased does not necessarily mean that the approach is useless. In fact, it
can be shown that the estimate is consistent, i.e., the sample mean converges to the
true mean, despite dependence and biasedness.

One approach to avoid this issue is to only consider the first visit to each state
in updating the estimation of V™. That means that if we get to a state z at
my(z), ma(x), ..., we update V™ (z) only based on G (x> and not G7_ ) (7 >1).
This estimate is unbiased. And there is no issue of dependency either. This variant
is called first-visit MC, and the former one is called every-visit.

Can we say the first-visit MC is a better estimator? Not necessarily! It might
be possible that the mean-squared error of every-visit is smaller in some situations,
despite the bias of the samples.
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4.4 Temporal Difference Learning for Policy
Evaluation

MC methods allow us to estimate V7 (x) by using returns G™(x). Depending on the
method, the samples are either unbiased (initial-state only and first-visit variants) or
biased but consistent (every-visit). MC methods, however, do not benefit from the
recursive property of the value function, which is codified with the Bellman equation.
The MC methods are agnostic to the MDP structure. This can be an advantage if
the underlying problem is not an MDP. But if it is, an MC method might be less
efficient.

In Chapter 3, we discussed several methods that could be used to compute V7™
and V*. These methods benefitted from the structure of the MDP. Can we use
similar methods, even if we do not know P and R?

Let us focus on VI for PE, i.e., V1 < T™V}. At state x, the procedure is

Vip1(z) <= r™(z) + V/P(dx’|m, a)(da|z)Vi(z").

If we do not know r™ and P, we cannot compute this. Suppose that we have n
samples A; ~ 7(-|z), X! ~ P(-|z, A;), and R; ~ R(-|x, A;). Using these samples and
Vi, we compute

Y; = Ri +yVi(X]). (4.7)

Now notice that
E[R|X = 2| =r"(zx),

and
E [Vi(X))|X = 2] = / P(de’ |z, a)r(dala)Vi(2').
So the r.v. Y] satisfies
E[Yi|X = a] = (T7V}) (x). (4.8)

This means that Y; is an unbiased sample from the effect of T™ on V}, evaluated at
x.

This should remind us of the problem of estimating m = E[Z] using samples
Z1,Zs, ... in Section 4.1. The value of

1 n
Vk+1($) = " Z Y;
i=1
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Algorithm 4.2 Temporal Difference Learning (Synchronous)

Require: Policy m, step size schedule (ay)g>1.
1: Initialize V; : X x A — R arbitrary, e.g., Vi(x) = 0.
2: for iteration k =1,2,... do
3: for each state x € X do

4: Let A ~ 7(-|x)

5: X'(z) ~P(-|X,A) and R(z) ~ R(-|z, A)

6: Let (T™Vi)(x) 2 R(x) + yVi(X'(2))

7 end for

8: Update A
Vigr ¢ (1 — a)Vie + o TV,

9: end for

converges to (T7V)(z) by LLN. And as we have seen, the rate of convergence is
Op( \/iﬁ) This is a sample-based version of VI for PE.

Instead of taking the sample average, we can use a SA procedure and update it
as

Virr+1(@) = (1 = a;(2)) Virrg(2) + o (2)Y; j=12....
If we perform this process for all states x € X simultaneously, we get an esti-

mate of 7™V}, which is contaminated by a zero mean noise. This is summarized in
Algorithm 4.2. Note that we defined

(T™Vi)(2) £ R(z) + 7Va(X'(2)), (4.9)

which is the same as Y; defined above (4.7). We call T™ the empirical Bellman
operator. As we shown before (4.8), this r.v. is an unbiased estimate of (T7V)(x),
and we have

E (Vi) @)X = 2| = (T™Vi)(@).
For a moment assume that we run a VI-like procedure
Vi1 < TV,

instead of Vjyq <= T™V}, (this corresponds to the choice of aj, = 0 in the algorithm
above). We can write it down as

Vier ¢ TV = T™Vi, + (T”vk - T’%) . (4.10)

-~~~

A
=€k
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This is similar to the usual VI with an additional zero-mean noise ¢,. This additional
noise, however, does not go zero with this procedure. To see this more clearly, assume
that V} is already the correct value V™. In this case, the VI stays at the same value,
as Vi1 =17V, =T"V7™ = V7. But for the VI based on the empirical Bellman error,
we have

Vier =TV + e, =TV  + e, = V™ + ¢y

We can continue this to see that this would fluctuate around the true value a non-
diminishing fluctuation.

Comparing this with the estimation of the mean using a noisy sample might be
instructive. Recall from (4.1) that

9t+1 — (1 — Oét>0t + C(tZt
<:>9t+1 <— (1 — Oét)et + Q1 + Oék(Zt — m)
<:>9t+1 — (1 — Oét>et + aym + iy,

with e, = Z; — m being a zero-mean noise term. When «; = 1, we get a procedure
similar to (4.10). We discussed earlier that for 6, to converge to m, we need oy to go
to zero with a certain rate. With any fixed «, including ov = 1, the variance (4.2) of
the mean estimator does not go to zero.

The problem of finding the fixed point of T™ is not exactly the same as the
problem of finding the mean of a r.v., but the condition for convergence is similar.
We need the usual SA conditions to be satisfied. For Algorithm 4.2, we need

o0 oo
E Qp = 00, E o < 00.
k=1 k=0

The preceding procedure was synchronously updating the value of all states. We
can also only update one V(x) at any time step, i.e., asynchronous update. That is,
given a state transition (X, A, R, X’), we update

V(X)) (1-a)V(X)+a(T"V)(X) = V(X)+a[R+~V(X) = V(X)].

We have E [R +~4V(X') — V(X)|X] = (T"V)(X) — V(X), so in expectation V(X)
is updated to

V(X)) 4+ of(T™V)(X) - V(X)] =1 —-a)V(X) 4+ a«(T"V)(X).

This is the same direction suggested by VI, but we only move the current estimate
only proportional to o towards it. Moreover, the update is only at one of the states X,
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Algorithm 4.3 Temporal Difference Learning

Require: Policy 7, step size schedule (ay)i>1.

1: Initialize V; : X x A — R arbitrary, e.g., Vi(z) = 0.
2: Initialize X7 ~ p
3: for each stept=1,2,... do
4: Let Ay ~ 7(-|x)
5: Take action Ay, observe X;.1 ~ P(-| Xy, Ay) and Ry ~ R(+| Xy, Ay)
6: Update
Vi (z) Vi(@) + au(@)[Re + yVi(Xigr) = V(X)) 2 =X,
Vi() r# X
7. end for

instead of all states. The hope is that the use of SA gets rid of the noise and we follow
the deterministic part, which is VI. The procedure is described in Algorithm 4.3.
This asynchronous sample-based variation of the VI algorithm is called the Temporal
Difference learning algorithm. The update rule could be written in perhaps a simpler,
but less precise, form of

V(Xy) = VI(Xy) + (X)) [Ry + 7V (Xiq1) — V(X))

without showing any explicit dependence of V' on time index ¢.
The term

(St £ Rt + /VV(XH—I) — V(Xt)

is called temporal difference (TD) error. This is a noisy measure of how close we are
to V™. To see this more clearly, let us define the dependence on the TD error on its
components more explicitly: Given a transition (X, A, R, X’) and a value function
V', we define

S(X,R, X", V)& R+4V(X') — V(X).
We have
E[§(X,R, X", V)X =] = (T"V)(z) — V(z) = BR(V)(z).

So in expectation, the TD error is equal to the Bellman residual of V', evaluated at
state . Recall that the Bellman residual is zero when V' = V™. The TD error does
not become zero, even if we have already found V7™, but it fluctuates around zero
when we are there (unless we have a deterministic dynamics and policy).
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Remark 4.1. The error between the MC estimate GT(x) of a state v and a value
function estimate V(x) is related to the TD error along the trajectory. To see this
clearly, consider a trajectory (X, Ay, Ry,...). The return GT =), Y tRy and
O = Ry + vV (Xy1) — V(Xy). We have B

GT —V(Xy) = (R +7G3) — V(Xy)
= R +7G5 = V(X1) + 7V (Xp) =7V (Xy)
= (R1 +7V(Xz) — V(X1)) + (G35 — V(X2))
=0 +7(G3 — V(X))

Following the same argument, we get that

G = V(X)) =0 +70+-- =) 776

t>1

In words, the difference GT — V(X4) is the discounted sum of the TD errors on the
tragectory. When V= V™ the LHS is a zero-mean noise, as is the RHS (since each
E[6:|X1] = E[E [6:]|X:] | X1] = E[0|Xy] = 0.

4.4.1 TD Learning for Action-Value Function

We can use a similar procedure to estimate the action-value function. To evaluate
7, we need to have an estimate of (77Q)(z,a) for all (z,a) € X x A. Suppose that
(X, Ay) ~ poand X ~ P(-| Xy, Ay) and R, ~ R(:| Xy, A;). The update rule would be

Qi1( Xy, Ay) — Qu( Xy, Ar) + au( Xy, Ay) [Ry +vQu( Xy, (X)) — Qe( Xy, A

and
Qi+1(z,a) + Qu(r, a)
for all other (z,a) # (X;, Ay). It is easy to see that

E [Rt + 'VQt(X£77T<X£))|X =z, A= a’] = (TWQ)(.I, CL).

If we have a stream of data, X; = X;,1, but this is not necessary.

An interesting observation is that 7 appears only in Q:(X/, 7(X])) term. The
action A; does not need to be selected by 7 itself. This entails that the agent can
generate the stream of data X;, Ay, Ry, Xs, Ao, Rs, ... by following a behaviour policy
7, that is different from the policy that we want to evaluate w. When m, = 7, we are
in the on-policy sampling scenario, in which the agent is evaluating the same policy
that it is following. When 7, # m, we are in the off-policy sampling scenario, in
which the agent is evaluating a policy that is different from the one it is following.
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4.4.2 VI vs TD vs MC

Value Iteration, Monte Carlo estimation, and TD learning can all be seen as proce-
dures to estimate V7. It is instructive to compare the type of approximation each of
them are using.

e In MC, we use G™ as the target value. As V™(z) = E[G™|X = z], we have a
noisy (but unbiased) estimate of V™. SA allows us to converge to its mean.

e In VI, we update Vjy1(x) < (T7Vi)(x) = E[R 4+ vVi(X')|X = z]. Here we do
not know V7™ but use the current approximation V) instead. Because of the
contraction property of the Bellman operator, this converges to V7.

e In TD learning, the target is R + vVj(X’). This has two sources of approxi-
mation: (a) we use Vi instead of V™, and (b) we use a sample to estimate an
expectation.

4.5 Monte Carlo Estimation for Control

So far we have described methods for policy evaluation. We can use similar methods
for solving the control problem, i.e., finding the optimal value function and the
optimal policy. We describe MC-based methods here, and we get to the TD-based
methods in the next section.

The general idea is to use some version of PI. For example, if we run many rollouts
from each state-action pair (x,a), we can define Qf that converges to Q™. If we wait
for an infinite time, ng = limy o Qf = (™. We can then choose the new policy
R Wg(ng). Because of the Policy Improvement theorem, this new policy would
be better than 7, unless 7 is already an optimal policy. This PI can be described by
the following sequence of © and Q™:

E I E I
T — Q™ —m — Q" — -

It turns out that we do not need to have a very accurate estimation of Q™ before
performing the policy improvement step. As a result, we can perform MC for a finite
number of rollouts from each state, and then perform the improvement step. In fact,
we only need to estimate Q™ (x, a) based on only a single MC estimate. The initial-
state-only version of this idea is shown in Algorithm 4.4. We choose the learning
rate (ay )y to satisfy the standard SA conditions, similar to (4.6).

This version has several features:
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Algorithm 4.4 Monte Carlo Control (Initial-State Only)
Require: Initial policy 7, step size schedule (ag)k>1.

1: Initialize @1 : X x A — R arbitrary, e.g., Q1 = 0.
2: for each iteration £k =1,2,... do
3: for all (z,a) € X x A do
4: Initialize X; = z and A; = a.
5: Generate an episode from X; by choosing A;, and then following 7 to
obtain X17 A17 Rl, XQ, AQ, RQ, R
6: Compute GT*(X1, A1) = > o1 7V ' Re.
7: Update -
Qi1 (X, A1) < (1 — o (X1, A1) Qi (Xa, Ar) + o (Xo, A GTH (X, Ar)
8: end for
9: Improve policy: 741 <= my(Qpt1)-
10: end for

e We start a rollout from all state-action pairs.
e We only use one rollout to obtain a new estimate of Q™ at each (z,a).
e We do not use the value of G7* for all other states encountered on the trajectory.

Before further discussion and improvement of this version, let us state a theoret-
ical result about this procedure.

Proposition 4.1 (Convergence of MC for Control — Proposition 5 of Tsitsiklis 2002).
The sequence Q. generated by Algorithm 4.4 with the learning rate (oy) satisfying
the SA conditions (4.6) converges to Q* almost surely.

Another variation is when at each iteration k, instead of generating rollouts
from all state-action pairs, we only choose a single independently selected (X, A) ~
Unif(X x A), follow the policy m for a single rollout and update the action-value
Q(X,A). This procedure also converges to Q*, as shown by Tsitsiklis [2002].

If instead of uniform distribution, we select (X, A) ~ p € M(X x A) with p > 0,
the number of times that each state-action pair is selected can possibly be vastly
different. In order to make this procedure work, we need to define a state-action-
dependent step size ay(z,a), and set it equal to

1
ni(z,a)’

ag(z,a) =
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Algorithm 4.5 Monte Carlo Control (Every-Visit)
Require: Initial policy 7, step size schedule (ay)>1, initial distribution p € M (X x
A).
1: Initialize @1 : X x A — R arbitrary, e.g., Q1 = 0.
2: Initialize ny : X x A — N with ny(z,a) = 0.
3: for each iteration £k =1,2,... do

4: for all (z,a) € X x A do
5: Draw (X, A1) ~p
6: Generate an episode from X; by choosing A;, and then following m; to
obtain X1, Ay, Ry, Xs, As, Rs, ... until the end of episode.
7: For all (X;, A;) visited within the episode, set ng(X;, A;) < np(Xy, Ap)+1.
8: Compute G7*( Xy, A;) = 3o, 7F ' Ry
9: for all (X,, A;) visited in the episode do
10: Let Ckk<Xt,At) = m
11: Update
Qri1 (X, Ap) < (1 — ap( Xy, Ap)) Q (X, Ar) + an( Xy, Ar) G (X, Ay)
12: end for
13: Ng41 < N
14: end for
15: Improve policy: 41 <= Ty(Qpt1)-
16: end for

with ng(z,a) being the number of times (z,a) have been selected up to iteration k.
This is essentially the same as averaging all returns starting from (z, a).

Another way we might modify this MC algorithm is to use first-visit or every-visit
variations of the MC procedure, as described in Section 4.3.1 for the PE problem.
The same idea can be applied, but the convergence guarantee has not been proven
so far. We report such an algorithm here as Algorithm 4.5, with the caution that it
is not known whether it converges or not.

4.6 Temporal Difference Learning for Control:
Q-Learning and SARSA Algorithms

We can use TD-like methods for the problem of control too. The same way that we
devised the TD learning as the sample-based asynchronous version of VI for the PE
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problem, we can devise a sample-based asynchronous version of VI for the control
problem. Consider any @ € B(X x A). Let X' ~P(:|X,A) and R ~ R(-| X, A) and
define

Y:R+7§,132‘<Q(X/,a’). (4.11)
We have
E[Y|X =2, A = a] = r(, a) + 7/P(dx’|x, @) max Q(a',a)
— (T°Q)(x,a). (4.12)

So Y is an unbiased noisy version of (7*Q)(z,a). The empirical Bellman optimality
operator is

(T Q)(r.0) 2 B+ ymax (X' a'), (4.13)
a’'e
We can define a noisy version of VI (control), similar to (4.10), as

Qrr1 + T*Qx,

which can be written as

Quir = T7Q = T" Qi + (T*Qk — T*Qk> . (4.14)

.

~~
A
=€k

In order to diminish the effect of noise, however, we need to use a SA procedure. We
can define an online algorithm that updates @ based on (X;, A, Ry, Xi41) as follows:

Quia(X1,4) = (1= (X ANQUXi, )+ 0u(Xe A) | B QKoo )
(4.15)

for the observed (X, A;) and
Qi+1(z, a) + Qu(z, a)

for all other states (x,a) # (X, Ar). This procedure is called the @Q-Learning algo-
rithm, which we encountered before as Algorithm 1.1 in Section 1.5. The learning
rate oy (x, a) is state-action-dependent in general, but sometimes might be considered
as state-action-independent a; or even time-independent .
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What is the policy being evaluated by the Q-Learning algorithm? Looking at the
update rule, we see that we have max, ¢4 Q¢(X;41,a"). What is the policy evaluated
at state X;17 We have that

max Qy(Xiy1,0a") = Q (Xt+1aargmax Qt(Xtaa/>) = Q1 (Xip1, 7y (Xe, Q1)) . (4.16)

aeA a’'eA

So the Q-Learning algorithm is evaluating the greedy policy w.r.t. the current esti-
mate ();. The evaluated policy may change as we update @Q);. It is noticeable that
the greedy policy can be different from the policy 7 that the algorithm follows. This
makes the Q-Learning algorithm an example of an algorithm that works under the
off-policy sampling scenario. More concisely, we say that Q-Learning is an off-policy
algorithm.

Exercise 4.6 (x). When does the policy © generating data for the Q-Learning algo-
rithm become the same as the policy that it evaluates?

We can also have a Pl-like procedure: Estimate Q™ for a given 7, and perform
policy improvement to obtain a new m. If we wait for a long time (forever), the TD
method produces a () that converges to Q™ (under usual conditions of the convergence
of a TD method). This would be a usual PI procedure in which the policy evaluation
part is performed using a TD method. One can, however, improve the policy before
(@ converges to Q7. This is called a generalized policy iteration or optimistic policy
iteration.

An example of such an algorithm works as follows: At state X;, the agent chooses
Ay = m(Xy). Tt then receives Xy ~ P(+| Xy, Ap) and Ry ~ R(+| X}, Ay). At the time
step t+ 1, it chooses A;11 = m(X;41) and updates the action-value function estimate
as

Qri1(Xp, Ap) = (1 — aa( Xy, Ap)) Qi (X, Ar) + (X, Ap) [Ry + Qi (X1, At+(1)] )
4.17

for the observed (X, A;) and Qui1(x,a) + Qi(x,a) for all other states (z,a) #
(Xt, At) .

The policy 7 is often chosen to be close to a greedy policy m,(Q;), but with some
amount of exploration, e.g., the e-greedy policy (1.21). The greedy part performs
the policy improvement, while the occasional random choice of actions allows the
agent to have some exploration.

This algorithm is called SARSA. The name comes from the fact that this al-
gorithm only needs the current State X;, current Action A;, Reward R;, and the
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next State X;;1, and the next Action A;y; to update @) (the naming would be more
obvious if we used S instead of X to refer to an action).”

If we compare SARSA’s update rule (4.17) to Q-Learning’s (4.15), we see that
their difference is effectively in the policy they evaluate at the next state. SARSA uses
Q1(Xyy1, Asr1), which is equal to Qy(X;i1, m(Xs11)). Hence, SARSA is evaluating
7, which is the same policy that selects actions. On the other hand, Q-Learning
uses MaxXq e Qr(Xit1,a’), which evaluates the greedy policy m,(Q;), as we discussed
already (4.16). Whereas Q-Learning is an off-policy algorithm, SARSA is an on-
policy algorithm.

Remark 4.2. We do not need a stream of data for this algorithm (or Q-Learning)
to work. Instead of Xy11, we could have X ~ P(-|X¢, Ay), but do not set X, to be
Xj.

4.7 Stochastic Approximation

We have already encountered the use of stochastic approximation (SA) to estimate
the expectation of a random variable. Here we provide a convergence result for a
class of SA problems.

Suppose that we want to find the fixed-point of an operator L, i.e., solve the

following equation
Lo =10,

for # € R, and L : R — R?. Consider the iterative update
0t+1 < (]_ — O[)et + O{Let (418)

If L is c-Lipschitz with ¢ < 1 and « is small enough (0 < v < %), this would
converge. To see this, notice that the above iteration is equivalent of having ;1
L'0, with the new operator

L':0—[(1—a)+allf.
For any 0,0, € R?, this new operator satisfies
||L,91 — LIHQH S (1 — Oé) H91 - 92” + o ”LOI — LQQH S [(]. - Oé) + OKC] ||61 — 92” .

Soif [(1—a)+ac| < 1, which is satisfied for 0 < a < 12, L' is a contraction mapping.
By the Banach fixed point theorem (Theorem A.1), the iteration converges.

®Based on this naming convention, the Q-Learning algorithm could be called SARS!
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Now suppose that we do not have access to L, itself, but only to its noise
contaminated counterpart L, +n, with 7, € R? being a zero-mean noise. We perform
the following instead:

et—‘rl <— (1 — th)et + O{t(Let + 77,5) (419)

This iterative process is similar to (4.1), with the difference that the latter concerns
the estimation of a mean given an unbiased noisy value of the mean, while here we
are dealing with a noisy evaluation of an operator L being applied to 6,.

As discussed in Section 4.1 and in particular (4.1), if we choose a constant learning
rate «, the variance of the estimate #; would not go to zero. That is why we use an
iteration-dependent «.

Let us consider a more general update than above. The generalization is that we
allow some dimensions of # to be updated while the others remain the same. This
asynchronous update occurs in algorithms such as Q-Learning or TD, where we only
update the value function at the current state(-action), so we would like to have a
model that captures the behaviour of those algorithms.

The algorithm model is as follows: Assume that at time ¢, the i-th component of
0, is updated as

Ori1 (i) = (1= (0)0:(4) + () [(LO) (4) + me(4)] (4.20)

with the understanding that a;(j) = 0 for j # i (components that are not updated).
We denote the history of the algorithm up to time ¢ by F;:

Ft = {00,91, Ce ,9,5} U {770,771, Ce ,T],gfl} U {Cko,Oél, Ce ,Oét}.

Note that 7, is not included because it has not happened just before performing this
step.
We need to make some assumptions on the noise.

Assumption Al
(a) For every i and t, we have E [n,(¢)|F;] = 0.

(b) Given any norm ||| on R¢, there exist constants ci, ¢, such that for all 7 and ¢,
we have

E [ln(0)]*|F] < 1+ eall6n]]”.

6The o-algebras (o(F})); is called filtration in stochastic process or martingale theory.
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The first assumption simply indicates that the noise 7, should be zero-mean,
conditioned on the information available up to time ¢. The second assumption is the
requirement that the variance of the noise is not too much. The variance is allowed
to depend on parameter 6; though.

The following result provides the condition for the convergence of the SA iteration
to its fixed point.

Theorem 4.2 (Convergence of the Stochastic Approximation — Proposition 4.4
of Bertsekas and Tsitsiklis 1996). Let (6;) be the sequence generated by (4.20). As-
sume that

1. (Step Size) The step sizes au(i) (fori=1,...,d) are non-negative and satisfy

Zat(z’) = 00, Zaf(z) < 0.

2. (Noise) The noise m,(i) satisfies Assumption Al.
3. The mapping L is a contraction w.r.t. |||, with a fized point of 0*.

Then 6, converges to 8* almost surely.

Remark 4.3. Proposition 4.4 of Bertsekas and Tsitsiklis [1996] is slightly more
general than what we have here as it allows L to be a weighted marimum norm
pseudo-contraction. We do not need that generality here.

4.8 Convergence of Q-Learning

We use Theorem 4.2 to prove the convergence of the Q-Learning algorithm for finite
state-action MDPs. The Q-Learning update rule (4.15) has the same form as the
SA update rule (4.20), if we identify 6 with Q € R¥*A  and the operator L with
the Bellman optimality operator T*. The index ¢ in the SA update plays the role
of the selected (X;, A;). And the noise term 7,(i) would be the difference between
(T*Q¢)(Xy, Ay) and the sample-based version R; + ymaxyeq Qy(Xy11,a’). In order
to prove the convergence of the Q-Learning, we have to verify the conditions of
Theorem 4.2.

Theorem 4.3. Suppose that for all (z,a) € X x A, the step sizes ay(x,a) satisfy

o o0
Zozt(x,a) = 00, Zaf(m,a) < 00.
=0 =0
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Furthermore, assume that the reward is of bounded variance. Then, (Q; converges to
Q* almost surely.

Proof. Suppose that at time t, the agent is at state X;, takes action A;, gets to
X{ ~ P(| X, A) and Ry ~ R(:| X, A¢). The update rule of the Q-Learning algorithm
can be written as

Qrr1(Xp, Ap) = (1= (X, Ar)) Qe (X, Ap) + (X, Ar) [(T7Q1) (X, Ar) + me( X, Ar)]
with 7( Xy, A) = (R + ymaxyeq Qu( X[, d')) — (T7Q¢)( Xy, Ar), and
QtJrl(x»a) <~ Qt(xaa) (xva) ¢ (Xtht)'

We have already established that T is a y-contraction mapping, so condition (3)
of the theorem is satisfied. Condition (1) is assumed too. So it remains to verify the
conditions (2) on noise 7;, which are conditions (a) and (b) of Assumption Al.

Let F, be the history of algorithm up to and including when the step size
ay(Xy, Ar) is chosen, but just before X] and R; are revealed. We have, similar to
what we had seen before in (4.12),

E [n:(Xe, Ay) | ] = E [Rt + V{Ll}gijt(Xgaa/) | By | — (T7Q¢) (X, Ar) = 0.

This verifies condition (a).
To verify (b), we provide an upper bound on E [n?(X;, A)|Fy:

E [n2(X,, A) | F] =E ‘(Rt — (X, A+

2
| i

a’'eA

v (max Qu( X}, a) — /P(d$/|Xt, Ar) max Qu(, a'))

< 2Var [R; | Xy, As] + 27*Var {mai‘( Qi X', d) | Xy, At] .
a’'e

We have
2

Var {ma%@t(X/,a/) | Xt,At:| S E ’ Xt,At
a’'e

/ /
'Iar}g%Qt(X ,a)

S max |Qt($7 Cl)|2
x,a

<Yl = Q2.
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If we denote the maximum variance of the reward distribution over the state-
action space max(; gexx4 Var [R(z,a)] by o%, which is assumed to be bounded, we
have

E [/ (X, A) | Fi] < 2(0%+ 7 Qull3)-

Therefore, we can choose ¢; = 20% and ¢, = 2792 in condition b.
All conditions of Theorem 4.2 are satisfied, so @; converges to Q* (a.s.). ]

A few remarks are in order. The step size condition is state-action dependent,
and it should be satisfied for all state-action pairs. If there is a state-action pair
that is not selected at all or only a finite number of times, the condition cannot be
satisfied. We need each state-action pair to be visited infinitely often. This is only
satisfied if the mechanism generating (X;, A;) is exploratory enough.

The state-action-dependence of the step size might be different from how the
Q-Learning algorithm is sometimes presented (e.g., Algorithm 1.1 in Chapter 1), in
which a single learning rate «; is used for all state-action pairs. A single learning
rate suffices if the agent happens to visit all (z,a) € X x A frequent enough, for
example every M < oo steps. To see this, suppose we visit (z1,a1) every M steps.
When it is visited, its effective learning rate is aj(x1,a;) = a4, and when it is not
visited, it is o (z1,a1) = 0, as it is not updated. So ), a}(z1, a1) has the form of

ot +0+04+ -+ 0o+
~—_——
M —1 times

If a; = 5, which satisfied the SA conditions, this would be Y-, aj(x1,a1) = 55 +

517 + -~ = 37 2o 7, which has the same convergence behaviour as )., 1 = co. The
same is true for Y, a4*(21,a1) in comparison with 3 3

Another remark is that this result only provides an asymptotic guarantee, but it
does not show anything about the convergence rate, i.e., how fast (); converges to
@*. There are some results for this.



Chapter 5

Value Function Approximation

In many real-world problems, the state-action space X x A is so large that we cannot
represent quantities such as the value function or policy exactly.! An example is
when X C R? with d > 1. Exact representation of an arbitrary function on R¢, or
even on R, on a computer is infeasible as these sets have an uncountable number of
members. Instead, we need to approximate those functions using a representation
that is feasible to manipulate on a computer. This is called function approrimation
(FA). This chapter is about approximation of the value function. In a later chapter,
we focus on approximating the policy.

Function approximation is studied in several fields, including the approximation
theory, machine learning, and statistics, each with slightly different goals. In the
context of RL, the use of FA means that we would like to compute a value function
that is approximately the same as the true value function (i.e., VT VT or V* & V),
or a policy that is 7" ~ 7*.

These function approximations should be easily represented on a computer. As
an example, we may use a linear function approximator defined based on a set of
basis functions, i.e.,

with w € R? and ¢ : X — RP. So any 1% belongs to the space of functions F
F={z—¢@) w: weR}. (5.1)

The function space F is called the value function space. In this example, it is a span
of a set of features. We simply call it a linear function space. Note that the linearity
is in the parameters w and not in the state x.

!Chapter’s Version: 0.04 (2021 March 18). Some results need to be typed.

123
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There are many other ways to represent the value function approximation 1% (and
effectively, F). Some examples are

e Deep neural networks (DNN)

e reproducing kernel Hilbert spaces (RKHS), e.g., often used along Support Vec-
tor Machines (SVM) and other kernel methods.

e Decision trees and random forests

e Local methods such as smoothing kernels, k-nearest neighbours, etc.

5.1 The Choice of Value Function Approximator

How should we choose the value function approximation? Let us briefly talk about
two competing tradeoffs, without going into any detail or practical advice.

We want the FA to be expressive enough, so that a large range of possible func-
tions can be represented. In other words, we would like F to be such that for any
V7™ (or V*), we can find a V € F that is close to V™ (or V*) w.r.t. some distance
function, e.g., |V — V7|, is small.

Consider the value function depicted in Figure 5.1, which has a subset of R as
its domain. One way to represent this function is to discretize its domain with the
resolution of €, and then use a piecewise constant function to represent it. This
can be represented as a linear function approximator: Assume that the domain is
[—b, +b], we can define ¢; (for i =0,1,...,[2]) as

¢i(z) = Ha € [~b+ie, —b+ (i + 1)e)}.

Any function V can be approximated by a V(z) = V(z;w) = ¢(z) Tw with w €
R+, So we need O(2) parameters to describe such a function. Let us denote
such a function space by F..

The approximation quality depends on the regularity or structure of the value
function V. If we allow V' to change arbitrary, we cannot hope to have a good
approximation. But if it has some regularity, for example being an L-Lipschitz
function, we can see that there is always a piecewise V of the form just described
that is O(Le) close to it. In other words, we have that for any V' that is L-Lipschitz,

inf

vV — VH < Le.
VeF. o0
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Figure 5.1: Approximating a function (blue) with a piecewise constant function
(green) based on an e-discretized state space

This is called the approzimation error or bias of this function space. It quantifies
the expressivity of the function space. Note that the approximation error depends on
the structure of the function approximator (e.g., piecewise constant) as well as the
class of functions that is being approximated, e.g., L-Lipschitz functions here. If we
decrease ¢, the function space JF, becomes more expressive, and its approximation
error decreases.

If the domain was X = [—1,+1] for d > 1, we would need O(Z;) parameters
to describe such a function. This increases exponentially fast as a function of d.
For example, if d = 1, we need a 20-dimensional 6 to represent such a function;
if d = 2, we need a 400-dimensional vector, and if d = 10, we need a ~ 10'3-
dimensional vector. This latter one is clearly infeasible to store on most computers.
Note that d = 10 is not a very large state space for many real-world applications.
This exponential growth of the number of parameters required to represent a high-
dimensional function is an instance of the curse of dimensionality.?

2The curse of dimensionality has other manifestations too. For example, computing integrals
in high-dimensions requires an exponential increase in computation. We shall see another example
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Other than the expressivity of the function space F, we also need to pay attention
to the statistical aspect of estimating a function within this function space using a
finite number of data points. The estimation accuracy depends on some notion of
complexity or size of F. Quantifying this requires some further development, which
we shall do later in a simplified setting, but roughly speaking, the statistical error

behaves as O(y/ bgnj), where n is the number of data points used in the estimation.
This is called estimation error or variance.

In the choice of function approximator, we have to consider both the approxi-
mation capability of F and the statistical complexity of estimation. This balance
between the approximation vs. estimation error (or bias vs. variance) is a well-known
tradeoff in supervised learning and statistics. We also have a very similar problem
in the RL context too. We shall quantify it in analyzing one of the algorithms.

5.2 Value Function Computation with a
Function Approximator

Let us develop some general approaches for the value function computation when we
are restricted to use functions from a value function space F. Most of the approaches
are based on defining a loss function that should be minimized in order to find an
approximate value function. The presentation focuses on the population version of
these loss functions, when we have access to the model, akin to the setup of Chapter 3
when we knew P and R. In the next sections, we describe how the data can be used
to compute the value functions. Many of those methods are essentially use the
empirical loss function instead of the population one.

5.2.1 Approximation Given the Value Function

The simplest approach is perhaps when we happen to know V7™ (or Q7, V*, Q*), and
we want to represent it with a function V' € F. Our goal can then be expressed as
finding V' € F such that

V=V

To make the approximate symbol &~ quantified, we have to pick a distance function
between function V' and V7, ie., d : B(X) x B(X) — R. Given such a distance

of it later.
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function, we can express our goal as

V < argmind(V, V™).
VerF
We can use the Ly,-norm w.r.t. a (probability) measure y € M(X) (see (A.1) in
Appendix A.2) to define distances between functions by letting d(V1, V2) = [|[Vi — V2|, -
We then have

V ¢ argmin [|[V = V7| . (5.2)
VeF '

A common choice is the Lo-norm, which should remind us of the mean squared loss
function commonly used in regression.

A reasonable question at this point is that how can we even have access to V™7 If
we do know it, what is the reason for approximating it after all? We recall from the
MC estimation (Section 4.3) that we can indeed estimate V™ at a state x by following
7, and the estimate is unbiased (for initial-state and first-visit variants). So even
though we may not have V7 (x), we can still have V™ (z) 4+ (z) with E [g(z)] = 0.
When the state space is large (e.g., continuous), we cannot run MC for all states,
but only a finite number of them. The role of FA is then to help us generalize from
a finite number of noisy data points to the whole state space.

We can also design approaches that benefit from the structural properties of the
value function, which we studied in Chapter 2. We used those properties to design
algorithms such as VI, PI, and LP in Chapter 3. All these methods have variants that
work with FA. They are generally called Approzimate VI, VP, LP and are simply
referred to as AVI, API, ALP. These methods are also sometimes called approximate
dynamic programming.

5.2.2 Approximate Value Iteration (Population Version)
Recall that VI (Section 3.3) is defined by

Vi1 < TV,

with T' being either T™ or T*. One way to develop its approximate version is to
perform each step only approximately, i.e., find V;,1 € F such that

Vi1 = TV,

We can think of different distance functions, as before. A commonly used one is
based on the L,-norm, and most commonly the Lo-norm. In that case, we start from
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a Vp € F, and then at each iteration k of AVI we solve

Vi1 < argmin [V =TV . (5.3)
Ver

The procedure for the action-value function is similar with obvious modifications.

It is notable that even though V, € JF, after the application of the Bellman
operator T' on it, it may not be within F anymore. Therefore, we may have some
function approximation error at each iteration of AVI. The amount of this error
depends on how expressive F is and how much 7 can push a function within F
outside that space.

5.2.3 Bellman Error (or Residual) Minimization
(Population Version)

We can cast the goal of approximating V™ as finding a V' € F such that the Bellman
equation is approximately satisfied. We know that if we find a V' such that V =T"V,
that function must be equal to V™. Under FA, we may not achieve this exact equality,
but instead have

VAT, (5.4)

for some V € F. We can think of different ways to quantify the quality of approxi-
mation. The L,-norm w.r.t. a distribution px is a common choice:

V ¢« argmin [|[V - T7V||, , = [[BR(V)] (5.5)
VeEF ’

Dy
The value of p is often selected to be 2. This procedure is called the Bellman Residual
Minimization (BRM). The same procedure works for the action-value function @ with
obvious changes. This procedure is different from AVI in that we do not mimic the
iterative process of VI (which is convergent in the exact case without any FA), but
instead directly go for the solution of the fixed-point equation.

A geometric viewpoint might be insightful. Consider the space of all functions
B(X), and F as its subset. When F is the set of linear functions (5.1), its geometry
is the subspace spanned by ¢. The subspace can be visualized as a plane. The
following argument, however, is not specialized to linear FA.

Given V € F, we apply T™ to it in order to get T"V. In general, T™V is not
within F, so we visualize it with a point outside the plane. Figure 5.2 shows a
few Vs and their corresponding Bellman residuals. BRM minimizes the distance
|V = T7V]|,,, among all functions in V' € F.
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Figure 5.2: The Bellman operator may take value functions from F to a point outside
that space. BRM finds V' € F with the minimal distance.

If it happens that there exists a V' € F that makes [V —T7V{|, , = 0, and if
we assume that p(z) > 0 for all x € X, we can conclude that V(z) = (T"V)(x) for
x € X (a.s.). This is the Bellman equation, so its solution is V' = V7. But if it is
not, which is the general case, the minimizer V' of (5.5) is not the value function V7.
Nevertheless, it still has some good approximation properties.

Recall from Proposition 2.8 that
[V =TV

1—~
This shows that if we find a good solution V to BRM w.r.t. the supremum norm,
the error of ||V — V7| is also small (amplified by a factor of ﬁ though, which
can be large when ~ is close to 1). We do not need the knowledge of V™ to find this
approximation, as opposed to (5.2). Minimizing the Bellman error is enough.

The result of Proposition 2.8, however, is for the supremum norm, and not
the L,(p)-norm of (5.5). We could define the optimization problem as minimizing
|V —T"V]_.. Even though we could in principle solve the minimizer of ||V — T"V||__,
working with an L,-norm, especially the Ly-norm, is more common in ML, both be-
cause of algorithmic reasons and theoretical ones.® Instead of changing the optimiza-
tion problem, we provide a similar error bound guarantee w.r.t. an L,-norm. Here
we pick p to be the stationary distribution of 7, instead of any general distribution,
which we denote by p™.

V=V, <

3Providing a guarantee on the supremum of the Bellman residual requires extra conditions on
sampling distribution, e.g., it should be bounded away from zero.
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5.2.3.1 Stationary Distribution of Policy 7

The stationary (or invariant) distribution of a policy 7 is the distribution that does
not change as we follow 7. To be more clear, assume that we initiate the agent at
X; ~ p € M(X). The agent follows 7 and gets to Xy ~ P7(-|X7). The probability
distribution of X, being in a (measurable) set B is

P{X, € B} /p(dx)P”(B\:c),
or for countable state space, the probability of being in state y is
P{Xy =y} =Y p(x)P"(ylx).
reX

If the distribution of X5 is the same as the distribution of Xy, which is p, we say
that p is the stationary distribution induced by 7. We denote this distribution by
p™ to emphasize its dependence on 7. By induction, it would be the distribution of
X3, Xy, ... too.

This distribution satisfies P{X; = y} = P{X5 = y}, which means that

Pr(y) = P (yle)p"(x), (5.6)

zeX

7(B) = [ plda)P(Bla) (5.7)

For countable state spaces, we can write it in the matrix form too. If we denote
P™ by an n x n matrix with [P™],, = P™(y|z), we have

P(y) =Y _ Prpo,  VyeX

SO
p7rT — pﬂ'TPﬂ" (58)

Note that p™ is the left eigenvector corresponding to eigenvalue with value 1 of matrix
PT (or likewise, it would be the right eigenvector of P”T).

An important property of the stationary distribution is that the Markov chain
induced by 7 converges to the stationary distribution p™, under certain conditions,
even if the initial distribution is not p™. That is, for any u € M(X), we have that

(P = "
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We can show that the Bellman operator 7™ is a y-contraction w.r.t. the Lo(p™).
This is a special property of the stationary distribution as 7™ is not generally a
contraction w.r.t. Lo(u) for a distribution p (as opposed to its being contraction for
the supremum norm). This property is going to be crucially important in designing
TD-like algorithms with FA.

Lemma 5.1. The Bellman operator T™ is a ~y-contraction w.r.t. |||y -
Proof. For any Vi, V, € B(X), we have that
I77Vi = T™Vall; e =

[r@n)|(s@ e [Praionia)) - (@ [Prasoe)

/ p"(dz) 2

<
7 [ @) Vile') - Vato) =

2

N / Pr(de'|a) (Vi(') — Va(e')

) / o (da') Va(e!) — Va(@)® = 72 Vi = Va2,

where we used the Jensen’s inequality to get the inequality and the definition of the
stationary distribution in the penultimate equality. ]

5.2.3.2 Stationary Distribution Weighted Error Bound for BEM

We are ready to prove the following error bound. This is similar to Proposition 2.8
with the difference that it upper bounds the L;-norm of the value approximation
error, weighted according to the stationary distribution p™, to the L,(p™) norm of
the Bellman residual, instead of the same quantities measured according to their
supremum norms.

Proposition 5.2. Let p™ be the stationary distribution of P™. For any V € B(X)
and p > 1, we have

||V - Tﬂ'VHp,p’"
11—~ '

IV =Vl <

Proof. For any V', we have that

V-V =V TV 4TV -V~
= (V = T"V) + (I"V — T"V"). (5.9)
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The second term, evaluated at a state x, is
(TV)(a) = (V@) =y [ Prylo)V )~ V7))

We take the absolute values of both sides of (5.9), use the obtained form of the
second term, and integrate w.r.t. p”, to get that

JIv@ - vi@lar@ < [V - @)@l +

. / A @) | [ P(gla) (V) - V()|
By Jensen’s inequality, we have

JIv@ - vi@ldr@ < [V - @)@ +

y / dp" (2)P(dylz) [V (y) — V().

Because p” is the stationary distribution, by (5.7) the second integral in the RHS
can be simplified as

/dpﬂ(l")P“(dylfB) V(y) = V™(y)| = /dpw(x) V() =V (x)].
So
V=V e <V =TV o + 7 IV =V} px -

After re-arranging, we get the result for p = 1. By Jensen’s inequality, we have
that ||V — T’rVHLp,r <||V-=T"V]| for any p > 1. O

p,p™?

5.2.4 Projected Bellman Error (Population Version)

Another loss function is defined based on the idea that the distance between a value
function V' € F and the projection of 7™V onto F should be made small. That is,
we find a V € F such that

V =TV, (5.10)

where I1x is the projection operator onto F. This should be compared with (5.4),
where there is no projection back to F.
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Let us formally define the projection operator before we proceed. The projection
operator IIz, is a linear operator that takes V' € B(X) and maps it to closest point
on F, measured according to its Ls(p) norm. That is,

g,V £ argmin ||V’ — VHQ,M '
V'eF

If the choice of distribution u is clear from the context, we may omit it. By definition,
Iz ,V € F. Moreover, the projection of any point on F onto F is itself, i.e.,if V' € F,
we have IIr,V = V. We later show that if F is a subspace, the projection operator
is a non-expansion.

We can define a loss function based on (5.10). We can use different norms. A
common choice is to use the Ly(p)-norm:

IV =TTV, . (5.11)

This is called Projected Bellman FError or Mean Square Projected Bellman Error
(MSPBE).
We find the value function by solving the following optimization problem:

V ¢« argmin [|[V — HT7V||, . (5.12)
VeF ’

Note that as V € F, we can write
V —g, TV =11g,V -, TV =11z, (V-T"V) = =11 ,(BR(V)).

So the loss ||V — IzT"V]|, , can also be written as [[I1z,(BR(V))
the projection of the Bellman residual onto JF.

Comparing the projected Bellman error with the Bellman residual minimiza-
tion (5.5), we observe that the difference is that the latter does not compute the
distance between the projected 7™, but instead, computes the distance of V' with
T™V. Figure 5.3 visualizes this difference. This figure is a good mental image on
what each of these algorithms try to achieve.

Since the projection itself is an optimization problem (i.e., finding a function with
a minimal distance to a function space), we can think of the PBE as simultaneously
solving these two coupled (or nested) optimization problems:

5> the norm of

- 2
V + argmin HV’ -vVvhl
V'eF 2,1
V (V') = argmin |[[V" — T"V'|[; . (5.13)
VIeF ’
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TV

PBE (Minimized by LSTD)

Figure 5.3: The Bellman operator may take value functions from F to a point outside
that space. BRM finds V' € F with the minimal distance.

The second optimization problem finds the projection V(V’ ) of T ™V’ onto F; the
first optimization problem finds a V' € F that is closest to V(V”), the projected
function.

When F is a linear function space, the projection has a closed-form solution, and
we can “substitute” the closed-form solution of V(V’) in the first one. For more
general spaces, however, the solution may not be simple.

We remark is passing that we have regularized variants of the objectives too,
which are suitable for avoiding overfitting when F is a very large function space.

There are different approaches to solve (5.13), some of which may not appear to
be related as first glance. In the next section, we describe the main idea behind a
few of them discussing the abstract problem of solving a linear system of equation.
Afterwards, we get back to the PBE minimization problem (5.12) and suggest a few
approaches (at the population level). These approaches would be a basis for several
data-driven methods, as we shall see in Sections 5.3 and 5.4.
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5.2.4.1 Solving Az ~ b: A Few Approaches

Suppose that we want to solve a linear system of equations
Ax = b, (5.14)

with A € R¥*4 2z € RY and b € RY (N > d). When N > d, this is an overde-
termined system so the equality may not be satisfied. Nonetheless, there are several
approaches to solve this overdetermined linear system of equations, at least approx-
imately.

One is to formulate it as an optimization problem:

o* < argmin || Az — b||5 = (Az — b) " (Az — b). (5.15)

zeR4

We can use our favourite numerical optimizer to solve it, e.g., Gradient Descent
(GD). As the gradient of (Az —b)" (Ax — b) is

AT (Az —b),
the GD procedure would be
Tpp1 — x5 — AT (Azy, — D).

We can use more advanced optimization techniques too. This approach finds a z*
that minimizes the squared error loss function.
We can also solve for the zero of the gradient:

ATAz = ATb= 2" = (ATA)TATb, (5.16)

assuming the invertibility of AT A. For this approach, we need to have a method to
invert the matrix AT A.

If N = d, another approach is to use a fixed-point iteration algorithm. We can
rewrite Ax = b as

I—-Az+b=u.

This is of the form of a fixed-point equation Lz = z with L : R — R being the
mapping = — (I — A)z + b. If it happens that L is a contraction mapping, which is
not always the case, the Banach fixed point theorem (Theorem A.1) shows that the
iterative procedure
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converges to x*, the solution of Azx* = b.
It is also possible to define a slightly modified procedure of

Tpy1 < (1 — a)xg + alxy. (5.18)

This makes it similar to the iterative update rule (4.18), from which we got the
synchronous SA update rule (4.19) and later the asynchronous SA update rule (4.20)
in Section 4.7.

Comparing the linear system of equations (5.14) with having V' ~ IIz7"V (5.10),
which was our starting point to obtain the PBE, suggests a few ways to find a
value function. The PBE minimization (5.12) is more like the optimization-based
approach (5.15). We may wonder what happens if we use a direct solution similar
to (5.16) or an iterative procedure similar to (5.18). We explore these possibilities
next.

Exercise 5.1. Express the condition required for convergence of (5.17) as a property

of A.

Exercise 5.2. Can you think of other ways to solve Axr = b using an iterative
approach?

5.2.4.2 Least Squares Temporal Difference Learning (LSTD)
(Population Version)

Instead of minimizing ||V — IIzT™V||, , over value functions V' € F, we provide a
direct solution similar to (5.16). For the rest of this section, we consider F to be a
linear FA with basis functions (or features) ¢1,...,¢,. So the value function space
is F={az— ¢(x)'w:weRr} (51).

Our objective in this section is to find a value function that satisfies

V(z) = r,T7V)(z), VzeX, (5.19)

where V' is restricted to be in F.

To make our treatment simpler, we assume that X is finite and has N states,
potentially much larger than p. Hence, each ¢; is an N-dimensional vector. We
denote ® € RV*P as the matrix of concatenating all features:

B=[01 - 6],

The value function corresponding to a weight w € RP? is then Vy1 = @y pw,
(we occasionally specify the dimension of vectors and matrices through subscripts).
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Solving (5.19) when V' = V(w) = ®w € F means that we have to find a w € R
such that

Qw =1lr ,T"Pw. (5.20)

First, we re-write this in a matrix form, and then solve it using linear algebraic
manipulations.

In order to provide an explicit form for the projection operator, let us first note
that the p-weighted inner product between Vi, V, € RY is

(i, Va), = Vi(x) (x) = V' MVa, (5.21)
TeEX

with M = diag(y). The Ly(p)-norm [V, , of V € RY can be written in the matrix
form as well:
V15, = = IV = VMV
reX
The projection operator onto a linear F would be

r,V = argmin ||V’ — V”;u :
V'eF ’

We can identifying the projected function V = ®w™* with the weight wt minimizing
the following:

argmin || Pw — VH2 = argmin(®w — V) M (dw — V).

weRP weRP

Taking the derivative and setting it to zero, we get that
PTM(Pw—-V)=0=w" = (®"MO)'d" MV,
assuming that ® M ® is invertible. Therefore, the projected function is ®w™, i.e.,
I,V ==& MO) o' MV. (5.22)
We also have
(T7Pw)nx1 = i1 + VPR PN xpWp-
Combining all these, we get that (5.19) in the matrix form is
dw = [®(®'MP) 'O M| [r™ + P Puw)]. (5.23)

Two approaches, parallel to (5.16) and (5.18), are to either solve this directly or
use an iterative solver based on the fixed-point iteration procedure.

Let us start with the direct solution approach. To simplify the equation, we use
the following result.
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Proposition 5.3. If ®Az* = ®b and "M is invertible, we have Ax* = b.
Proof. Multiply both sides of ®Az* = ®b by ®" M to get
T MPAz* = T MPb.
As ®TM® is assumed to be invertible, we have
Az = (®TMO)'OT MO = b.
O

Based on this proposition, we multiply both sides of (5.23) by ®" M and simplify
as follows:
T MIw =" MO M) ST M [r™ + vP"du]
="M [r" +yP " Qw].

=0 M [r™ + 4P 0w — dw] = 0. (5.24)
We re-arrange this to

[@TMP — 4" MP™®|w=&"Mr".
Solving for w, we have

w=[®TM(® —yP"®)] " & M. (5.25)

This weight vector, and its corresponding value function, is the solution of the
fixed-point equation (5.20). It shall be used to define the Least Squares Temporal
Difference (LSTD) method. This solution can be seen as the population version of it,
so with some non-standard naming convention, we refer to it as LSTD (Population)
as well.

Equation (5.24) provides a geometric viewpoint to what LSTD does. Comparing
with (5.21), this equation requires us to have

(¢, T"V(w) = V(w)), =0, Vi=1,...,p.

m
As BR(V(w)) = T™V (w) — V(w), this is also equivalent to

(¢;, BR(V(w))), =0, Vi=1,...,p.

So we are aiming to find a w such that the Bellman Residual BR(V (w)) is orthogonal
to the basis of F, when the orthogonality is measured according to the distribution

L.
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5.2.4.3 Fixed Point Iteration for Projected Bellman Operator

Let us design two iterative approaches for finding the fixed point of Iz 7™, see
(5.10). We attempt to design methods that look like an SA iteration, so when we
deal with the samples, instead of the true model, they can handle the noise. We
specifically focus on the case when the distribution p is the stationary distribution
p™ of m.

Approach #1 Consider
Vi1 < (1 — a)Vi + all g« TV, (5.26)

with an 0 < o < 1. This can be seen as a fixed-point iterative method with the
operator
L:V—[1l-a)l+allg,-T7|V.

This operator is a contraction w.r.t. Ls(p™). To see this, by the triangle inequality
and the linearity of the projection operator Il ,» and the Bellman operator 7™, we
have

ILVI = LVally v < (1 = @) [[Vi = Valy pr + o [TLr pr T (V2 = V2) (5.27)

H2,p7T ’

The norm in the second term on the RHS can be upper bounded by noticing that
the projection operator IIx ,~ is non-expansive w.r.t. the Ly(p™) and the Bellman
operator T™ is y-contraction w.r.t. the same norm (Lemma 5.1):

M pn T (Vi = Vo)l pr < IT7 (Vi = V2) g,
<y[IVi = Vall = - (5.28)

This along with (5.27) shows that
I1LVi = LVal|y r < [(1—a) +an][[Vi = Vally n -

If 0 <a<1, Lis a contraction.

Therefore, the iterative method (5.26) is going to be convergent. Note that its
projection operator is w.r.t. [|-[|, -, the Ly-norm induced by the stationary distribu-
tion of w. The convergence property may not hold for other p # p™.

Let us use a linear FA, defined by the set of features ¢ to write Vi, = dw,. With
a linear FA, we can use the explicit formula (5.22) for the projection operator Iz ,=.
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We use D = diag(p™), instead of M, in order to emphasize the dependence on p™.
The iteration (5.26) can be written as

Vie1 = Dwyq < (1 — a)Pwy, + a®(®TD™®) 1T D™ [T + v P ™Dy .
Multiply both sides by ®" D™, we get
(T D™ ®)wpyq + (1 — ) (@' D™ ®)wy + a(®TD™®) (T D™®) O DT [r™ 4+ yP T dwy .
Assuming that ®" D™® is invertible, we can write the dynamics of (wy) as
Wiyt <+ (1 — @)wy + a(®TD™®) O D™ [r™ + yP dwy] . (5.29)

This is a convergent iteration and converges to the fixed point of dw = Iz, T"Pw (5.19).
This is the same as the LSTD’s solution (5.25).

A potential challenge with this approach is that it requires a one-time inversion of
a p x p matrix (&' D7®) =" p'(x)¢" (x)¢(x), which is O(p?) operation? (a naive
approach). When we move to the online setting, where this matrix itself is updated
as every new data point arrives, a naive approach of updating the matrix and re-
computing its inverse, would be costly. There are ways to improve the efficiency of
the computation of the inversion, which we shall discuss later.

Exercise 5.3. Why didn’t we use the supremum norm, instead of the Ly(p™) in (5.28),
in showing that Ilx ,=T™ is a contraction? We know that T™ is a contraction w.r.t.
the supremum norm after all.

Approach #2 (First Order). Another iterative method can be obtained from (5.24):
OTD™ [r™ + P dw — dw] = 0. (5.30)

A solution to this is the same as the LSTD solution. As mentioned earlier, this is
aiming to find w such that the Bellman residual is orthogonal to each ¢;, weighted
according to p™.

To define an iterative procedure, note that if Lw = 0, we also have aLw = 0.
Adding an identity to both sides does not change the equation, so we have

w+ alLw = w.

4This complexity is not optimal. The Strassen algorithm has the computational complexity of
O(n?®7). The Coppersmith-Winograd algorithm has the complexity of O(n?37®), though it is not
a practical algorithm.
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This is in the form of a fixed-point equation for a new operator L' : w — (I+ aL)w.
The fixed point of L’ is the same as the solution of Lw = 0. So we may apply
Wit1  L'wy, = (I + aL)wy, assuming L’ is a contraction.

If we choose L : w + ®T D™ [r™ + yP"®w — dw], we get the following iterative
procedure, which is somewhat similar to (5.18):

Wit1 — wp +ad ' D™ (1™ + AP Pwy, — Dwy]
=1 — ad)wy, +ad " D™y, (5.31)

with
A=d"D"(I—~P")®.

This iterative procedure is not a convex combination of IIr ,~7T™ with the identity
matrix, as (5.26) was, so the condition for convergence does not follow from what
we had before. Despite that, we can show that for small enough value of «, it is
convergent.

5.2.4.4 Convergence of the Fixed Point Iteration (5.31)

Proposition 5.4. Assume that p™ > 0. There exists ag > 0 such that for any step
size o < vy, the iterative procedure (5.31) is convergent to the fived point of Iz ,=T™.

Proof. For the dynamical system (5.31) to be convergent (or stable), we need to have
all the eigenvalues of I — oA to be within the unit circle (in the complex plane), i.e.,

IAMI—ad)| < 1.

The eigenvalues \; of I — aA are located at 1 — a);(A), where \;(A) is the
corresponding eigenvalue of A. If A has any negative eigenvalue, the value of 1 —
a);(A) would be outside the unit circle (for any o > 0). Therefore, all eigenvalues of
A should be positive. Moreover, a should be small enough such that |1 —a);(A)] < 1
for all 7.

Let us establish that A is a positive definite matrix, in the sense that for any
y e R,

y' Ay > 0.

This entails the positiveness of the eigenvalues of A.
Instead of showing

y Ay > 0=y ' ®D"(I - ~P™)dy > 0, (5.32)
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we can show that for any z € RV,
2" D™(I —~P™)z > 0. (5.33)

If the latter is true for any z, it is also true for z = ®y, which guarantees (5.32).
For the first term, as D™ is a diagonal matrix diag(p™), we have

D"z =) %D,z Zz = |lzl3,- > 0. (5.34)
2%

For the negative term —vyz' D™P7z, we show that its size is not too large (and
in fact, smaller than |z||; ,r); so the whole summation remains positive. Consider

2T D™P7z. We have that

[D™P];; ZD WPr; = PP

So

2T DTPT L = ZZZ [D™Pijzj = ZZZ . (5.35)

,J

We upper bound this using the Cauchy-Schwarz inequality:®

> w07y = X VAP~ S BV L P

_al

2b;

SNOBECNDIL <Z7’£}Zj> : (5.36)

We upper bound the second term in the RHS. By Jensen’s inequality and the
stationarity of p™ (which entails that pT =}, pfP[), we obtain

2
St (sz;zj) < S TR = A = ST = el
i j i J

For summation, the Cauchy-Schwarz inequality states that >, a;b; < />, a?\/>,b?. See
Appendix A.8.




5.2. VALUE FUNCTION COMPUTATION WITH A FUNCTION
APPROXIMATOR 143

This, along with (5.36), allows us to upper bound (5.35) by
2T D™P"z < HzH;’pw

Plugging this inequality and (5.34) in (5.33), we get that for any z # 0 and
p" >0,

2T DI = 7PT)z 2 (1= 7) |2ll5,- > 0.

This also shows that y' Ay > 0, as argued earlier. The positive definiteness of A
entails that all of its eigenvalues have positive real components.®

We can find a step size a such that the eigenvalues of I — aA are within unit
circle. To see this, suppose that \;(A) = a; + jb; with a; > 0. We need to have
1 —aX(A)| <1foralli=1,...,p. We expand

11— aX(A)] <1e |1 —aal?+ |ab> =1+ (aa;)? — 2aa; + (ab;)? < 1.

After simplifications, we get that the inequality is ensured if

< 2CL,‘ 2ai

Q@ = )

ai +b7  [Ni(A)?

As a; > 0, we can always pick an « to satisfy these conditions (for i = 1,...,p)

by selecting it such that

a < g = min 204 = QRe[Ai(A)]
O isiep a2+ 02 (N(A))?

5.2.4.5 Error Bound on the LSTD Solution

Suppose that we find a value function V' that is the fixed point of the projected
Bellman error w.r.t. p™, i.e.,

V =17, T"V.

For the linear FA, the LSTD method (population) (5.25) and the fixed point itera-
tions (5.26) and (5.31) find this solution. Let us call this the TD solution Vip. How
close is this value function to the true value function V77

6Refer to https://math.stackexchange.com/a/325412 for a proof.
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If the value function space F cannot represent V™ precisely, which is often the
case under function approximation, we cannot expect to have a small error. The
smallest error we can hope is |[IIr V™ — V7|, the distance between V7™ and its
projection. The TD solution is not as close to V™ as the projection of V™ onto F,
but it can be close to that. The next result provides an upper bound for the quality
of the TD solution.

Proposition 5.5. If p™ is the stationary distribution of w, we have

[TLF e VT =V, x
Vo = Vly pr < ———=—""
) 1 _ 72
Proof. As Vip =11z ;T Vrp, we have

Vip — V™ = Vip — g e VT 4 Tlp e VI — VT
= Ty e T Vipp — g e VT 4 Ip e VT — V7.

Take the absolute values of both sides, square it, and take the integral w.r.t. p™ to
get that

IVip = VI3 e = ITr pe T Virp = gy VT[54 [ Tp e VT = VT3 o+

2 (Mz e Vip — e VT Tp e VT — V) (5.37)

P

Consider the inner product term. The vector Il = Vip — II£ V7™ is a member of
F. The vector Iz ,»V™ — V7™ is the difference between V7 and its projection (or
the orthogonal complement of V™), so it is orthogonal to F. Therefore, their inner
product is zero.

We provide an upper bound on ||IIz 7" Vrp — H;,pwV”H;pﬁ. We replace V7
with 77V7™, and benefit from the non-expansiveness of IIr ,~ and the -contraction
of T™ (Lemma 5.1) and (both w.r.t. Ly(p™)) to get that

Iz T Vi — r e VT3 o = T pe T Vap — g pe T7VT
<|T"Vip — T"V™I5

<A Vip = V™5 - -

2 2
||2’p7r HQ,pﬂ'

Therefore, we can upper bound (5.37) as
Vo = V™[5 e <92 1IVip = VI3 e + ITrpr VI = VIS

which leads to the desired result after a re-arrangement. O
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5.3 Batch RL Methods

We use ideas developed in the previous section to develop RL algorithms that work
with function approximators. The key step is to find an empirical version of the
relevant quantities and estimate them using data. For example, many of the afore-
mentioned methods require the computation of T'V. If the model is not known, this
cannot be computed. We have to come up with a procedure that estimates T'V based
only on data.

In this section, we consider the batch data setting. Here the data is already
collected, and we are interested in using it to estimate quantities such as Q™ or Q*.
To be concrete, suppose that we have

Dy, = {(Xi, Ai, R, X{) Hoy, (5.38)

data could be generated by following a behaviour policy 7, and having trajectories
in the form of (X1, Ay, Ry, Xo, Ag, Ry, ... ). In this case, X] = X;44.

In the batch setting, the agent does not interact with the environment while it is
computing Q7, ¥, etc. This can be contrasted with the online method such as TD
or Q-Learning, where the agent updates its estimate of the value function as each
data point arrives.

Of course, the boundary between the batch and online methods is blurry. We
might have methods that collect a batch of data, process them, and then collect
a new batch of data, possibly based on a policy resulted from the previous batch
processing computation.

In this section, we develop several batch RL methods based on what we learned
in the previous section. In the next section, we develop some online RL methods.

5.3.1 Value Function Approximation Given the Monte
Carlo Estimates

Suppose that we are given a batch of data in the form of
D, = {(Xi, A, G™(Xi, Ai)) ey

with G™(X;, A;) being a return of being at state X;, taking action A;, and following
the policy 7 afterwards. Here we suppose that the distribution of (X, A;) ~ p. The
return can be obtained using the initial-state only MC by selecting (X;, A;) ~ p and
then following 7 until the end of episode (in the episodic case). Or we can extract
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this information from the trajectory obtained by following the policy 7 using the
first-visit MC (Section 4.3).

We encountered the following population loss function in Section 5.2.1 (but for
V instead of Q):

Q + argmin |Q — Q"[,, - (5.39)
QeF

There are two differences with the current setup. The first is that we do not have a
direct access to the distribution p and only have samples from it. The second is that
we do not know Q7 itself and only we have unbiased estimate G™ at a finite number
of data points.

Let us focus on the latter issue. We show that having access to unbiased noisy
estimate of Q™ does not change the solution of the minimization problem. For any
Q. we can decompose the expectation E [|Q(X, A) — G™(X, A)ﬂ (with (X, A) ~ p),
as

E[|Q(X,A) — G"(X,A))’] =E [IQ —Q"(X,A) +Q"(X,A) — G"(X, A
=E [|Q( —Q"(X, A)]"] +
E [|Q’r X A G’”(X, A) }

|
2E[(Q(X, A) = Q7(X, 4) (QT(X, A) — GT(X, A))].

The first term is [|Q — Q7||,,, the same as the population loss (5.39). The second
term is

E[Var [G™(X,A) | X, A]],

the average (w.r.t. u) of the (conditional) variance of the return. Note that this is
not a function of (). Let us consider the inner product term. We take the conditional
expectation w.r.t. (X, A) and use the fact that Q(X, A) and Q7 (X, A) are measurable
functions of (X, A) to get”

E[(Q(X,A) - Q"(X,A)) (Q"(X,A) - G"(X, A))] =
EE[(Q(X,A) — Q"(X,A4) (Q"(X,4) — G"(X, A)) | X, A]] =
E[(QX, 4) - Q™(X, A) (Q"(X, A) —E[G"(X, A) | X, A])].

As E[G™(X,A) | X, A] is equal to Q™(X, A), the inside of second parenthesis in the
last equality is zero. So the value of this term is zero.

"Here we use the property of the conditional expectation that if f is an X-measurable function,
E[f(X)Z|X] = f(X)E[Z]|X]. In words, conditioned on X, there is no randomness in f(X), so it
can be taken out of the expectation.
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Therefore, we have that

argminE [|Q(X, 4) — G™(X, A)m =
QeF

argnj__in {E[IQ(X,A) — Q(X, A)°] + E[Var [G™(X, A) | X, A)]]} =
argmin [|Q — Q"3 .
QEF

as the variance term E [Var [G™(X, A) | X, A)]] is not a function of @, so it does not
change the minimizer. If we could find the minimizer of E [|Q(X, A) — G™(X, A)|2],
the solution would be the same as the minimizer of (5.39).

Nonetheless, we cannot compute the expectation because we do not know p, as
already mentioned. We only have samples from it. A common solution in ML to
address this issue is to use the empirical risk minimization (ERM), which prescribes
that we solve

< argmin — Xi, Ay) — G™ (X, Ay 2 5.40
Q- angain 30 (X, 4) (5.40)

This is indeed a regression problem with the squared error loss.

This loss function can be seen as using the empirical measure p, instead of y. The
empirical measure, given data {(X;, A;)}!,, is defined as the probability distribution
that assigns the following probability to any (measurable) set B C X x A:

n

pm(B) £ S (X, 4) € BY.

=1

With this notation, the optimization above can be written as

Q + argmin ||Q — GﬂH;,un .

QeF
We occasionally may use [|Q — G”||§Dn or |Q —G™|2. to denote this norm (see
Appendix A.2). ’ ,

How close is this Q to the minimizer of ||Q — Q"[5,? And how close is to Q"7
What is the effect of the number of samples n? And what about the effect of the
function space F?

Studying such questions is the topic of statistical learning theory (SLT). In this
particular case, when the problem reduces to a conventional regression problem, we
can benefit from the standard results in SLT. We only provide a simplified analysis,
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which do not require much previous background. You can refer to Gyorfi et al. [2002]
for detailed study of several nonparametric regression methods, van de Geer [2000]
for thorough development of the empirical processes, required for the analysis of
SLT methods, and [Steinwart and Christmann, 2008] for the analysis of SVM-style
algorithms and RKHS function spaces.

Assumption A2 We assume that
(a) Z; = (X;,A;) (i =1,...,n) are i.i.d. samples from distribution u € M(X x A).
(b

)

) The reward distribution R(-|x, a) is Rpax-bounded for any (z,a) € X x A.
(c) The functions in F are Quax = %‘;" bounded.

)

(d) The function space has a finite number of members |F| < oc.

Among all these assumptions, Assumption A2(d) is not realistic, as the function
spaces that we often deal with have uncountably infinite number of members. This is,
however, only for the simplification of analysis, and allows us to prove a result without
using tools from the empirical process theory. This simplification is not completely
useless though. In fact, some of the results that can deal with an uncountably infinite
function space F are based on first covering the original function space by finite-sized
F. and then showing that the finite covering incurs a controlled amount of error O(g).
This is called the covering argument.

Theorem 5.6 (Regression). Consider the solution Q returned by solving (5.40).
Suppose that Assumption A2 holds. For any 0 > 0, we then have

L < Q- QIR + 8% 2O 2n(1f0)

S - QEF n

lo-e

with probability at least 1 — .
Proof. This will be completed. O

5.3.2 Approximate Value Iteration

Designing an empirical version of AVI (Section 5.2.2) is easy. The iteration of (5.3),

Qi1 argglfin 1Q = TQkll,,, = / Q. a) = (TQ)(x,a)|* du(z, a), (5.41)
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cannot be computed as (1) p is not known, and (2) T'Qy cannot be computed as
P is not available under the batch RL setting (5.38). We can use samples though,
similar to how we converted the population-level loss function (5.39) to the empirical
one (5.40) in Section 5.2.1. Let us do it in a few steps.

First, note that if we are only given tuples in the form of (X, A, R, X”), we cannot
compute

(TQX.A) = (X, A) +7 [ P]X. Q! 7(x')),

or similar for (7*Q)(X, A). We can, however, form an unbiased estimate of them.
We use the empirical Bellman operator applied to @ (4.9) and (4.13), which would
be

(T7Q)(X, 4) = R+1Q(X, w(X")),

(T"Q)(X, A) = R+ ymaxQ(X, ).
For any integrable Q, they satisfy

E|(TQ)(X. A)X, A] = (TQ)(x, 4),
for any (X, A).

Similar to Section 5.3.1, replacing T'Q); with TQy does not change the optimizer.
Given any Z = (X, A), we have

B |[e2) - (0@ 17 =& [je@) - i@ + o) - den@)| 1 2]
~E[IQ(2) - (TQ(Z)P | 2] +

B |[ran2) - oo 1 2] +
2 [(Q(2) - (TQw)(2)) ((TQi)(2) - (TQw)(2)) | Z|.

As E [(TQk)(Z) | Z} = TQk(Z), the last term is zero. Also conditioned on Z,
the function Q(Z) — (T'Q)(Z) is not random, so E [|Q(Z) — (TQL)(Z)| | Z] =

Q(Z) — (TQk)(Z)|2. Therefore, we get that
e |02 - dan@)| 1 2) - @) - v @ +E||rawz) - e 1 7

— [Q(2) = (TQW)(Z)P + Var [(TQu)(2) | Z] . (5.42)
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Taking expectation over Z ~ u, we have that

2|0z - dan@|] & [e[jen -t 2]

—E[|Q(Z) — (TQ)(2)] +E [Var [(TQk)(Z) | ZH .

The term E [|Q(Z) — (TQx)(2)?] is |Q — TQx|12,.. So we get that

argmin E UQ —(TQ)(Z) 2} = (5.43)
QeF
. 2 . _
argmin {||Q ~TQill3, +E [Var [(TQk)(Z) | Z” } - (5.44)
argmin [|Q) — TQng,u , (5.45)
QeF

as the term E [Var [(TQk)(Z ) | Z” is not a function of @), hence it does not change

. 2
the minimizer. So instead of (5.41), we can minimize E “Q(Z) — (TQk)(Z)‘ ]

We do not have p though. As before we can use samples and form the empirical
loss function. The result is the following ERM problem:

- X, A — (TQw) (X, A;)
Qi ¢ argmin Z fo] (TQu)

H (5.46)

This is the AVI procedure, also known as the Fitted Value Iteration (FVI) or
Fitted Q Iteration (FQI) algorithm. This is the basis of the Deep Q-Network (DQN)
algorithm, where one uses a DNN to represent the value function space.

5.3.3 Bellman Residual Minimization

We may use data to define the empirical version of BRM (Section 5.2.3). Instead of

Q@ < argmin ||Q — T”QH;N , (5.47)
QeF
we can solve

< argmin — ‘ Xi, Ay) T7r Xi, Ay)
Q ¢ argmi nz Q( Q)

(5.48)

n
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Here we used data D,, to both convert the integration w.r.t. p to an integration
w.r.t. pu, (or summation), and substitute 77() to its empirical version T Q). Note
that we have @) in both terms inside the norm, as opposed to only the first term
in FQI (5.46). This appearance of @) in both terms causes an issue though: the
minimizer of ||@Q — T7Q|3, and ||Q — T7Q|[3,, are not necessarily the same for

stochastic dynamics. To see this, we compute E ||Q(Z) — (T7Q)(Z)|? | Z] for any

@ and Z = (X, A) (by conditioning on Z, the randomness in the expectation is over
the next-state X', and not the choice of Z) as follows:

B |[e2) - @) 12 =5 o) - oz + @@ - o) 1 2]
~E[Q(2) - ("Q)(#)*| 2] +
B[ @@) - @ 12]+

2R [(Q(2) - (17Q)(2)) ((T7Q)(2) - (17Q)(2)) | Z] .

Given Z, there is no randomness in |Q(Z) — (T7Q)(Z)[*, so E [1Q(2) — (T™Q)(2)|? | Z] =
1Q(Z) — (T™Q)(Z)|*. Moreover, the inner product term is zero because it is equal to

(Q(2) ~ (T7Q)(2)) ((T"Q)(2) ~ E [(17Q)(2) | Z]) =
(Q(Z) — (T"Q)(2)) (T"Q)(Z) — (T™Q)(Z)) = 0.

Therefore,
E UQ(Z) ~("Q)(2)| | Z] = 1Q(2) = (T"Q)(Z)P + Var [(T"Q)(2) | Z] .

In contrast with AVI/FQI (5.42), the second term is a function of @) too. By taking
the expectation w.r.t. Z ~ u, we get that

argnin E U@(Z) - <T@><Z>ﬂ —argmin {|Q = TQ|3,, +E |Var |(7Q)(2) | 2]}
QEF QEF
# argmin [[Q ~ TQll3,, - (5.49)

For stochastic dynamical systems, the variance term is non-zero, whereas for deter-
ministic ones, it is zero. By replacing 77 () with 77 in BRM in stochastic dynamics,
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we obtain a solution that is not the same as minimizer of the Bellman error within
the function space F.

Let us take a closer look at the variance term. For simplicity, assume that the
reward is deterministic, so R; = r(X;, 4;). In that case

Var |[(17Q)(2) | 2| =

E | Z

() 49QUC RO - [1(2) 47 [ P12, 7))

2
| Z

7| [ s - [ P2 )

This is the variance of ) at the next-state X’. Having this variance term in optimiza-
tion (5.49) encourages finding () that has small next-state variance. For example,
if () is constant, this term would be zero. If @) is varying slowly as a function of
state x (i.e., a smooth function), it is going to be small. This induced smoothness is,
however, not desirable because it is not a smoothness that is natural to the problem,
but imposed by the biased objective. Moreover, it is not controllable in the sense
that we can change its amount by a hyperparameter. If it was controllable, we could
use it as a way to regularize the value function estimate, which would be useful, for
example, to avoid overfitting.

5.3.4 LSTD and Least Squares Policy Iteration (LSPI)

Starting from the PBE, we got several approaches to approximate V™. One of them
was based on solving V' = (Ilz,77V) (5.19) with V being a linear FA with Vy =
O nypw, (Section 5.2.4.2). We showed that the solution to this equation is

—1
with

A=d"M(® —~yP"d),
b=&" Mr".

We need to use data D,, in order to estimate these. The way becomes more clear
if we expand A and b in terms of summation (or integration, more generally). As M
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is a diagonal matrix, we have

Ajj=[@"M(® —P"®) Z o) p(m) (® —yP™D), .

b - Z (I)zmu

Or expanded more explicitly in terms of state x and next-state a2/,

A=Y p(e)é(a) (qs(x) Y P”(m'|x>¢<x’>> ,

zeX r'eXx

b= u@)o(x)r

zeX

These forms suggest that we can use data to estimate A and b. Given D, =
{(XURZ)X’L) =1 with X; ~ p € M( )7 andAX{ ~ :P7r(|Xz) and R; ~ ,R’ﬂ-(le)
(cf. (5.38)), we define the empirical estimates A, and b, as

Zfb — (X)),

_E;W( R

We have
E [9(X;) (6(X:) — 76(X ﬂ:
E E[¢(X»<¢(Xz) X' X =
E [6(X)) (6(X:) — 1E[9(X >|X1>}
E [6(X) (6(X) — (P ®)(X,)) "] = A,

This shows that /Aln is an unbiased estimate of A. If X; ~ p are selected inde-
pendently, by the LLN, we get that 4, — A (a.s.) (assuming the bounded fourth
moment on the features). Similar guarantee holds when X; are not independent, but
comes from a Markov chain induced by following a policy.® Showing that b, is an
unbiased estimate of b is similar.

8For instance, we can show that if the chain is positive Harris, LLN holds for functions that
belong to L1 (p™) (Theorem 17.1.7 of Meyn and Tweedie 2009).
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Exercise 5.4. Show that b, is an unbiased estimate of b.

We can also have the LSTD estimation procedure for the action-value function.
We briefly show how relevant quantities can be represented and what the LSTD
solution looks like.

We represent Q(x,a) = ¢' (r,a)w in the matrix form as

Qnx1 = (I)Nx;owp
with N = |X x A| and
q):[¢1 qu}.
with
[ di(z,a1) ]

(ﬁ — ¢i(x1;a|.¢4|)
’ ¢z’(£ﬂ2, al) ’

| di(z)1x), 014))
and P as the |X x A| x |X| matrix
[P] (z,0),2" = P(2'|z, a),
and I1,; as |X] x |X x A| matrix with
Lrle,(20) = 7(al2).
Then, the Bellman equation can be written as
(Inun — YPusaniaixn) @isr = v

Let p € M(X x A). We define My.y = diag(p). The solution of the LSTD

solution (population version) is

w=[®TM(® —PILD)] " & Mr=A""b. (5.50)

Obtaining the empirical version of A and b is similar to what we already discussed.
This is also known as LSTDQ), but we use LSTD to refer to solution for either V' or
(), as the principle is the same.
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Approximate
Policy
Evaluation

Policy
Improvement

7'« argmax Q" (-, a)
acA

Figure 5.4: Approximate Policy Iteration

Algorithm 5.1 LSPI
Require: D, = {(X;, A;, R;, X/}, and initial policy ;.

1: for k=1,2,..., K do

2 Q™ « LSTD(D,, 1) > Policy Evaluation
3: Tha1 < WQ(Q”’“) > Policy Improvement
4: end for

5: return Q“K and T 1.

We can use LSTD to define an an approximate PI (API) procedure (Figure 5.4)
to obtain a close to optimal policy as shown in Algorithm 5.1. This is a policy
iteration algorithm that uses LSTD to evaluate a policy, and is known as the Least
Squares Policy Iteration (LSPI) algorithm. It is approximate because of the use of
a function approximation and a finite number of data point.

We may also collect more data during LSPI. For example, as we obtain a new
policy, we can follow it to collect new data points. Note that LSTD is an off-policy
algorithm because it can evaluate a policy 7 that is different from the one collecting
data.

LSTD and LSPI are considered as sample efficient algorithms. They are, how-
ever, not computationally cheap. The matrix inversion Apxp is O(p?), if computed
naively. If we want to perform it in an online fashion, as new samples arrive, the
computational cost can be costly: O(np*). Note that we may use Sherman-Morrison
formula (or the matrix inversion lemma) to compute A~! incrementally based on the
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previous inverted matrix A7', (Appendix A.5).

5.4 Online RL Methods

In the online setting, the agent updates the value function as it interacts with the
environment. We can use the update rules derived in Section 5.2.4.3 in order to
design a SA procedure.

First, we consider the weight update rule (5.29):

Wiyt <+ (1 — @)wy +a(®"D™®) T D™ [r™ + yP dwy] .

In order to convert this to a SA procedure, we need to empirically estimate ® " D™ ®
and ®" D™ [r™ + yP"Pwy]. We have

(@TD7®)pup = D p"()(2)0" ()

—E[6(X)6 (X)], X~

So if we have t data points X, ... X; with X; ~ p™, the stationary distribution of 7,
we can estimate it by a matrix A,

A, = % > (X (X)),

This matrix is an unbiased estimate of (®'D™®), and converges to it under usual
conditions of LLN.
We also have

OTD™ [r™ + 4P dwy] = Z P (x)o(x) <r”(m) + Z P”(m'|x)qu(x’)wk> . (5.51)

reX r'eX

If X, ~ p™, X| ~ P7(-|X,), and R, ~ R7(-| X,), the r.v.
&(X1) (Re+ 7o (XDwy)

is an unbiased estimate of (5.51).
These suggest a SA procedure that at each time step t, after observing X;, Ry, X/,
updates the weight w; to w11 by

Wi < (1 — o)wy + OétAt_lﬁb(Xt) (Rt + ’WST(X;)wt) (5.52)
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with

~

Ay = [(t - 1)1211&—1 + ¢(Xt)¢T(Xt)]

e

- %) Aos 40X (X,)

The inversion of A, is expensive, if done naively. We can do better though.
Consider the summation S; = 3>'_, ¢(X;)¢ ' (X;). This means that A; ' = 9,1, We
can use Sherman-Morrison formula (Section A.5) to incrementally update S;*, and
as a result A;!) (Section A.5) as

(5071 = 51, — SO0 (XDS
1+ ¢T(X;) 51 6(Xe)

This requires a matrix-vector multiplication and is O(p?). The update rule (5.52)
becomes

wir = (1= an)wy + gt S (X)) (Re + 70 (X))wy) - (5.53)

The per-sample computational cost of (5.52) (and (5.53)) is then O(p?). This is
significantly higher than the O(1) computational cost of the TD update for a problem
with finite state-action spaces for which the value function can be represented exactly
in a lookup table (for example, see Algorithm 4.3).

This comparison, however, may not be completely fair. The computational cost
of evaluating V' (z) at any x for a finite state problem with an exact representation
was O(1) itself, but the computational cost of evaluating the value function with
a linear FA with p features (i.e., V(z;w) = ¢ (z)w) is O(p). A better baseline is
perhaps to compare the cost of update per time step with the cost of computation
of V for a single state. We can then compute

computational cost of update per sample

computational cost of computing the value of a single state

For TD with a finite state(-action) space with the exact representation, the ratio
is O(1). For the method (5.52), the ratio is O(p). This shows a more graceful
dependence on p, but it still scales linearly with the number of features.

We can have a better computational cost using the other update rule (5.31) we
derived in Section 5.2.4.3. The population version is

Wiyt < Wy + a®' D™ [r™ + vP dwy, — dwy .
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If Xy ~p™, X[ ~P"(:|X;), and R; ~ R™(:|X;), we use the r.v.

P(Xt) (Rt + 7¢T(X£>wt - ¢(Xt)wt> = ¢(X;)ds,

with & = Ry + v¢" (X])w; — ¢(X;)wy, the TD error, is an unbiased estimate of
QD™ [r™ + yPT®wy, — Pwy|. Therefore, the SA update rule would be

Wr1 < Wk + Oét¢(Xt)(5t. (554)

This is the TD Learning with linear FA.

We have shown that the population version of this update rule under X ~ p~
converges in Proposition 5.4. We do not show it for the SA version, but we might
suspect that it does because it follows a noise contaminated version of a stable/con-
vergent dynamical system. With proper choice of the step size sequence (o), we can
expect convergence. This indeed true, as shown by Tsitsiklis and Van Roy [1997].

It is worth mentioning that this convergence holds only when X; ~ p™, the
stationary distribution of . If its distribution is not the same, the TD with linear
FA may diverge. This is in contrast with the TD for finite state problems where the
conditions of convergence were much more relaxed and we did not face divergence.

The same method works for learning an action-value function Q™ of policy 7
using an approximation

Q(l‘, CL) = Q(SE, a; w) = ¢($, a)Tw'

For X; ~ p™, Ay = n(Xy), X[ ~ P(-| Xy, Ap), and Ry ~ R(-| Xy, A;), we can update
the weights as

Wit1 — Wk + (X, Ay, (5.55)
with the TD error
515 = Rt + 7¢<th7 W(XD)th - ¢(Xt7 At)th'

We may use a similar procedure for the control problem and define SARSA-like
and Q-Learning-like algorithms with linear FA. For SARSA, the update uses the
tuple (Xy, Ay, Ry, X[, A}) with Ay ~ 7(-|X;) and A} ~ (| X]), and 7 being a policy
that is close to being greedy w.r.t. @, e.g., an e-greedy policy m.(Q;). The update
would be the same with the difference that the TD error would be

6 = Ry +vo(X], A;)th — o(Xq, At)th-
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We may also form a Q-Learning-like algorithm by having
0y = Ry + 7 max o(X],a") "w, — (X, Ay) Twy
a'e

Even though the agent may be following a policy 7 and have samples X; ~ p”
and A; ~ 7(+|X;) (or similar for the deterministic policy), the policy being evaluated
is the greedy policy m,(-; Q). The evaluated policy may not be the same as 7. This
is an off-policy samplings scenario. The convergence guarantee for TD with linear
FA, shown by Tsitsiklis and Van Roy [1997], does not hold here. In fact, Q-Learning
with linear FA may diverge.

5.4.1 Semi-Gradient Viewpoint

We motivated the TD method with linear FA by starting from V = Iz ,-T™V with
V = ®w, and devised an iterative SA procedure for its computation. One may also
see it as an SGD-like procedure, with some modifications, as we explain here. This
is the approach followed by Sutton and Barto [2018].

Suppose that we know the true value function V™, and we want to find an approx-
imation V, parameterized by w (the same setup as we had earlier in Section 5.2.1).
The population loss is

2

1 N
V - argmin - HV“ W (w) (5.56)

VeF 2,p

Using samples X; ~ p, we can define an SGD procedure that updates w; as
follows:
)

—w; + o (V”(Xt) V(X wt)> VoV (Xp:w,).

1 ~
Wi1 Wy — Othw |:§ ’VW(Xt> — V(Xt,wt)

If the step size a; is selected properly, the SGD converges to the stationary point if
the objective of (5.56). If we use a linear FA to represent V, the objective would be
convex, so w; converges to the global minimum of the objective. In this formulation,
V7™ (X;) acts as the target, in the supervised learning sense.

When we do not know V7, we may use a bootstrapped estimate instead:

(vat)(Xt) = Ry +Vi(X]) = Ry + VV(Xﬂ wy).
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With this substitution, the update rule would be

Wey1 — Wi + oy <Rt + AV (X wy) — V(X wt)> VoV (X wy).
For linear FA, we have V(z;w) = ¢ (2)w, and we get the update rule

W1 — Wy + (e <Rt + ’)/V(Xé, wt) — V(Xt, wt)> ¢<Xt)
=wy + a0,9(Xy).
This is the same update rule that we had before for TD with linear FA (5.54).
The substitution of V7 (X};) with (77V;)(X;) does not follow from the SGD of any

loss function. The TD update is not a true SGD update.
One may wonder why we do not perform SGD on

2

V(Xe;we) — (T™V (wy))(Xe)

|

—wr — an (V(Xesw) = (T () (X)) (VuV (X wi) = VoIV (w))(X:))

DN | —

instead. Certainly, we can write

1. o
ey = 0¥ |5 [V (i) = (77 (w)) ()

—w, — (V(Xt; w) — (T”V(wt))(Xt)> (vwf/o(t; wy) — AV V(X wt)>
With linear FA, this becomes

wepr wy — o (9(X4) Twr — (Re + 4o ( X)) Twe) (9(X1) — v (X}))
=w; — oyl - (H(Xy) — 7¢(Xt/))

This is similar to the TD update, with the difference that instead of ¢(X;),
we have ¢(X;) — v¢(X[). The issue, however, is that this empirical loss function
%|V(Xt; wy) — (T7V (wy))(X,)]? is biased, as explained in Section 5.3.3. Minimizing
it does not lead to the minimizer of the Bellman error.



Chapter 6
Policy Search Methods

6.1 Introduction

So far we have described methods for computing the optimal policy, either exactly
or inexactly, that are based on the computation of the value function.! Given Q*, we
can compute the optimal policy by computing its greedy policy. In these methods,
only the value function was explicitly represented, and the policy could be computed
based on it.

There are also methods that are based on the explicit representation of the pol-
icy, as opposed to value function, and optimizing the performance of the agent by
searching in the space of policies. We call these methods policy search algorithms.
These are the focus of this chapter. There are also hybrid methods that use the
explicit representation of both value and policy.

6.1.1 Policy Parametrization

Let us start from policy parametrization. Consider a stochastic policy mp : X —
M(A) that is parameterized by a § € ©. Here the set O is the parameter space, e.g.,
a subset of RP. We also denote the space of all policy parameterized this way by Ilg:

Ho={mp: X - M(A) : 00O}. (6.1)

This space depends on the mapping 7y and the space of parameters ©.
There are many choices for how we can parameterize a policy my. A generic
example is based on the Boltzmann (or softmax) distribution. Given a function

LChapter’s Version: 0.04 (2021 April 2). Some results need to be typed.
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fo: X x A — R (e.g., a DNN or decision tree parameterized by 6), the density of
choosing action a at state x is

me(alz) = exp(fo(x,a))
fexp(fg(,m’ a’))da/‘

A special case would be when fy(x,a) = ¢(x,a) "6 for some features ¢ : X x A — RP
and € € RP, in which case we get

exp(¢(z, a)"0)
mo(alx) = — .
T exp(6(x, @) TO)d
When the action space A is discrete, my(a|r) denotes the probability of choosing

action a at state = (instead of it density), and for the linear parameterization of fj,
we have

exp(@(z,a)' )
> weacxp(d(x,a)T0)

Another example is when 7y(+|z) defines a Normal distribution over action space
with @ parameterization its mean and covariance:

mo(+x) = N (po(x), Zo(x)) -

If the action space is d 4-dimensional, the mean is yg : X — R% and the covariance is
g X — Si*‘. Here Si*‘ refers to the set of d4 x d4 positive semi-definite matrices.

This latest example shows one of the reasons that the explicit parameterization
of the policy and the policy search methods is appealing: Working with continuous
action spaces is easy. By simply parametrizing the mean and covariance of a Normal
distribution, we can easily select a continuous action from 7. If we can come up with
methods to optimize a policy parametrized this way, this would be a viable approach
for working with MDPs continuous action spaces, potentially of high dimensions. In
comparison, continuous action space causes challenge for value-based methods such
as VI or PI that need to compute max,c4 Q(z,a) (or a similar quantity). This is
an optimization in the action space, which is difficult when A is a high-dimensional
continuous space.

me(alx) =

6.1.2 Performance Measure

The performance can be measured in various ways. Here we focus on the expected
return of following 7y, the value function. Our goal, as before, is to find a policy
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that maximizes this performance measure. We are, however, restricted to choosing
policies within Ilg (6.1).
For the moment, assume that we only care about the performance at state x € X.
In that case, the goal of policy search would be
argmax V™ (x) = argmax V"™ (z). (6.2)
mellg 0cO
The interpretation is that we are interested in finding a policy that if the agent starts
at this particular state z, its performance, measured according to its expected return,
is maximized.

Of course, if we find 7* € Ilg, not only it maximizes the value function at this
particular x, but also at any other 2’ € X. But if 7* ¢ Ilg, we will not be able to
find a policy that maximizes the value at all states. In that case, we may want to
find a policy that is only good at our starting state x, and ignore the performance at
other states. In that case, the obtained policy is going to be initial-state-dependent.
That is, if we change x to another state 2’ # x, the optimal policy within Ilg might
change.

More general than this extreme case of having a single initial state x is when the
initial state of the agent is distributed according to some distribution p € M(X).
The performance measure would then be the average of following 7y with the initial
state X; ~ p. We define

J(m0) = Jy(m) 2 / V™ (2)dp(z) = Ex, V(X)) (6.3)

The optimal policy maximizes the performance measure J, and we have J,(7*) >
J,(mp) for any my € Ilg. If 7* ¢ Ilg, which is the case in general, the inequality is
strict. In policy search methods, however, we aim to find the maximizes of the
performance measure within [1g. That is,

T < argmax J, (7). (6.4)
mg€llg
The corresponding policy is denoted by 8, i.e., @ = 7.

For different p, we may get different optimizers. If we want to emphasize the

dependence of the maximizer on p, we use 7,. We may sometimes denote J(my) or

J,(mg) simply by J,(6).
6.1.3 Policy Search as an Optimization Problem

How can we solve the optimization problem (6.4) to find 7y that maximizes the
performance measure J,? In principle, this is an optimization problem, so we can
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benefit from the arsenal of optimization algorithms. Being an RL problem, however,
brings both challenges and opportunities. As an example of a challenge, the value
of J, is not readily available, and has to be estimated through interaction with the
environment. The special structure of the RL problem, such as the value function
satisfying the Bellman equation, provides an opportunity to design more elegant
algorithms than one would obtain if we merely consider the problem as a blackbox
optimization one. We discuss these in some detail and describe a few methods on
how the optimization problem can be solved.

Optimization methods, broadly speaking, can be categorized based on the infor-
mation they need about their objective. Zero-order methods only use the value of
the objective at various query points. For example, they compute .J,(0) at various
fs in order to guide the optimization process. First-order methods use the derivative
of the objective instead of, or in addition to, the value of the objective. They use
VoJ,(0) in order to guide the search. The quintessential first-order optimization
method is the gradient descent (and its stochastic variant), which has a counterpart
for the RL problems too.

6.2 Zero-Order Methods

We first consider the case when the policy parameter space O is finite. This helps
us understand some of the challenges. We then extend our discussion to case when
O is continuous function space.

6.2.1 Finite Policy Parameter Space

Assume that we are given a finite © = {6, ...,0,,} policy parameters. This defines
the finite policy space Ilg = {my : € ©}. We want to find the policy my € Ilg such
that J,(mp) is maximized (6.4).

If we can easily compute J,(mg) for each 6 € O, this is an easy problem, at least
in principle.? So the main issue is to compute .J,(7).

The performance measure .J,(my) is the expectation of V™ (X) w.r.t. X ~ p. We
can try to compute V7 (z) for all x € X, using any of the PE methods that we
have developed (either in the Planning or RL scenarios), and then take the weighted

2If m = |©] is a very large finite number, say 10%°, this may not be feasible on a computer, but
that is another issue, which we ignore in this discussion.
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average according to p. If X is discrete, this would be

To(m) = 3 pl)V (@),

reX

If X is large, however, computing V™ itself is not going to be easy, no matter
whether we know the model or not. Moreover, computing the integral [ V™ (z)dp(z)
is going to be challenging too, even if we know V™ exactly.

An alternative is computing an unbiased estimate of J,(mg) instead using MC
estimation. To see how it works, let us derive such an estimator in two steps.

In the first step, assume that we know V™ and we want to estimate J,(mg). If
we sample X ~ p, we have that V™ (X)) is an unbiased estimate of J,(my) as

E[V™(X)] = /V”e(:v)dp(a:) = J,(mg),

by the definition of J,(mg) (6.3).
If we draw n independent samples Xy, ..., X, ~ p, the estimator

1 n
— o .
> V)
=1
would be an unbiased as well, with a variance of

Var [V (X)] ‘

This variance goes to 0 as n increases. So by increasing the number of samples, we
can have a more accurate estimate of .J,(m).

The variance Var [V (X)] is a measure of dispersion of the value function across
states samples according to p. For example, if the value function is constant, it will
be zero, and if it is changing slowly as a function of the state, it would be small. On
the other hand, if the value function varies greatly, the variance is large. Note that
this variance is a function of the policy 7y, so for each 7y € Ilg, we get a different
variance.

The second step is to replace V7™ (z) with the return G™ (x), which is an unbiased
estimate of the value itself. Computation of G™ (z) requires starting the agent from
state x and following 7y (i.e., performing a rollout from x) until the end of episode for
episodic tasks, or until infinity for continual tasks (see Exercise 3.2 and the comment
in Section 4.3).
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If X ~ p, G™(X) is an unbiased estimate of J,(my) as
Exp [G™(X)] = Exy [E[G™(X) [ X]] = Ex~, V(X)) = Jy(mg).

If we draw n independently selected X, ..., X,, ~ p, we can form

Jalme) = 36X, (6.5)

as an unbiased estimate of J,(my). The next result provides the variance of this
estimate.

Proposition 6.1. The estimator J,(m) (6.5) is an unbiased estimator for J (1)
and has the variance of

Var [, (mg)] = % (E [Var [G™ (X) | X]] + Var [V™(X)])

Proof. The estimator is unbiased because

n

E| LS o)) = LSRRG 1 X0 = LBV X = L,

=1

as had already been established before.
As X;s are i.i.d., we have

Var

%Z G“G(Xi)] = %Var [G™(X4)]. (6.6)

We could use the law of total variance to decompose Var [G™(X)] (with X ~ p).
Instead of using that result, we prove it directly. We have

Var [G™(X)] =E [G™(X)*] — (E[G™(X)])>. (6.7)
We expand each term. For the term E [G™(X)?], we have
E [G™(X)7] =B [ [6™(X)? | X]].
Its inner expectation is

E [G™(X)? | X] = Var [G™(X) | X] + (E[G™(X) | X])”
— Var [6™ (X) | X] + V(X2
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as V™ (z) = E[G™(z) | 2] by definition. Therefore,
E[G™(X)?] =E[Var [G™(X) | X]] +E [V™(X)?]. (6.8)
For the second term (E [G™ (X)])?, notice that we have
E[G™ (X)) = E[E[G™(X) | X]] = E[V™(X)]. (6.9)
Substituting (6.8) and (6.9) in (6.7), we get

Var [G™(X)] = E [Var [G™ | X]] + (B [V™(X)*] = (B[V™(X)]))
=E [Var [G™ | X]] + Var [V™(X)].

This along with (6.6) get us to the stated result. O

This result shows that if we have a finite number of parameters in ©, we can
estimate J,(mp,) =~ J,(mp,) £ Op(\/iﬁ) for each 0; € ©. We can use these estimates to
select the best among them:

=y < argmax .J, (7). (6.10)
9c0

As there is an Op(\/iﬁ) error in estimation of each J,(my), the selected policy
7 may not be the same as the maximizer 7 of (6.4). The error in selection can
happen if J,(7) and J,(7) are within Op(\/iﬁ) of each other, so their ranking of
their empirical estimate would be different than the ranking of their true value.
That is, J,(7) > J,(7) (which leads to preferring 7 to 7 according to the empirical
performance measure) even though J,(7) < J,(7). Even if we make an error in
selecting the best policy, the gap in their performance is within Op(\/iﬁ). The next
result and its proof make this statement and argument precise. Note that as we
increase n, the error in estimating .J,(my) decreases and the probability of selecting
an optimal policy increases. This increased accuracy, however, is at the cost of

increased sample and computational complexity, which would be n|©] rollouts.

Proposition 6.2. Consider the maximizer of (6.10). Assume that the returns
G™(x) are all Qmpez-bounded for any 0 € © and x € X. Furthermore, suppose
that |©| < co. For any § > 0, we have that

. 21ln (@)
J,(0) > max J,(0) — 2Qmaz —

9co ’

with probability at least 1 — 6.
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Proof. We bound the difference between J,(#) and J,(8), for any 6 € ©, using the
union bound and the Hoeffding’s inequality (Lemma A.3 in Appendix A). For any
0’ € ©, we have

Jo(0) = Ju(8)] > e}}

Therefore, for any ¢ € ©, including 6 and 8, we have

21n (29
Jp(e/) - jn(e/) S Qmax #, (611)

with probability at least 1 — §. For conciseness, let us denote the RHS by wu(n, ¢).
As J,(0) = J,(m;) is the maximizer of (6.10), we have

~

J.(0) > J,(0), Voeo.

This includes § = 6 € ©, the parameter of the best policy within ©. So J,,(8) > J,,().
This along with two applications of (6.11) show that for any § > 0,
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with probability at least 1 — §. O
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Assigning the same number n of MC rollouts to all € © may not be the best
strategy in selecting the optimal parameter in terms of the total number of required
rollouts. To see why, assume that for ¢; € ©, the performance measure J,(7y,)
is much smaller than J,(mg,) for another #; € ©. In this case, we can perhaps
eliminate #; from further consideration without spending many samples on accurately
estimate its .J,(mp, ). More concretely, given n; rollouts assigned to 6;, we can form
the confidence interval for J,(mg, ). For example, if we assume Q) ax-bounded returns,
we can use the Hoeffding’s inequality to obtain that for any ¢ > 0,

Jp(ﬂel) < jnl (ﬂ-el) - Qmax \ / %?/5)7 jm (7?91) + Qmax \ / 2—1n7i?/5)

with probability at least 1 — J. We have a similar result for J,(mp,) with ny rollout
assigned to it:

JP(T‘-GQ) € jn2 (77—92) - Qmax ~ / %3/5), jnz (7T92) + Qmax H 2 lnfl_j/é)

with probability at least 1 — 9. If it happens that

[21In(2/4) 121 2(5
n1 7T01 +Qmax n / 7T62 Qmax 1 /

we conclude that the best statistically possible performance of 7y, is worse than
the worst statistically possible performance of 7y,, with probability at least 1 — 26.
Hence, we can say that with high probability, mg, is a better policy than my,. In
that case, there is no need to improve our estimate of 7y, , as there is a better policy
already mp, identified.

This idea can be fully developed into an algorithm that adaptively adjusts the
number of rollouts n; assigned to each policy m; € Ilg. Such an algorithm can be
more sample efficient in identifying a good policy than assigning the same number
of rollouts to all policies in the policy class. We do not develop it any further here
though, and refer an interested reader to relevant references.

6.2.2 Random Search

If © is not finite, we cannot evaluate jn(’ﬂ'g) for all § € ©. There are several generic
methods for searching in a large parameter space, including random search, simulated
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Algorithm 6.1 Random Search
Require: Distribution v € M(©); Number of rollouts n; Maximum number of
iterations K
1: Draw a parameter ¢, = 0] ~ v
2: Evaluate J,, (7, )
3: for k=23,...,K do
4: Draw a parameter ¢, ~ v
Evaluate jn(w%)
if J,(mg) > Ju(mg,_,) then
else
Gk <— Qk_l
10: end if
11: end for
12: return 7y,

annealing, and various evolutionary algorithms. We briefly discuss random search in
this section and a particular type of evolutionary algorithm in the next one.

In random search (RS), we randomly pick m policy parameters 6y, ...,0,, € ©,
evaluate J, (7g,), and pick the one with the highest value. The intuition of why this
works is that with large enough m, one of #; might hit close to the optimal

0 < argmax J,(mp).
)

Moreover, if n is large enough, the difference between .J,(8) and J,(#) would be
small for all randomly selected #. To be more concrete, if we denote the set of
randomly selected parameters by ©,, = {01, ...,0,,}, we may use a result similar to
Proposition 6.2 to show that the gap between the true performance Jp(ém) of the
selected parameter
0, « argmax jn(m;)

0€Om,

and maxgeo,, J,(mg) is small.> We do not prove this result in its complete form. But

we show that RS asymptotically chooses a # whose J, is arbitrary close to jn(é)
To show that RS hits close to the optimum, let us first specify the procedure

more precisely in Algorithm 6.1. The distribution v € M(©), which is an input to

3Proposition 6.2 assume that || < co. If we allow m — oo in a random search, we need to
modify that result.
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the algorithm, generates samples in the policy parameter space. We assume that
it assigns a positive probability to any (measurable) set A C ©. This is required
because otherwise we may not draw any sample from the regions close to the optimal
point 0 after all. We define the set of points close to being optimal. For € > 0, denote
the set of points in © that are e-optimal (according to .J,) by

Ma:{e : jn(9)>jn(é)—s}.

Proposition 6.3. Consider the sequence (0x) generated by Algorithm 6.1. Assume
that the distribution v € M(O) is such that for any (measurable) set A C O, the
probability assigned to it is strictly positive, i.e., v(A) > 0. Then, for any ¢ > 0,

lim ]P){Qk S ME} = 1.
k—o00

Proof. By the k-th iteration of the algorithm, the probability of 65 not being in M.
is the same as the probability of none of 87,65, ..., 0, being within M. Therefore,

P{0y ¢ M.} =P{0) ¢ M.,0, & M.,... 0, ¢& M.}

= [IP{0 ¢ M)
~[[a-rig ey

=TT - v(M)) = (1 - v(M))"

By assumption, v(M.) > 0, so (1 —v(M.)) = p < 1. So, at the limit of k& — oo,
P {0, ¢ M.} = lim p* = 0.
k—o0

Therefore, as limy_,o, P{0, € M.} = 1. O

Despite this asymptotic guarantee, RS is not the most efficient way to search a
parameter space. The way it is presented here does not benefit from all previous
evaluation of the function when suggesting a new .. That knowledge can be useful,
for example, by helping us focus on more promising regions of the search space,
instead of blindly sampling from the same distribution v. This can be achieved by
adaptively changing the distribution v, to be a function of previous evaluations.
Next, we study one such example.
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Algorithm 6.2 Evolutionary Strategy (ES)(1+ 1)
Require: Initial point 6y € ©; Number of rollouts n; Maximum number of iterations
K
Require: Initial standard deviation of mutation operator: o; > 0
Require: Adaptation parameters: ¢y > 0 and ¢_ < 0.
1: Evaluate .J, (g,
2: for k=1,2,..., K do
3:  Draw a perturbation n ~ A (0,1)

4: 0) < 0 + oxn > Mutation
5: Evaluate jn(m;];)

6: if jn(W%) > jn<7rgk) then > Selection
7 6k+1 — 02:

8: Opy1  opet

9: else

10: 0k+1 — 01

11: Ok4+1 < opec

12: end if

13: end for

14: return 7y,

6.2.3 Evolutionary Algorithms

A large class of optimization methods are inspired by the process of evolution, in
which heritable characteristics of individuals in a population change over generations
due to processes such as natural selection. The evolution leads to the adaptation of
individuals, which means that they become better to live in their habitat.

By identifying a solution to an optimization problem as an individual in a pop-
ulation and the value of the function to be optimized for a particular solution as
the fitness of that individual, we can form an evolutionary process to optimize the
function. There are many variations in how we can do this. For example, there are
family of methods called Genetic Algorithms, Genetic Programming, Fvolutionary
Strategy, etc.

Let us consider a simple algorithm called Evolutionary Strategy (ES)(1 + 1),
which is similar to RS, which is presented as Algorithm 6.2. Compared to RS, this
algorithm proposes a new 6, by perturbing 6, by a Gaussian noise around the current
0. The magnitude of perturbation is adaptive. If the new ¢ is better than 6y, the
standard deviation increases, and vice versa.

To see why this is an evolutionary algorithm, let us identify its elements with the
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usual components of an evolutionary process.

Each iteration k acts as a generation index. The parameter 6, is the only indi-
vidual in the population. It acts as a parent for the next generation. The parameter
0. is the offspring of 0, generated through an asexual process. The addition of noise
n that perturbs 6y in order to get ) is interpreted as the mutation, in which the
offspring’s genetic code (6},) is similar to its parent (6;) with the addition of some
mutation. The mutation in ES is a random vector. In this particular variant, it is
an isometric Gaussian with a standard deviation of oy.

The selection process is based on the competition between parent 6, and its
offspring 6}, (so one can say that at some point we have two individuals in the popu-
lation). Only one of them, however, has the chance of forming the next generation,
and it can be either the parent or offspring.

A modification of this algorithm is called ES(1,\) with A > 1 being an integer
number. In that modification, the parent 6, generates A offsprings:

;w.:ek—i—akfr]j? J=1,... A\

The competition would only be between the offsprings {wa»}?:l, and not with the
parent. Only one of the A offsprings gets to the next generation. The ES(1+\) would
be similar with the difference that the parent is also in the selection process, and if it
is better than all its offsprings, it can form the next generation. More generally, we
have ES(u, \) and ES(u + A) variants of ES, in which the population size is p € N
and there is a competition between either A offsprings (ES(u, A)) or A + p offsprings
and parents to form the next generation of u individuals. There are various ways to
decide how one should pick the best p out of them.

ES does not have any sexual reproduction. This means that each offspring is
not reproduced based on two (or more) parents, but is the result of a mutation of
the genetic code of a single one. There are algorithms that have a recombination
procedure that mimics the sexual reproduction, in which two parents (think of 6y ;
and 6 ; from the same population) contribute to generation of an offspring. One
such class of an algorithms is called Genetic Algorithms (GA). An example of such
a recombination would be to select two parents 6 ; and 6y ;, and reproduce the [-th
offspring by

O 1 < @b + (1 — ar)br; + i,

with a; € (0,1), possibly selected randomly. This is a convex combination of the
parents, perturbed using a noise 7;.

Evolutionary algorithms can be quite complicated algorithms. Their performance
is often evaluated only empirically. Analyzing them theoretically can be quite com-
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plicated, and the current available results are limited to simple algorithms, such as
ES(1 + 1), which may not be the best performing ones in practice.

Studying evolutionary algorithms to solve RL problems is a niche area in the
RL community, although with a growing interest in recent years. Sometimes they
are not considered as a part of the RL research proper. Despite that, I briefly
mentioned them because I consider it useful for an RL researcher to be familiar with
the basic ideas in the evolutionary algorithms. Both evolution and learning have
been crucial adaptation mechanisms to get to the point where we have smart enough
species. Building Al agents with comparable capabilities to animals may require
borrowing ideas from both learning and evolution, each performing at different time
scale (within a life span of the agent vs. across generations of the agents).

6.3 First-Order Methods and the Policy
Gradient

The availability of the gradient of J,(my) w.r.t. 6 allows us to design first-order
optimization methods that are potentially more efficient in finding an optimum of
the performance compared to zero-order methods. It is not obvious, however, that
the gradient computation is easy to achieve as the performance .J,(mg) depends on
V7 which is not a simple function of my. The value function is a complicated
function of the policy, reward distribution R and the transition dynamics P.

6.3.1 Finite Difference Approximation of the Policy
Gradient

One may resort to a Finite Difference (FD) approximation of the policy gradient,
which can be computed using the value of the performance objective itself.
Recall that given a function f : R — R, the FD approximation of the derivative

f'(x) = g(2) is

fplw) = LEFED =T () (6.12)

where Ax is a small number. This is called the forward difference approximation.
This is reasonable procedure. To see why, note that by the Taylor’s theorem, assum-
ing twice differentiability, we have

A 2
flz+Az) = f(x) + f(z)Az + fﬂ(Z)lKZ@*“%'
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Therefore,

oy = TEFAD 2@y

(Ax)?
Ax '

2!

Therefore, the error between the FD approximation (6.12) and f'(x) is
(Az)®

1
(Z) r<z<z+Ax 21

)

that is, O((Ax)?).

More accurate result can be obtained using the central difference approximation:

(@) = flz+ Ax)Q;xf(x — Ax).

Exercise 6.1. Show that the error of the central difference approzimation is O((Ax)?).
To compute the gradient of J,(my) w.r.t. 6 € RP, we need to compute 2p evalua-

tions of J,:

[ J,(0+cer)—J,(0—eer) 7]
2e

Vod,(m) = VéFD)Jp(m)) _ Jp(9+eei)2—€Jp(6—aei) 7

Jp(0teep)—Jp(0—cep)
L 2e .

where e; is a unit vector along dimension ¢ of RP.

As we have seen before, we cannot directly compute J,(my). We can only compute
jn(ﬂ'g). So we need to replace each J, above with their corresponding jn This
requires 2pn rollouts in total.

Given the approximated gradient, which has error caused by both the FD ap-
proximation and using J,, instead of J,, we may use the gradient ascent to move
towards higher value of J,(my):

0k+1 — Qk + OszéFD) jn(ﬂ'gk). (613)

Even though this is a feasible approach, as we see next, we can compute the gradient
more elegantly.
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6.3.2 Policy Gradient for the Immediate Reward Problem

Suppose that we want to find a policy 7y : X — M(A) with § € RP that maximizes
the performance for the immediate reward problem (see Sections 1.3 and 4.2). Recall
that the interaction protocol is

e At episode t, X; ~ p ~ M(X)

e The agent chooses action A; ~ my(+|X)

e The agent receives reward R; ~ R(-|X¢, Ay).

e The agent starts the new (independent) episode t + 1.

This is an RL setting as p and R are not directly available to the agent, but only
through samples.
The performance measure is

Im) = [ Ve@dpta) = [ @idpte) = [ rle,a)mfala)do(e)da,

as the value function V7 for the immediate reward problem is the same as r™. Here
we consider the action space to be continuous and we assume that my(+|z) provides
a density over the state space. If we had a discrete action space, we would instead

have
/Xdp(x) Z r(z,a)my(alx).

acA

We may switch back and forth between continuous and discrete action spaces, if one
of them provides better intuition in a specific context.
Let us compute the gradient of J,(mg) w.r.t. 6:

Vo, (1) — / r(z, @) Voo (ala)dp(x)da = / dp(z) / r(, a)Vro(alz)da
— Ex., { / r(X, a)V(ﬂrg(a]X)da} | (6.14)

For discrete action spaces, the inner integral should be replaced ) . , r(z, a)Vomg(a|x).
We call VyJ,(mg) the Policy Gradient (PG).

If we can compute PG, we can update the policy parameters, for example, using
a gradient ascent method:

Opr1 < O + OékVQJp(ﬂ'gk), (615)
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similar to what we have done using the FD approximation (6.13).

How can we compute this gradient? We build this gradually in several steps. At
each step, we relax some assumptions until we get to a procedure that can use the
data available by the interaction protocol above.

If we know p and r, we have all the necessary information for computing the
gradient. For each z € X', we compute the summation (or integral) over all a € A
of r(xz,a)Vymp(alr). And then, we weigh that term proportional to p(z) and take
average over all x.* But this is not the RL setting described as the interaction
protocol at the beginning of the section, as we do not know p or r, but only have
sampled data from them.

If we assume that r is known, but p can only be sampled, we can approximately
solve this problem by sampling X; ~ p (i = 1,...,n) and computing

n Z (Z (Xi, a)Vomo(a |Xi)) : (6.16)

1—1 acA

or L5 ([ r(X;,a)Vemg(a|X;)da) (continuous). As X; ~ p, this is an unbiased
estimate of

V9Jp(7T9> =Ex,

> r(X, a)Vgﬂg(a\X)]

acA

or Ex., [[r(z,a)Vemg(alz)da] (continuous).

This is still not feasible if  is unknown in our interaction protocol, which specifies
that when the agent is initialized at state x, it has to choose its action according to
A~ my(+|z).

The term Y, , 7(z,a)Vemg(alz) (or [r(z,a)Vem(a|z)da for continuous action
space) can be interpreted as the expectation of r(x, A)Vyme(A|z) when A is coming
from a uniform distribution with ¢(a) = ﬁ (for a € A) as

Zr(x a)Vomg(alz) = |A| Z (x,a)Vymg(alx). (6.17)
acA acA

For the continuous case, we have

/r(w,a)Vmg(a\w) :Vol(A)/q(a)r(x,a)Vaﬂg(a\x)da, (6.18)

4We are ignoring the computational challenge of doing this procedure if X or A are large (e.g.,
continuous) spaces. The emphasis is on what can be computed given the available information.
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with ¢(a) = V<>+(N'

If the actions were coming from a uniform distribution, we could easily form an
empirical estimate of these terms. But the actions in the interaction protocol comes
from distribution 74 (+|z), which in general is different distribution than a uniform
one. Therefore, we have some form of off-policy sampling scenario in the distribution
of actions.

There are a few ways to handle this though. One way is to estimate r(x,a) by
7(z,a) for all (z,a) € X x A, and use the estimate instead in the computation of
the gradient. If |X x A| < oo, we can form an estimate of r as follows. Given
D,, = (X¢, Ar, Ry), with Xy ~ p, Ay ~ mp(-|X;), and Ry ~ R(:| X, A), we define

_ Z?:l RZH{(‘XH Al) = (Iv CL)}
> (X5, A) = (z,0)}

For (z,a) with p(z) > 0 and m(a|z) > 0, there is a non-zero probability of observing
samples. In that case, as n — oo, 7, — r. We can then use

%Z (Z fn(Xi,a)VMe(dXi)) ) (6.19)

i=1 \acA

Tn(x,a)

as an estimate of the policy gradient.
This approach can be considered as a model-based approach, in which the model
is estimated and used for the computation of some quantities, e.g., PG in this case.
Another approach, which turns out to be quite useful, is based on the observation
that for a function f: R — R, we have

dlog f(z) ()

dz fx)’

or more generally, for a function f : RP — R,

V., log f(z) =

We use this identity to rewrite the term [ r(z,a)Vymg(a|z)da in (6.14) to

/r(x,a)VMg(a|x)da— /7“(36,a)ﬂg(a]x)vglogﬁg(a|x)da
= Eavry(lo) [r(@, A) Vg log mo(Alz)] .
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Here the desired quantity can be written as the expectation of r(x, A)Vy log mp(A|x)
when A ~ my(+|z). Notice that the sampling distribution is the same as the one agent
uses to choose its actions (i.e., my), as opposed to the uniform distribution in the pre-
vious formulation (6.17), (6.18), in which the underlying distribution was uniform.
Of course, the integrands differ. We are in the on-policy sampling scenario over the
choice of actions.

Therefore, if X ~ p and A ~ my(-|X), the random variable

(X, A)Vylog my(A|X) (6.20)
is an unbiased estimate of Vy.J,(mp), i.e.,

Vo, (m9) = E [r(X, A)Vylog me( Al X)]
= EXNp [EANTI'Q('|X) [T(X, A)V@ lOgﬂ'g(A|X) | X” . (621)

This unbiasedness means that we can estimate the gradient of the performance
w.r.t. the parameters of the policy using data available through the interaction of
the agent with its environment. We may use this estimate in (6.15) to update the
policy parameters. The difference here, though, is that we are using an unbiased but
noisy estimate of the gradient. This makes it a stochastic gradient ascent.’

For conciseness of our further discussions, let us denote

9(2;0) = Earony(2) [r(x, A) Vg log me(A|z)] . (6.22)

The function g : X x © — RP is the gradient of ™ w.r.t. 6 at state x, and is a
p-dimensional vector.

Despite its unbiasedness, the p-dimensional r.v. (6.20), has variance due to two
sources of randomness.

e The variance of estimating g(z;0) = Eawr,(1x) [r(X, A)Vglogmg(A|X) | X = z]
with a single sample (X, A)Vylog my(A| X).

e The variance of estimating Ex., [g(X;0)] using a single sample.

One can show that the variance along the i-th dimension of this r.v. is

Jlogmy(A|X)
00;

0log my(A|X)

Var |r(X, A) 50,

} — Ex., [var |:T(X, A) | X H + Varx., [¢:(X;0)].

(6.23)

5We may refer to this procedure by SGD, instead of SGA, even though we are moving in the
ascent direction.
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If we knew r(z,a) and we could compute
9(2;0) = Earny(a) [r(X, A)Vylogmg(A|X) | X = 2] = /r(:c,a)vgm(a|x)da,

we wouldn’t have the first source of variance, but we still would have the second one.
In that case, the variance would be

Varx., [9:(X;0)]

These two sources of variance make our estimate of the gradient inaccurate. There
are ways to reduce them, as we shall discuss in the rest of this section.

Exercise 6.2. Prove the identity (6.23).

6.3.2.1 Variance Reduction — Randomness of States

Suppose we can compute g(z;0) exactly for any given x € X. The second source
of variance can be reduced if instead of a single sample g(Xi;60), we use multiple
independent samples Xy, ..., X, all distributed according to p, to estimate the PG:

1 n
Vo J,(mg) ~ i Zg(Xz'é 0)
i=1
1 n
= > Eaemy(ixy [r(Xi, A)Vglog mo( A X))
=1

The variance of this estimator, along dimension ¢, is
1
EVarXNp [9:(X;0)].

Asn — oo, the variance goes to zero. This leads to more accurate estimate of the PG,
hence more accurate update of the policy. Nonetheless, if we have a budget of total
N interactions with the environment, and use n interactions to estimate the gradient,
we can only perform % policy updates using SGD (we use t = 1,...,n to compute
an estimate of VyJ,(mp,); update the policy to get 0o; we use t = n+1,...,2n to
compute an estimate of Vy.J,(7y,), and so on).
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6.3.2.2 Variance Reduction — Randomness of Actions

Let us consider the variance of estimating g(z;6) (6.22), the contribution to PG by
state z, using a single sample r(x, A)Vglog my(A|z) with A ~ my(:|z). One way to
reduce this variance is based on the perhaps surprising observation that adding a
state-dependent function b : X — R to r(x,a) does not change the expectation. For
each dimension 2, we have

g [21870) 2] = [ sty 2T

Omg(alx)
26, b(x)da

:b(x)/%;’m)da
= b(m)aii /7T9((l|l‘)da =0,

N
=1

where in the last equation we benefitted from the fact that the integral of a distribu-
tion is always constant (equal to one), so its derivative w.r.t. 6; is zero. This shows
that

. alogggi(Amr(va)‘I] :E{ak’gg—;ﬁflm (r(2, A)+b(@) | 2| . (6.24)

For each dimension ¢ of the PG, we can use a different state-dependent function.
Therefore, we can write that for any state-dependent function b : X — RP, the
PG (6.21) is

Vo, (mg) = E[r(X, A)Volog mp(A[X)] = E [(r(X, A)1 + b(X)) © Vglogme(A|X)],

where 1 is a p-dimensional vector with all components equal to 1, and ® is a pointwise
(Hadamard) product of two vectors, i.e., for u,v € RP, [u ® v]; = uv;. Of course, if
we simply choose a scalar function b, which is often the case in practice, we have

V@Jp(ﬂg) =K [(T‘(X, A) + b(X)) Vo 10g71'9(A|X)] .

The function b is called the baseline. It can be used in order to minimize the
variation of p-dimensional random vector. We may use the variance for this purpose.
As the variance is defined for a scalar r.v., a not a multivariate r.v., we use the
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summation of the variance of each dimension as our criteria. That is, we would like
to find a function b : X — RP such that for all x € X,

manVar[ (x, A) + b;(z ))%gg—g(flm’x =

Tr Cov ((r(z, A)1 + b(x)) ® Vylogm(Alz) | )

Z\/ar[ z, A) + b;i(x ))—alogggi(A"I) |x} =

8log7rg(A\x))2 P

r(z, A) +b())( > abg”—emmmr.

—E {(r(m, A) + bi(z)) 20,

We take derivative w.r.t. b(z) and make it equal to zero. Note that the second
term (expectation of PG squared) is independent of the choice of b(x), as shown
n (6.24), so its derivate w.r.t. b(z) is zero. For the first term, we have

010g7r9(A|x)) |x] _

(z, A) + b} () + 2r(z, A)bi(x)) ( 06,

QZE +m~A))( 3.

As b;(x) is not a function of a, we can take it outside the expectation. The result is
that the optimal baseline, in terms of the variance criteria, is

ab
2
810g7r9(A]95)) |$] o

2
~E {r(w,A) (—81"%32““)) | x}

2
E [(alogggi(A|x)) | 1{|

We could choose a single scalar function b : X — R instead. In that case, the
solution would be

(6.25)

—E [r(z, A) || Vg log mo(Alx)]|5 | 2]
E [|| Vo log mp(Al2)|5 | ]

b(x) =
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Exercise 6.3. What is the variance of

0log mg(Alx)

Var | (r(z, A) + bi(z)) 20,

| x

with the optimal choice of b;(x) (6.25)7

6.3.3 Policy Gradient for Continuing Tasks

We derive the PG for continuing tasks. The difference with the immediate reward
case is that the performance J,(my) depends on the dynamics P™ too. As we change
6, the dynamics P™ changes as well. This seems to complicate the gradient compu-
tation. It turns out that despite this challenge, the PG can be written in an elegant,
and relatively easy to compute, form.

In order to present our results more compactly, we introduce some notations.
Recall from Definition 1.3 in Section 1.2 that P7(-|x; k) = P™(-|x)¥ is the probability
distribution of following policy 7 for k£ > 0 steps. We introduce discounted future-
state distribution of starting from z € X and following 7 as

(1) = py (Clas PT) & (L=9) ) A*P7(|as k). (6.26)

k>0

It is easy to verify that p7(-[z) is a valid probability distribution, e.g., p7(X|r) = 1.
The relevant of this distribution becomes more clear if we note that

V(@) =E | > +'Ri|Xo = x] =Y YE[R|Xo=2]=) / P (da|a; t)r (')
t>0 t>0 t>0
1 T / / ]' /
T 1_5 py(da'|z)r(z’) = :Exwpz(-lr) [r(X7)]

That is, the value function at a state x is the expected reward when X’ is distributed
according to o7 (-|z).

One interpretation of this distribution is that the agent starts from state x and
at each time step, it decides to follow 7 with probability v or terminates the episode
with probability 1 — .

Based on this distribution, we can define discounted future-state distribution of
starting from p and following 7 as

() = oy (|P7) 2 / oo (|2 P7)dp(a).
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The performance measure J(my) (6.3) is then

1
(7o) = By VP (X)] = T Bty [r(X)]
Theorem 6.4 (Policy Gradient Theorem — Sutton et al. 2000). Assume that my is
differentiable w.r.t. 8 € ©. We have

Vadylr) = 30+ [P ) [ Vomiaa) @ a2
k>0
= ﬁ ng(dx)/We(a|$)veﬁe(&|a?)62”(:v,a)da (6.28)
=1 i 7[@ [Vglog m(A|X)Q™ (X, A)], with X ~ p, A ~ (- X).
(6.29)

Proof. We write the value function at state z € X as the expected value of the
action-value function, i.e., V™ (x) = [my(alz)Q™ (z,a)da. We take its derivative
w.r.t. # and use the product rule to get

VoV (x) = / [Vomg(alx)Q™ (x,a) + ma(a|z)VeQ™ (2, a)] da. (6.30)
As Q™ (z,a) = r(z,a) +~ [ P(da'|z,a)V™ ('),
VoQ™(z,a) = 7/?(dx'|a¢,a)V9V”9(m’).

This alongside with (6.30) gives us the recursive Bellman-like equation for the gra-
dient of V7 (x):

VoV (2 / Voro(al2)Q™ (2, a)da + 4 / P (el |2) VoV ™ (2).  (6.31)
Expanding VyV7™ (2') likewise, we get that
AT / Vors(ala)Q™ (z, a)da +
7/73”9(dx’|x) [V@W@(al|$/>Qwe($l,CL/>dCL/+’Y/Pﬂg(dJINMI,)VQVWQ(I”) .

Following this pattern recursively, we get that
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VoV™ (z ZW /77”" da’|z; k))/V@?T@(CL/|$/>QW9(]I/,CL/)CICL,

k>0
= —/ o(da'|x) /ng; 2" Q™ (', a’)dd'.
Also since Vymg(d'|2") = mo(a'|2") Vg log me(a’|2"), we can write the gradient as
VoV (x) = —/ o(da’|x) /ﬂg(a’|x')V9 log my(a'|2")Q™ (2, a")dd'
— o [ B pnr [V o ma(AX)QT (X', ).
As J,(mp) = [ V™ (x)dp(z), taking the average of x w.r.t. p, we get that

Vod,(m) = —7/ /71'9 a|lz)Vemg(alx)Q™ (z,a)da

=T B xepm [V log me(A|X)Q™ (X, A)],
7 Anmg(-1X)

which is the desired result. O

This theorem provides an elegant formula for the PG. It relates the PG to the
discounted future-state distribution p7?, the action-value function Q™ (z,a), and the
gradient of 7y (6.28).

To compute the PG in the RL setting, we have to estimate it using samples. The
formula (6.29) shows that if we get

e a state X sampled from p¢
e an action A sampled from my(-|X), and
e know action-value Q™ (X, A),

the random variables
Vo log m(A|X)Q™ (X, A)

is an unbiased estimate of the PG (cf. (6.20)). We can then use it in an SGD scheme
to improve the policy.

Sampling from p? is relatively straightforward in the on-policy sampling scenario
when the agent follows my. The formula (6.27) perhaps makes it more clear how it



186 CHAPTER 6. POLICY SEARCH METHODS

should be generated: The agent starts an episode from Xy ~ p and follows my. We
get a sequence of states Xo, X1, .... These would be samples from [ dp(z)P™ (-|z; k)
for k = 0,1,.... The distribution p7?, however, has a +* factor for the k-th time
step, see (6.26). Its effect is that the contribution to the gradient from X}, which is

E [V log m(A|X)Q™ (X, A)] = / ro(alz) Voo (al2)Q™ (z, a)da,

should be weighted by v*. Another way to directly sample from p? is to follow r,
but at each step terminate the episode with probability 1 — .6

An action A sampled from my(:|X) is automatically generated when the agent
follows policy 7y (on-policy).

The remaining issue is the computation of Q™ (X, A) for X ~ pr* and A ~
7e(+|X) using data. This is essentially a PE problem, and we may use various action-
value function estimators that we have developed so far.

A very simple approach is based on the MC estimate Q™ (X, A). This would lead
to what is known as the REINFORCE algorithm by Williams [1992].7 In the on-

policy setting when the agent follows 7y, it generates the sequence Xy, Ag, Ro, X1, A1, R, ...

with A; ~ my(:|X};). The return (1.16)

Gi = ZWk_tRk

k>t

provides an unbiased estimate of Q™ (X;, A;). So we may replace the action-value
function at that state-action with this return from time ¢ onward.

The return, however, is a high variance estimate of the action-value function. One
approach to reduce the variance of this MC estimate is to use a baseline. Another
approach is to use an action-value function estimator instead. For instance, we may
use the TD method (and its various variants), LSTD, and Fitted Value Iteration (for
PE, and not for Control — so the underlying Bellman operator would be T™ instead
of T*) to estimate Qm and use it instead of ™. Such a method is called an actor-
critic method, where the actor refers to the policy (and often PG method to improve
it) and the critic refers to the value function estimator used to criticize the policy

(actor). The use of a critic, however, may induce a bias as E [Q” (X, A)|X, A} may

be different from Q™ (X, A), especially if we use a TD method (which introduces bias
because of bootstrapping) or a function approximator (for large state-action spaces).
Such a method would explicitly represent both policy and value function.

6This is usually ignored in practice.
"REINFORCE stands for REward Increment x Nonnegative Factor x Offset Reinforcement x
Characteristic Eligibility.



Appendix A

Mathematical Background

A.1 Probability Space

For a space (2, with o-algebra oq, we define M(£2) as the set of all probability
measures over og. Further, we let B(2) denote the space of bounded measurable
functions w.r.t. (with respect to) og and we denote B(€2, L) as the space of bounded
measurable functions with bound 0 < L < oc.

We write 11 < vy if 15(A) = 0 implies that v;(A) = 0 as well. For two o-finite
measures v; and v, on some measurable space (§2,0q), v; is absolutely continuous
w.r.t. s if there is a non-negative measurable function f : 2 — R such that p;(A) =
f fduvy for all A € og. It is known that v; is absolutely continuous w.r.t. v if and
only if 1 < vy We write 3—2 = f and call it the Radon-Nikodym derivative of 14
w.r.t. v [Rosenthal, 2006, Chapter 12].

A.2 Norms and Function Spaces

We use F : X — R to denote a subset of measurable functions.! The exact specifi-
cation of this space should be clear from the context. We usually denote F as the
space of value functions.

For a probability distribution v € M(&X'), and a measurable function V' € F, we
define the L,(v)-norm of V with 1 < p < oo as

iz, /X V() v (). (A1)

!This section is quoted almost verbatim from Section 2.1 of Farahmand [2011b].

187
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When p = 2, this is the norm induced by the inner product (-, -) : F x F — R:
For any Vi, V5, we have

(Vi) Va), = /X Vi () Va(a)dv(2). (A2)

It is clear that ||V||§V =(V,V),.
The Lo (X)-norm is defined as

IVl = sup [V (2)]. (A.3)
reX

If we want to emphasize that the probability distribution is defined on the state
space X, we use vy and ||V, .
We define FI4 1 X x A — RMI as a subset of vector-valued measurable functions

with the following identification:
FA=L(Q1,...,Qu) : Qe F, i=1,....|A}.

We use Q;(z) = Q(z,7) (j = 1,...,]A|) to refer to the j* component of @ € FMI,
We often denote FH! as a space of action-value functions. If there is no chance
of ambiguity, we may use F : X x A — RMI for a space of action-value functions
though.

Let z1., denote the Z-valued sequence (21, ..., z,). We define the empirical mea-

sure as the measure that assigns the following probability to any (measurable) set
B C Z:

n

vo(B) 2 %ZH{Zi € BY.

i=1

The empirical norm of function f: Z — R is then

1 20, = 1F 0, = A1, = %Z |f (z0)["- (A4)

When there is no chance of confusion about D,, we may simply use | f||* . Based
on this definition, one may define ||V||, (with Z = X) and ||@Q]],, (with Z = X x A).
If D,, = Z1., is random with Z; ~ v, the empirical norm is random as well. For

any fixed function f, we have E |:||prni| = [Ifll,.-
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We sometimes use the shorthand notation of v|QP = [|Q|[ , (similar for vx and
other probability distributions). In this book, most results are stated for p = 1 or
p = 2. The symbols |||, and ||-||,, refers to an Ly-norm.

Finally, define the projection operator Ilz. , : B(X x A) = B(X x A) as

r,Q 2 argmin Q' — Q|
Q'eFlAl

for @ € B(X x A). The definition of Ilf,, : B(X) — B(X) is similar. If the
distribution vy or v are clear from the context, we may simply write IIx and I 4
instead.

A.3 Functional Analysis: Spaces, Operators, and
Contraction Mapping

The contraction mapping (or operator) is a mapping that maps points (i.e., vectors,
functions) closer to each other. As the Bellman operators for discounted tasks are
contraction mapping, it is useful to have a good understanding on what such a map-
ping is, and what their properties are. We briefly review some basic concepts from
functional analysis. Our discussion here freely borrows from Hunter and Nachtergaele
[2001].

First, let us recall the definition of a metric space. Let Z be an arbitrary non-
empty set.

Definition A.1 (Metric — Definition 1.1 of Hunter and Nachtergaele 2001). A metric
or a distance function on Z is a function d : Zx Z — R with the following properties:

e d(z,y) >0 for all z,y € Z; and d(z,y) = 0 if and only if v = y.
e d(z,y) =d(y,x) for all x,y € Z (symmetry).

o d(z,y) <d(z,2) +d(z,y) for all z,y,z € Z (triangle inequality).
Given a metric, we can define a metric space.

Definition A.2 (Metric Space). A metric space (Z,d) is a set Z equipped with a
metric d.

Example A.1. Let Z = R and d(z,y) = |v — y|. These together define a metric
space (R, d).
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Example A.2. Let Z be a discrete set and define

0 =
d(r,y) = {1 iy

We often work with linear vector spaces and norms in this book. Let us define
them.

Definition A.3 (Linear Space — Definition 1.7 of Hunter and Nachtergaele 2001). A
linear space Z over the scalar field R (or C) is a set of points (or vectors), on which

operations of vector additions and scalar multiplications with the following properties
are defined:

(a) The set Z is a commutative group with the operation of + of vector addition,
that s,

e rt+y=y-+ux.
er+(yt+z)=(z+y)+z
e There exists an element 0 € Z such that for any x € Z, we have x+0 = x.

e For each x € Z, there exists a unique vector —x € Z such that z+(—z) = 0.
(b) For all x,y € Z and a,b € R (or C), we have

o lo=ux.

e (a+b)x =ax + bz.
e a(bx) = (ab)x.

o a(r+y)=ax+by.

Next we define a notion of the length or size of a vector.

Definition A.4 (Norm — Definition 1.8 of Hunter and Nachtergaele 2001). A norm
on a linear space Z is a function ||| : Z — R with the following properties:

(a) (non-negative) For all x € Z, ||z|| > 0.
(a) (homogenous) For allx € Z and A € R (or C), ||Az|| = |A] ||=]|.
(a) (triangle inequality) For all x,y € Z, ||z + y|| < |||l + [|y]|-

(a) (strictly positive) If for a x € Z, we have that ||z|| = 0, it implies that x = 0.
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The same way that we used a metric space given a metric, we can define a normed
linear space given a norm.

Definition A.5 (Normed Linear Space). A normed linear space (Z,|-]|) is a linear
space Z equipped with a norm ||-||.

We can use a norm to define a distance between two points in a linear space Z,
simply by defining d(z,y) = ||z — y||. This gives us a metric space (Z,d).

Example A.3. Let Z =R? (d > 1). The following norms are often used:

(1

This can be generalized to infinite sequences too.

Example A.4. For p > 1, the sequence space {, is the set of all sequences (z;);>1
such that ), |z;|P < co. The norm is defined as

X =
p

max;>1 ;. p=o00

Example A.5. Consider the space of continuous functions with domain [0,1]. It is
denoted by C([0,1]). This plays the rule of Z. We define the following norm for a
function f € C([0,1]):
[flloe = sup | f(z)].
z€[0,1]

This is called the supremum or uniform norm. Given this norm, (C([0,1]),||l..)
would be a normed linear space. This norm is similar to ||z|| with v € R (pre-
vious example), but it is for the space of continuous functions, which is an infinite
dimensional object, as opposed to for a finite dimensional vector.

We often use the supremum norm of value functions. For V' € B(X) and @ €
B(X x A), their supremum norms are

IVl = sup|V(z)],
zeX

1Rl = sup  [|Q(z,a)l,

(z,a)eXxA
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Using this norm, we can define a supremum-norm-based distance between two
value functions Vi and V3 as doo(V4, V2) = ||Vi — V]|, (and similarly for the action-
value functions).

We can also define

A.3.1 Operators

Operators, or mappings, are transformations from one linear space Z to another
linear space W. An operator L : Z — W is a linear operator when

L(clzl + 622’2) = Clel + CQLZQ,

for all ¢1,c0 € R and 21,29 € Z.

A simple example is the operator L : R — R defined as Lz = az with a € R and
z € R. It is a mapping from the space of real numbers to the space of real numbers.
Here both Z and W are R.

A generalization of thisis L : R™ — R" (with m, n being integer numbers) defined
as the mapping that takes z € Z = R™ and maps it to w € W = R" with the ¢-th

component of w being
m
w; = E lij2i,
Jj=1

for ,; € Rfor i € {1,...,n} and j € {1,...,m}. Of course, this is the same as
matrix-vector multiplication that we can succinctly write as w = Lz with L being a
matrix with components [; ;. These are examples of linear operators.

Not all operators are linear though. For example, the operator L : R — R defined
as Lz = az +b (with a,b € R) or Lz = 2% or Lz = sin(z) or Lz = max{0, z} are not
linear operators. We call them nonlinear operators. The first one is called affine.

The operators are not necessarily limited to finite dimensional linear spaces, but
they can also be defined over the space of functions. An example is the linear
integral operators. Consider a continuous function & : [0, 1] x [0, 1] — R, and define
K :C([0,1]) — C([0,1]) (cf. Example A.5) as the operator that takes a continuous
function f € C([0,1]) and returns another continuous function Kf : [0,1] — R,
whose value at x € [0, 1], that is (K f)(x), is

(K f)(x) = / Liz,y)f(y)dy.

Note the similarity of K f with Pf (Definition 1.4) and the Bellman operators
applied to a value function, such as TV or T*V (Definition 2.1). The Bellman
operators, however, are not linear operators, but they are affine.
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If the spaces Z and W are also equipped with norms, that is, we have (Z, -] ;)
and (W, ||]|,))), we can define a notion of operator norm based on the norm of these
two spaces. First, we say that the operator L is bounded if there exists a finite
B < oo such that for any z € Z, the norm of the output of the operator L, that is
w = Lz € W, satisfies

1Lzl < B 215

Note that as w = Lz belongs to the space W, its size should be measured with |||},
We define the operator norm of L as

IL]| =inf{B : || L2\, < B|[z]lz }- (A.5)
This is equivalent to
L
120 = sup 2w gy gy, (A6)
#0 zlz  jep=

The operator norm measures the maximum any input z can be expanded after going
through the operator L and creating z = Lw.
An immediate consequence of this definition is that for any z € Z, we have

L2y < NIzl 2 - (A7)

Another useful property is that for two operators L; : Z — W and Ly : W — ),
whose joint operation LoLy : VYW — ), their norm is sub-multiplicative:

[ LaLallyy_y < I Lall 2o L2l - (A.8)

Here we used subscripts Z2 — W and W — Y to emphasize that these two operator
norms are defined over different spaces. A further discussion of this XXX

A.3.2 Contraction Mapping

We are ready to define the contraction mapping/operator formally.

Definition A.6 (Contraction Mapping — Definition 3.1 of Hunter and Nachtergaele
2001). Let (Z,d) be a metric space. A mapping L : Z — Z is a contraction mapping
(or contraction) if there exists a constant 0 < a < 1 such that for all z1, 2z, € Z, we
have?

d(L(z1), L(22)) < ad(z1, 22).
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Figure A.1: Visualization of an a-contraction mapping L.

This is visualized in Figure A.1.

Example A.6. Let Z =R and d(z1, 22) = |21 — 22|. Consider the mapping L : z —
az for a € R. We have Let us see if/when this mapping is a contraction or not.
For any z,, 25 € R, we have

d(L(z1), L(22)) = |L(z1) — L(22)| = [az1 — aze| = |al[z1 — 22| = |ald(z1, 22).
So if |a| < 1, this is a contraction mapping.

Exercise A.1 (x). Consider the same (R,|-|) as before, but let the mapping be
L:zw— az+b fora,beR. What is condition on a and b for this mapping to be a
contraction.

Exercise A.2 (xx). Consider the same (R, |-|) as before, and let L : z — az*+0b for
a,b € R. Is this a contraction mapping for some choice of a and b? If yes, specify
a and b. If not, can you consider another space Z (a subset of R) that makes this a
contraction (possibly with an appropriate choice of a and b)?

Exercise A.3 (xx). Consider Z = RY. Given a matrit A € R™>? and a vector
b e RY, define the mapping L : z — Az +b. Using the vector norm [, (1 <p < oo,
define the metric dy(21,22) = |21 — 22||,- Then, dy(L(21), L(22)) = [[A21 — Az,

What is the condition that L is a contraction? Note that this depends on the
choice of p.

2Sometimes the condition of having a < 1 is called strict contraction [Berinde, 2007], and the
condition that d(L(z1), L(z2)) < d(z1,22) is called contractive.
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Exercise A.4 (xx). Consider (R,|-|). Let r > 0 and define the mapping
L:z—rz(l-2).
When is this a contraction mapping?

Why do we care about a contraction mapping? We have two reasons in mind.
The first is that we can describe the behaviour of a dynamical system depending
on whether the mapping describing it is a contraction or not. To be concrete, let
2o € Z and consider a mapping L : z +— az for some a € R. Define the dynamical
system
Zk-+1:LZk, k:O,l,

The dynamical system described by this mapping generates

20
Z1 = azp

29 = Ar1 = a2z0

2 — AZp—1 — akzo.

If |a| < 1, z; converges to zero, no matter what zo is. If a = 1, we have z;, = zy. So
depending on zg, it converges to different points. For a = —1, the sequence would
oscillate between +z9 and —zy. And if |a| > 1, the sequence diverges (unless zy = 0).

An interesting observation is that the case of converge is the same as the case of
L being a contraction map (see Example A.6). This is not an isolated example, as
we shall see. A dynamical system defined based on a contraction mapping converges.
We call such a system stable.?

The second reason we care about contraction is that we can sometimes use it
to solve equations. We can convert an equation that we want to solve (think of
solving f(z) = 0) as the fixed point equation, as we shall see. If it happens that the
underlying mapping is contraction, we can define an algorithm based on a dynamical
system in order to solve the equation. Let us make this idea more concrete.

Definition A.7 (Fixed Point). If L : Z — Z, then a point z € Z such that
Lz==z

1s called a fixed point of L.

3There are various notions of stability in control theory. What we consider as stable is the same
as globally exponentially stable.
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In general, a mapping may have more one, many, or no fixed point.

Given an equation f(z) = 0, we can convert it to a fixed point equation Lz = z
by defining L : z — f(2) + z. Then, if Lz* = z* for a z*, we get that f(z*) =0, i.e.,
the fixed point of L is the same as the solution of f(z) = 0.

Example A.7. Suppose that we want to solve cz +b = 0 for z € R and constants
c,b € R. We can choose L : z — (¢ + 1)z 4+ b. The mapping L is a contraction if
lc+1| <1 (or—2 < ¢ < 0). As a numerical example, if we want to solve —0.5z+1 =0
(which has z* = 2), we can write it as L : z + 0.5z + 1. If we start from zy = 0, we
get the sequence of (zo, z1,...) = (1,1.5,1.75,1.875,1.9375, 1.96875, ... ).

Of course, this is a very simple example, and we may not use such an iterative
method to solve that equation.

The next theorem formalizes what we discussed about the convergence property
of a contraction mapping. This is a simple, yet very important, result. It is known
as the contraction mapping or Banach fized point theorem.

Theorem A.1 (Banach Fixed Point Theorem — Theorem 3.2 of Hunter and Nachter-
gaele 2001). If L : 2 — Z is a contraction mapping on a complete metric space
(Z,d), then there exists a unique z* € Z such that Lz* = z*.

Furthermore, the point z* can be found by choosing an arbitrary zo € Z and
defining zxy1 = Lzx. We have z, — z2*.

Note that the convergence is in norm, and it means that limy_,., d(zx, 2*) = 0.

There are extensions of this result, for example, when L is not a contraction per
se, but is non-expansion, i.e., d(L(21), L(22)) < d(z1, 22). With a relaxed assumption
on the contraction property, we may lose some of the properties (e.g., uniqueness of
the fixed point) or we may need extra conditions on the space, e.g., its compactness.?

A.4 Matrix Norm and Some of its Properties

Let us recall some results from linear algebra regarding the matrix norm, and the
inverse of I — A and its matrix norm. The material here is mostly from Section 2.3
of Golub and Van Loan [2013].

1As an example, we quote Theorem 3.1 of Berinde [2007]: Let Z be a closed bounded convex
subset of the Hilbert space H and L : Z — Z be a non-expansion mapping. Then L has at least
one fixed point. This does not, however, mean that we can find it by an iterative application of L.
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The vector induced p-norm of a matrix A € R™? is defined as

| Az]|
IA[l, = sup S——F =

0 lzll,  jep=1

(A.9)

The intuition is that we find a unit vector x € R? (according to the £,-norm) that
maximizes the sizes of the mapped vector Az € R?, measured according to the same
¢,-norm. We could generalize this definition to have different dimensions of domain
and range (R% and R%) and use different vector norms to measure the length of the
vectors before and after mapping. As we do not use them such results, we do not
present them. These are all examples of operator norm (A.6) for linear operator A
between the normed spaces (£ = R?,[|-||)) and (W = R? ||||,), as we discussed in
Appendix A.3.1.

We have the following identities for the matrix norms:

o ||A]l, = maxi<j<g 3.0, |a;;| (maximum of the sum over rows)

o ||All, = maxi<i<q Z?Zl la; ;| (maximum of the sum over columns)

e ||All; = v/ Amax(ATA) (the maximum eigenvalue of AT A).

If A is a stochastic matrix, the sum over columns (next state) is equal to one. So
[Pl = 1. (A.10)

A useful property of any vector-induced p-norm is that for any z € R,
|4zl < 1Al 2], (A11)

It is worth paying attention that these norms are semantically different: the norms
|Az||, and [|z[],, are the p-norms on the vector space R?, while |||, is a matrix norm
on the space of R¥? matrices. This result is essentially the same as (A.7).

Another useful property of the vector induced p-norms is that they are sub-
multiplicative: For two matrices A and B, we have

IAB], < [IA[l, I BI], - (A.12)

This is the analogous result to (A.8), specialized to matrices.
As an example of how these are relevant to the topic of this book, consider two
policies 7 and my, their policy induced transition kernels (matrices) P™, P™ €
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RI*¥*I¥ “and a value function V' € RI*1 all for a finite state space X = {z1,...,z4}.
The expression

PPy

is an |X'|-dimensional vector whose i-th component is the expected value of V' for the
agent starting from x; and follows m; for the first step and 7y for the second step.

From (A.11) and (A.12), we have
PPV, < PP, IV < (P, 1P, VI, -
If p = oo, by (A.10) we have ||[P™ | = ||P™| = 1, so overall, we get
[PTP=V ] < Vs -

This is intuitive: the maximum value of the expectation of the value function V' that
the agent gets following any policies is not going to be larger than the maximum of
V itself. If the norm was p < 1, this may not hold.

We also note that this argument is not limited to finite state problems, as we
could use the properties of operator norms to get the same results for more general
state spaces.

The following result shows that if a matrix A has a norm that is smaller than 1,
the inverse of I — A exists, it has a Neumann expansion, and we can provide a bound
on its norm.

Lemma A.2 (Lemma 2.3.3 of Golub and Van Loan 2013). If A € R™? and [|A]|, <
1, then I — A is non-singular, and

I—-A)"'= iA’f.

We also have .

I-A)Y <—rr.
0=, = 5=y,

The consequence of this result for us is that we can write

(I—yP") =) (vP)",

k>0

and conclude that ]
m\—1
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A.5 Incremental Matrix Inversion

There are some formulae that allow us to incrementally update a matrix inversion
(Section 2.1.4 of Golub and Van Loan 2013).

The Sherman-Morrison-Woodbury formula states that for a matrix Agyg and two
d x k matrices U and V', we have

(A+UVH)t=AT" - A U@+ VvTAt ) VT AT

assuming that A and (I + V'TA™U) are invertible. As UV is a k x k matrix (so
of rank at most k), A+ UV can be thought of as a rank-k update of the matrix
A. The update of its inverse requires the computation of the inverse of k£ x k£ matrix
(I+ VTAU), which can be much cheaper that directly inverting the new d x d
matrix A+ UV " when k is smaller than d.

A special case of this formula is known as the Sherman-Morrison formula. It
states that for an invertible matrix Ay and vectors u,v € R%, the matrix A +uv'
is invertible if and only if 14+ v " A7 u # 0. And if it is invertible, we can compute it
as

T\ -1 _ A lypT A1
D A

Note that the denominator is a scalar.

A.6 Concentration Inequalities

Consider X1, ..., X, be independent real-valued random variables. Their average

1

is a random variable itself, and it tends to be concentrated arounds its expectation
E[S,]. To see what this means, we provide a series of results that quantifies a notion
of concentration.

First, for the simplicity of exposition, assume that all of X; have the same mean
p and variance o2. By the linearity of the expectation, we have

B[S, —E gzxi] IS - e -
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By benefitting from the independence of X; and X, we get that the variance of S,
is

2
= ij=15i%j
1 n n
-5 3w -
=1 i,j=1;i#j
o2 1 " o2
= 4+ = E[(X; — n)]E[(X; — p)] = —.
”JF”ZM;# [( W] E[(X; — p)] -

This shows that as n increases, the variance of 5, decreases with a rate of %
Variance is a notion of dispersion of a random variable arounds its mean, so this
result shows that 5, is increasingly more concentrated around p.

We can use these results on the mean and variance of .S, to derive a high proba-
bility notion of concentration.

Recall the Markov’s inequality, which states that for a non-negative random vari-
ables Z, for any € > 0, we have

P{Z >¢} < EL—Z] (A.13)

This means that the probability that a non-negative r.v. Z is much larger than its
expectation is decreasing. For instance, P{Z > kE [Z]} < 1.
A direct consequence of the Markov’s inequality, applied to the non-negative r.v.
Z =S, — p|? is that
E[|S, — pu|? Var | S, 2
[Sn = pl"] _ Var[Sq] _ o® (A14)

g2 g2 ne?

P{|Sn — pf >5}:P{|Sn_,“|2 >52} <
This shows that for any € > 0, as n — oo,

lim P{|S, — pu| > ¢} — 0.
n—oo
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This means that asymptotically, the probability that .5,, is more than ¢ different from
1 is zero, no matter how small € is. This is the convergence in probability of S, to
. This result is known as the weak Law of Large Number (LLN).

We also have the strong LLN, which states that

Sp — p almost surely

under mild assumptions, such as E[|Z;|] < oo for all .

Both versions of LLN are about the convergence of S, to u, but they do not
specify how different S,, from p is. The statement (A.14) provides a rather loose
upper bound on the deviation of S,, from pu. There are way to provide a tighter
statements.

The first is the Central Limit Theorem, which states that as n — oo, the dis-
tribution of S,, converges to the Gaussian (normal) distribution with mean p and
variance %, that is

2
S, % N <u, %) . (A.15)

Here -4 denotes the convergence in distribution, which means that for any ¢t € R

hmIP’{Sn_M<t}—><I>(t)—L/t % dz
n—00 0'\/ﬁ - _‘/27[- oo )

Two remarks are worth mentioning. The first is that the CLT is an asymptotic
result and holds exactly only when n — co. When n is finite, say 100 or 10, 000, the
distribution of S, is only approximately Gaussian. The second is that (A.15) shows
that the tail behaviour of S,, is (approximately) like a Gaussian distribution, which
means that

P{[Sn — pul > e} = 2exp(—

The following result is a simplified form of Lemma 6.3 of Gyorfi et al. 2002, which
itself is Theorem 2 of Hoeffding [1963].

Lemma A.3. (Hoeffding’s Inequality) Let Xi,..., X, be independent real-valued
random wvariables bounded by B almost surely, i.e., |X;| < B. For any ¢ > 0,

we have
ne?
P <2 —— .
{ >5}_ eXp( 232)

S (- E[X)
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A.7 Information Theory

We provide a very brief overview of some definition from information theory, which
are occasionally used in the book. For a more detailed treatment, including intuition
about these concepts, refer to MacKay [2003]; Cover and Thomas [2006].

Given a discrete random variable X with probability distribution p, its entropy
is defined as

Zp log (A.16)

zeX

The joint entropy of (X,Y) is defined similarly:

1
HIX, Y2 Y plz,y)log T (A.17)
(z,y)€EXXY p\x, Y

The conditional entropy of X given Y is defined as

1
H[X|Y] £ p(z,y) log . A18
[X1Y] @,;,)ezmy (z,y) o)) (A.18)

The KL divergence between distribution p and distribution ¢ is defined as

KLGllo) = [ plae) log%. (A.19)

The KL divergence is always non-negative. Whenever it is zero, it means that two
distributions are the same, almost surely.
The mutual information between X and Y is

I[X;Y]=H[X|Y]-H[X]. (A.20)
The mutual information can also be written as
I[X;Y] = KL(p(x, y)|Ip(x)p(y))-

It can be shown than the mutual information is symmetric (I[X;Y] =1[Y; X]).
It is also non-negative I[X;Y] > 0, as a direct consequence of non-negativity of the
KL divergence. When I[X;Y] =0, the X and Y are independent.
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A.8 Algebraic Inequalities

In the theoretical analysis of ML and Statistics algorithms, in general, and in RL
algorithms, in particular, we often go through some steps of upper bounding (or
occasionally lower bounding) certain quantities. To prove those upper bounds, we
use techniques that can be categorized, at the high level, as probabilistic arguments
or algebraic ones. In many cases, to complete a proof, we need to use both types of
arguments.

An example of the probabilistic argument is to benefit from the observation that
a random variable, such as G™(z), is concentrated around its mean, which is V7™ (z) =
E [G™(x)|z], and the probability of G™ being very different from the mean V7™ is small,
and becomes even smaller when we average multiple independent samples from that
random variable. We discuss this in Appendix A.6.

An example of the algebraic one is to show that if r is R,..-bounded and @) is
Qumax = If%‘?;‘—bounded, we also have T™Q = r + yP™Q is (1 + ﬁ) = 1-bounded,
hence the Bellman error ||Q — T7||2 is also (2Qmax)>-bounded. Many of the algebraic
proofs use inequalities, which we briefly summarize here.

We review Cauchy-Schwarz, Holder, and Jensen inequalities. They all appear
in different forms, such as an inequality for a finite dimensional vector, an infinite
sequence, functions, or random variables. They can all be unified with the appropri-
ate selection of the function space (and measure), but we present them separately.
Considering that all of them are

In the following, let u,v € R? with u = (uy,...,uq) and v = (vy,...,v4); let
a = (ay,a9,...) and b = (by,by,...) be infinite sequences, and f,g : X — R be
functions. XXX

Lemma A .4. e For finite dimensional vectors u,v € RY, we have

d d d

Zuivz‘ < Z |u;]? Z |v3]2,

i=1 =1 =1

or more compactly, (u, v) < |ull, ||v|y, with the norms defined as in Exam-

ple A.3.

e The same holds for sequences u = (uy, ug,...) and v = (vq,vs,...) that satisfy
[ully, [[olly, <00 (u, v) < lully[lvlly (¢f. Evample A.4).
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e For functions f,g: X — R with [ f*(z)dz and [ ¢g*(x)dz both being finite, we

have
/}mM@st¢/uwme]muwm.

o If the random variables X and Y satisfy E[|X|*],E[|Y]?] < oo, we have

E[XY] <E[|XY] <E[IXP] B[V}
This can be written as (X, Y ) < || XY, < | X, 1Y, (¢f (A.1)).

e Given a random variables X ~ v, and two functions V,U : X — R that have
finite second order moments E[|V(X)|*],E[|U(X)|?*] < oo, we have

<U7 V>y S ||V||2,u ||U||2,1/’

with inner product and norm defined as in (A.1) and (A.2).

We have

d d
Zuzvl < J Z |u12¢ Z |vi|?  or more compactly(w, v) < |ull, ||v]ly,

=1

/f d:z;<\//|f \de\//]g J[2dz

| <E[IXP)PE[Y])?
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